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Thb propositions contained in the following 
compikttion are either obvious deductions 
from tli6se of Euclid, or such as exhibit 
some remarkable properties of lines, angles, 
or figures^ which are not to be found in 
£iiel]d^9 work ; or, lastly, they are the geo- 
metricail solutions of many well-knowti pro- 
blems in the diflferent branches of Natural 
I^dilosophy. But although the propositions, 
which have here been collected for the use 
of the aoademical student, are of these three 
kinds^iihas not been thiought advisable to 
classf them according to that threefold di- 

« * 

visioiti^ Designed as a supplement to the 
Etemaitstof Euclid, they have been disposed 
according to Euclid's arrangement. And 
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PREFACE. 

not only have those which constitute the 
first book been made to depend upon the 
first book of the Elements, and so on ; but 
the propositions in each separate book will 
also be fisund to follow the order of the 
propositions of the corresponding book of 
Euclid. There is no necessity, therefore, 
for the student to wait until he has gone 
through Euclid's Elements, before he enters 
upon the perusal of this Supplement. It 
will, perhaps, be more to his advantage to 
read the original work and this, which is 
principally intended to supply its deficien- 
cies, together; especially if he has the assist- 
ance of a tutor, who will point out to him 
those propositions which may be considered 
as best deserving his attention. Some regard 
has, indeed, been paid to the probability of 
such a plan being thought worthy of adop- 
tion, in the distribution of the matter of this 
present publication. An endeavour has been 
made to ofi'er something to the notice of the 



reader, after almost every one of the most 
important propositions, in each of the books 
of Euchd's Elements: so that, supposing him 
not to advance beyond the first book, or 
beyond the first four books, of Euclid, 
field, more or less contracted, is still open to 
his research, for the exploring of which hei 
will find himself already sufficiently furnished: 
with previous knowledge. With this view, 
especially, many of the following theorems 
and problems, which might undoubtedly 
have been demonstrated more concisely, if 
they had been put after Euclid's fifth book, 
have had a place assigned to them nearer to 
the beginning. For thus is the learner shewn 
how extensive an application may be made 
of some of the easiest propositions of Geo- 
metry ; and thus is a scope afforded to the 
study of those, who cannot at first encounter, 
without reluctance, the someivhat abstruse 
reasonings, upon which the ancients, with so 
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iiiuch aouteneas and solidity ol' judgment, 
have founded the doctrine of proportionaUty. 
In order to facilitate the execution of the 
plan here recommended, an index has been 
constructed, by means of which the Geo- 
metry of this Supplement may be incor- 
rated, as it were, with that of Euclid, and 
the reading of both the treatises may be 
made to go on together. 

In the demonstrations of the propositions 
recourse has been had to symbols. But 
these symbols are merely the representatives 
of certain words and phrases, which may be 
substituted for them at pleasure, so as to 
render the language employed strictly con- 
formable to tliat of ancient Geometry. The 
consequent diminution of the bulk of the 
whole book is the least advantage which 
results from this use of symbols. For the 
demonstrations themselves are sooner read 
<lnd more easily comprehended by means 
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of these useful abbreviations, which will, in 
a short time, become famiUar to the reader, 
if he is not already perfectly well acquainted 
with them. 

It appeared to be unnecessary to print the 
formal and logical conclusion which belongs 
to every geometrical demonstration, and 
wliich consists in repeating the enuntiation 
of the proposition which was to be proved, 
and in asserting that it has been proved. 
This last step, is, therefore, left for the 
reader in all cases mentally to supply. And 
if some omissions of a weightier kind, and 
some errors, be discoverable in the following 
pages, it is hoped that they will be found 
neither too great, nor too many to be for- 
given, if the general plan of the work meet 
■with the approbation of those who are com- 
petent to decide upon it. 



Triniti/ College, 
April Onth, 1819. 



J I 



i \ 



AN Il^DEX, 



Shewing the Order in which the Propositions of the following 
Supplement may be read along with the Propositions contained 
in Eudid'a Elements. 



BOOK I. 



ArTBR E. 9. i. may be read 



Ef. 10» 1. 

E. 11.! 1. 

£. 16.^ 1. 

E. 17. I. 



E. 20. I. 



E. 21. 1. 

E. 23. 1. 

E. 26. 1. 

E. 87. 1. 



- E. 29. I. 



S. 1. 
S. 2. 



1. 



3. — 



^ S. 

. S. 4. — 

S. 5. — 

S. 6. — 

r S. 7. — 

I S. 8. — 

r s. 9. — 

s. 10. — 

S. 11. — 

S. 12. — 

, S. 13. — 

S. 14. — 

S. 15. — 

r S. 16. — 

1 S. 17. — 

S. 18. — 

r S. 19. — 

< S. 20. — 

t S. 21. — 



INDKX. 



After £.31. 1. may be read -< 



E. 32. 1. 



£. 33. 1 



fi. 34. 1. 



£. 36. 1. 



r S. 22, 

S. 23. 

S. 24. 
L S. 25. 
r S. 26. 

S. 27. 

S. ^8. 

8. 29. 

8. 30. 

S. 31. 

S. 32. 

S. 33. 

S. 34. 

S. 35. 

S. 36. 

S. 37. 

S. 38. 

8. 39. 

S. 40. 
r 8. 41. 

S. 42. 

S. 43. 

S. 44. 

S. 45. 

8. '46. 

S. 47. 

S. 43. 

8. 49. 

8. 50. 

$. 51. 

S. 52. 

S. S3, 
r S. 54. 

8. 55. 

S. 56. 



1. 



1 



tnxRX. 



XI 



After E. 37. 1. may be read 



- B. 38. 1. 



E. 40. 1. 

£. 4L \. 

E. 43. 1. 

¥i. 45. 1. 



E. 47. 1. 



■•— ■V*^!'"^ 



S. 57. 1. 

fS, 68. ~ 

S. 59. — 

. S, 6a — 

\ S. 61. — 

s. ei. — 

I 

S. 63. — 

V, S. 64. — 

S. 65. — 

^ S. 66. — 

S. 67. — 

S. 68. •— 

^ S. 69. — 

s.7a. — 

( S. 71. — 

I S* 72. — 

^ S.'73. .— 

S. 74. — 

S. 75. — 

S. 76. — 

L S. 77. — 



BOOK IL 



After B. 1. 2. may be read 



& 5. 2. 

E. 6. 2. 

E. 7. 2. 

]^. 8. 2, 



{ 



- { 
-{ 



S. 1. 

S. 2. 

S. 3. 

S. 4. 

S. 5. 

S. 6. 

S. 7. 

S. 8. 



xii 



INDEX. 



After E. 10. 2. may be read 



E. 1^. 2. 
E. 13. 2. 




2. 



S. 12. — 
f S. 13. — 
X S. 14. — 



After E. 1. 3. 
E. 3. 3. 



BOOK III. 

may be read 



3. 



E. 14 3. 



E. 16, -3. 



E. 17. .3. 



£• 18« < 3i 

' 1 



AlUr & 20. ;3. 
E.21. *3. 



IKDEX. 

may be read 



3. 



xrn 



E. i2. 3. 



E, 23. 3. 
E. 24. 3. 



E. 26. 3. 



E. 27. 3. 



£• 28. 3* 



E. 29. 3. 



E. 30. 3. 



■•- £• 31. 3» 



< 



xiy 



lifDEXi 



After £. 32. 3. may be read i 



JR. 33. 3. 



■faMAaMi 



K. ib. 3. 



£• 36* 3. 



8. 59. 
S. 60. 
S. 61. 
S. 62. 
S. 63. 
S. 64. 
8. 65. 
S. 66. 

S. 67. 
S. 68. 
S. 69. 

s. ;•• 

S. 71. 

S. 87. 

r S. 72. 

^. 73. 

S. 74. 

S. 75. 

8. 76. 

S. 77. 

S. 78. 

». 79. 

S. 80. 

ik til. 

S. 82. 
S. 83. 
S. 84. 
S. 85. 
S. 86. 

S. 89. 
S. 90. 



3. 



jNittx; 



»r 



After £. 36. S. . 1099 be refxd 



— B; 37. 3. 




S. 98. — 
S. 99. — 
[ 8. iOO. — 



BOOK IV, 

After E. 3. 4. may be read 



4. 



^mmt 



E. 4. 4. 



B. 6. 4. 



•m^ 



E. 7. 4. 

E. 8. 4. 

E. 10. 4. 

E. lU 4; 



«k.«iaaB*i 



.£.15^ 4. 



XVI 



IKl>£X. 



BOOK V. 



After Er '6. 5. may be r^ad ^ 



<- £. 12. 6. 
-£.13. 5. 



£. 16. 5. 
E. 17. 5. 



E. 18; 5. 



E. 19. 5. 
E. 22. 5. 
E. 23. 5. 



< 



5. 



E. 25. 5. 



After E. 1. 6. 

ft 

— — £• 3* 6. 



w^. 



BOOK VI. 

may be read 



E. 4. 6. 




6. 



i 



index; 



•■ 



zvu 



After £• . 4. 6. may be read 



£• 8« 6. 



£.10; 6. 



£. 11. 6. 



S. 46. 

S. 8. 

S. 9. 

S. 10. 

S. 11. 
- S. 12. 

S. 13. 

S. 14. 

S. 15. 

S. 16. 
_ S. 20. 
' S. 17. 

/ s. is, 

\ S. 19. 

S. 21. 
S. 22; 
S. 23. 
S. 24. 
S. 25. 
S. 26. 
S. 27. 
S. 28. 
S> 29. 
S. 30. 
S. 31. 
S. 32. 
S. 44. 
S.33. 
S.^4. 
S. 35. 
S. 36. 
S. 37. 
S. 38. 
S. 39. 



6. 



tvm 



immsf* 



Aftar H 19. 6. Buyberaad 



a IS. 6. 



]^ ift. 1^ ir. c 



91I& «. 



i««pi*i^pi 



Z,29k €. 



Ik. 231. f. 
1124. ff. 



E.sa & 



& 2* 12» 



INDKX. 



XIX 



After E. SI. 6m mmj t« fead 



E. 99L & 



>m 



V 



AN EXPLANATION 

" . • • • 

OF THE SYMBOLS EMPLOYED IN THfS TREATISE, 

AS ABBREVIATIONS. 



•i. 



= . denotes is equalJQjot eqtuil to. 
> ......... is greater than. 

<. •. is less than, v 

+ .i together with. 

- .; diminished In/. 

JL " perpendicular. 

L .'. angle. 

IL ^ angles. » 

AB, or AB a straight Une^ of which the points 

denoted by A- and B are the 

extremities. 

AB a circular archy of which the 

points denoted by A and B are 
the extremities. 

AB* a square^ having A3 for one of 

its sides. 
ABXCD a rectangle y qf which AB and 

CD are adjacent sides. 

2AB, &c ,. the double, S^. qf AB. 

A denotes a triangle. 

/K triangles. 

□ a parallelogram. 

D parallelograms. 

A:B the ratio qf A to B. 

A:B::C:D ... the ratio of A to B is equivalent 

to the ratio qfC to D. 
therefore. 
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BOOK I. 



Prop. I. 

1 • Problem. A given plane rectilineal angle being 
divided into any number of equal angles, to divide 
the hd^qfit into the same number qf angles, aU 
equal to one another. . 

Bisect (E.*9W.) the given angle: And, first, 
if it be divided into an oefc? number of equal parts, 
it is evident that the middle part is thereby bi- 
sected. Bisect, therefore, each of the remaining 



* In this and the following references, the letter E is used 
to indicate EuditTs Elements; the letter S, in like manner, 
refers to this Supplement ; tht former of the subsequent num- 
bers points out the Proposition^ and the latter the Book, in- 
tended to be quoted. 

B 
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equal parts, on either side of that middle part, 
and the half of the given angle will, manifestly, 
be divided into as many equal parts as the given 
angle itself. 

Again, if the given angle be divided into an 
even number of equal parts, it is plain that the 
straight line which bisects it, will have the half 
of that number of equal parts, on each side of it. 
Bisect, therefore, each of the equal parts, on 
. either side of that line ; and the half of the given 
angle will thereby be divided, as before, into as 
many equal parts ad the given angle itself. 

Prop. II. 

2. Problem. From the vertex of a given scalene 
triangle^ to draw^ to the base, a straight line 
which shall exceed the less of the two sides ^ as 
much as it is itself exceeded by the greater. 

Let ABC be the given scalene triangle, and let ' 
AB be greater than AC : It is required to draw. 
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from the vertex A, to the base BC, a straight line 
which shall exceed AC, as much as it is exceeded 
by AB. 

From AB cut oflF (E. S. l.) AD = AC; bisect 
(E. 10. 1.) DB in E ; from the centre A, at the 
distance AE, describe (E. 3. Post.) the circle EF 
cutting BC in F; and join (E. 1. Post.) A, F: 
Then is AF the straight line which was to be 
drawn. 

For, (E. 15. def. 1.) AF=AE; and iconstr.) 
AD=AC; ••. AF-AC = AE- AD = DE. 

Also, AB- AE = BE } i. e. AB - AF = BE : 
and (co7W/r.) BE = DE. 

.•.AF-AC=AB--AF. 



Prop. III. 

S. Problem. In a straigfit line given in paskion^ 
but indefinite in lengthy to Jind a pointy "which 
shall be equidistant from each ofPwo given points^ 
either on contrary sides, or both on the same side 
of the given Une\ and in the same plane "with it / 
but not situated in a perpendicular to it. 

Let &Y be a given straight line indefinite in 
length, and A, B, two given points without itj 
not -situated in a perpendicular to XY: It is 
required to find a point rn XY that shall be 
equidistant from A and B. 

First, let A, B be both on the same side of XY : 

b2 
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Join A, B ; bisect (E. 10. 1.) AB in C; from C 
draw (E. 11. 1.) CD i to AB, meeting XY in D. 
The point D is equidistant from A, B. 

For, join A, D and B, D, Then, since {consfr.) 
AC:=BC; and CD is common to the two^ACD, 
BCD, and that (constr. and E. 10. def. 1 .) z ACD 
= C BCD, .'. (E. 4. 1.) AD=BD; i.e. D is 
equidistant from A and B. 

But, if the two given points, A and B, are on 
contrary sides of XY, let them be joined, as be- 
fore, and let the straight line which joins them 
be bisected. 

Then, if the point of bisection be in XY, that, 
which was required, has been done. But, if that 
point be not in XY, draw from it, as before, a 
perpendicular to AB, and it may be shown, as in 
the first case, that the point, in which the per- 
pendicular meets XY, is that which was required 
to be found. 

4. Cob. 1. By the help of this problem, it is 
manifest that a circle may be described, which 
shall have its centre in a given straight line, and 
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which shall pass through two given points without 
that line. 

5. CoR. 2. It is evident from the demonstra- 
tion, that any point in an indefinite straight line 
DZ, which bisects the given finite straight line AB, 
at right angles, is equidistant from the extremi- 
ties A and B, of that given finite line: And, any 
point which is not in that indefinite line DZ, is 
not equidistant from the two extremities A and B 
of the given finite line. 

For, let P be any point, not in DZ, which bi- 
sects AB at right /i in C ; and, if it be possible, 
let P be equidistant from A and B : Join P, A 
and P,C and P,B ; and since {hyp.) AC=CB, and 
CP is common to the two it^ ACP, BCP, and that 
(hyp.) PA = PB, .'. (E. 8. 1.) the / ACPr= ^ 
BCP, and .-. (E. 10. def. J.) the L ACP is a 
right L ; but {hyp.) the z, ACD is a right i. ; .-. 
the L ACP is equal to the t ACD, the less to 
the greater, which is impossible ; .'. the point P is 
not equidistant from A and B. 

6. Cor. 3. Hence, an indefinite number of cir- 
cles may be described all of them passing through 
two given points: And if any number of circles 
pass, all of them, through the same two given 
points, their centres are all in the straight line 
that bisects at right angles the straight line join- 
ing the two given points. 

7. Cor. 4. Hence, also, a circle may be de- 
scribed which shall pass through two given points, 
and which shall have its semi-diameter equal to 
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any given finite straight line, that exceeds the 
half of the straight line joining the two given 
points. 

For, let A, B be the two given points ; and join 
A, B ; and let CD be drawn bisecting AB at 
right It ; from A, as a centre, at a distance equal 
to the given finite straight line, describe a circle, 
and let it cut CD in D ; .-, (Cor. 2.) D is equidi- 
stant from A and B ; and .". a circle described 
from D, as a centre, at the distance DA, wliicii 
(constr. E, 15. def. 1.) is equal to the given semi- 
diameter, will pass through B. 



Prop. IV. 
8. Theorem. If the three sides of a given triartf^le 
be bisected, the perpendiculars drawn to the sides, 
Jrom the three several bisections, shall all meet in 
the same point : And that point is equidistant from 
the three angular points of the given triangle. 

Let ABC be a given A, of which ilie three sides 







AB, AC, and CB are bisected in the points D, E 
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and F, respectively : The perpendiculars drawn 
to the several sides from D, E, F, shall all ineet in 
a point that is equidistant from A, B and C. 

For, draw (E. 11. 1.) DGito AB, and EGi 
to AC, and let them meet in G : Join G, F. 
Then, (constr. and S. 3. 1. Cor. 2i .•.) BG = AG, 
andAG = CG; .-.CGnrBG. 

Again, since (Jiyp.) BF=CF [constr.) andFG 
is common to the two z^ BFG, CFG, and that 
BG = CG, .-. the Z BFG= l CFG (E. 8. l.); i.e. 
(E. 10. def. 1.) GFis i to BC : And there cannot 
(E. 10. def. 1.) be drawn from F more than one 
straight line i to BC* It is plain, therefore, that 
the perpendiculars drawn to the sides, from D, E 
and F, all meet in the same point G : And, since 
it has been shown that AG = BG=CG, thepoinjt 
G is equidistant from A, B and C. 

Prop. V. 

9. Problem. To jiftd a pointy in a given plane^ 
'which shall be equidistant from three given points 
in the planCy that are not all in the same straight 
line. 



Liet A, B, C. be three given points; not all 
of them in the same straight line : It is required 
to find a point, that shall be equidistant from 
A, B and C. 

Join A, B, and B, C, andC, A ; bisect (E. l6: 1.) 
AB in D, and AC in E; draw (E. 11. 1.) from D 
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ami E, DGito AB, and EG x to AC, and Jet 
them meet in G. 

Then, (S. 3. 1. Cor. 2.) the point G is equidi- 
stant from A, B, and C. 

10. CoR. By the help of this problem a circle 
may be described about a given triangle ; or so as 
that its circumference shall pass through any 
three given points that are not in the same straight 
line. 



Prop. VI. 
1 1. Theorem. There catmot he drawn more than 
two equal straight lines, to another straight line, 
Jrom a given point "without it. 



Let A be a given point, without the given 
straight line BC : There cannot be drawn more 
than two equal straight lines, from A to BC. 

For, if it be possible, let AB=AG=AC; .-. 
(E. 5.1.) L ACB = L AGC : Also z ACB = t 
ABC; .-. ^ AGC= l ABC; i.e. the exterior is 
equal to the interior opposite /., when the side 
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G C 

BG, of the A AGB, is produced: which (E. 16, 1.) 
is absurd. 

. IS. Cor. a circle cannot cut a straight line 
in more points than two. 

Prop. VII. 

13. Theorem. The perpendicular let Jhll from 
the obtuse angle of an obtuse-angled triangle^ or 
from any angle of an acute-angled triangle, upon 
the opposite side, falls xvithin that side : But the 
perpendicular drawn to either qf the sides con- 
taining the obtuse angle qf an obttcse-angled tri- 
angle, from the angle opposite, falls without that 
side. 

Let ABC be an obtuse-angled A , obtuse-angled 
at B, and let ABD be an acute-angled A : The 
perpendicular drawn from B to AC falls within 
AC ; the perpendicular drawn from any other z. A, 
of the A ABC, to the opposite side BC, falls 
without BC ; and the perpendicular drawn from 
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any L A, of the A ABD, to the opposite side 
BD, falls within BD. 

For, first, if it be possible, let AG, drawn 
(E. 12. 1.) from A X to BD, meet DB, produced, 
in G : Then, since (Jiyp.) the l. ABD is acute, 
the L ABD is (E. 13. 1.) obtuse j and (constr.) 
the ^: AGB is a right angle : Wherefore the two u. 
ABG, AGB of the A ABG are not less than two 
right angles; which (E. 17. 1.) is absurd. There- 
fore, the pt'rpendicular drawn from A on BD 
cannot fall without BD. And, in the same man- 
ner, it may be shewn, that the perpendicular 
drawn from B on the opposite side AC, of the ob- 
tuse-angled A ABC, cannot fall without AC, and 
also that the perpendicular drawn from A, on the 
opposite side BC, of that A, cannot fall within 
BC. 



Pttop. VIII. 

14. TuBORiiM. If a straight line, meeltng two 

oVier straight lines, makes the two interior angles 
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vn the same side of it not less than two right 
angles, these lines shall never meet on that side, if 
produced ever so Jar. 

For, if it be possible, let two straight lines meet, 
which make, witli another straight line, the two 
interior angles, on the same side, not less than 
two right II. : Then it is plain, that the three 
straight lines will thus include a A, two /L of 
which are not less than two right angles ; which 
(E. 17. 1.) is absurd. Wherefore, the two straight 
lines cannot meet, on that side of the straight line, 
on which they make the two interior /[_ not less 
than two right S. . 

15. Coit. Two straight lines, which are both 
perpendicular to the same straight line, are parallel 
to each other. 

Prop. IX. 
16. TiiEOiiEM. The three sides of a triangle taken 
together, exceed the double of any one side, and 
are less than the double of any two sides. 

For, since (E. 20. 1.) any two sides of a A are 
> the third, if the third side be added both to 
those two and to itself ; it is evident that the three 
sides are, together, > the double of the third. 

Again, since (E. 20. 1.) any side of a A is < 
the other two, if the other two be added both to 
that side, and to themselves, it is evident, that the 
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three sides are, together, < than the double of 
the other two. 



Prop. X. 

17. Theorem. Any side of a triangle is greater 
than the difference between the other two sides. 

If, the A be equilateral, or isosceles, the propo- 
sition is manifestly true. But let it be a scalene 
A : Then, since (E. 20. 1.) any two sides of the 
A are > the third, if either of those two be taken 
&om that third side, it is plain that the remaining 
side is greater than the difference of the other^ 
two. 



Prop. XL 

18. Theorem. Any one side of a recUlineal Jigtire 
is less than the aggregate of the remaining sides. 

Let ABCD be a given rectilineal figure : , Any 




B C 

one side, as BC, is less than the aggregate of 
the remaining sides. 
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For, first, let the figure be quadrilateral ; and 
join B,D : Then (E. 20. 1.) BD + DC > BC ; and, 
BA4»AD>BD; .•.BA + AD + DC>BD+DC; 
much more, then, is BA + AD + DC > BC. 

And the proposition may, in the same manner, 
be proved to be true, when the figure has more 
than four sides. 



Peop. XII. 

19. Theorem. TAe two sides qf a triangle are 
together J greater than the double qf the straight 
line which joins the vertex and the bisection qfthe 
base. 

Let ABC be any given A, and let AD be the 




straight line joining the vertex A, and the bisec- 
tion, D, of the base BC : AB + AC > 2 AD, Pro- 
duce AD to E, and cut off (E. 3. 1.) DE = AD ; 
also, join B, E. 

Then since (hi/p.) BD = DC, and (consh^.) 
AD = DE, the two sides BD, DE, of the A BDE, 
are equal to the two sides AD, DC of the A ADCS; 



14 A SUPPLEMENT TO THt; 

and (E. 15. 1.) the ^ BDE= / ADC j .-.(£. 4. 
1.) BE=AC. But (E. 20. 1.) AB+ BE > AE; 
but AC has been proved to be equal to BE, and 
AE is (^constr.) the doubl e of AD ; . ■ . A B + AC > 
2 AD, 



Pkop. XIII. 
20. Theorem, lite two sides of a triangle are, 
logctlier, greater than tfie double nf the straight 
line drawn from Uie vertex to the base, bisecting 



I 



the vertical angk. 




Let ABC be any given A , and let AD be drawn 
from the Vertex A, to the base BC, bisecting the 
vertical L BAG: Then, AB + AC > a AD. 

If the given A be isosceles, the straight line 
which bisects the vertical z. is (E. 4. 1.) x 
to the base; and since (E. 17. 1. and E. 19. i.) 
each of the equal sides is greater than the per- 
pendicular, the proposition, is, iu this case, inani< 
festly true. 

But, let ABC be a scalene A, and let tlie side 
AB be less than AC : Then, of tlie segments into 
which AD, bisecting the Z. BAC, divides the 
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base BC,BDj which is adjacent to the less side 
AB, is the less. 

For, from AC, the greater, cut off (E. 3. 1.) 

AE= AB, the, less, and join D, E ; and blecause 

BA,AD are equal to EA, AD, and (ht/p.) the 

zBAD=zEAD, .-. (E.4. 1.) BD=DE,and 

2lBDA = z.EDA; but (E.16.1.) z DEC > z. 

ADE; .-. zDEC> ^ADB; and (E. 16. 1.) 

ii ADB > z. ACD ; much more then is z. DEC > 

Z.ECD} .-.(^19. l.)DC>DE;butit has been 

shewn that DE = DB ; . • . DC > DB. From DC, 

the greater cut off (E. 3. 1.) DF=DB; and join 

A,F: Then (E. 16. 1.) the z.AFC> Z.ABC; 

and because (%p.) AC > AB, .*. (E. 18. l.) 

Z ABC > L ACB ; much more then is z. AFC > 

ZlACFj --.(E. 19.1.) AC>AF: But(S.l2. l. 

and constr.) AB+AF>2AD; much more then is 

AB + A02AD. 

21. Cor. From the demonstration it is mani- 
fest, that of the segments into which the straight 
line bisecting the vertical z of a scalene A, di- 
vides the base, that which is adjacent to the less 
side, is the less. 



. Peop. XIV. 

«2. Theorem. If a trapezium and a triangle 
stand upon the same base^ and on the same side 
ofity and the one Jigtare fall tvithin the other, that 
which has tJie greater surface shall have the 
greater perimeter. 



:"■"■"•'■■ 




B C 

Let the trapezium EBCF fall within the A 
DBC i let, also, the A DBC fall within the tra- 
pezium ABCD ; and let all the figures stand on 
the same base EC ; The perimeter of the A 
DBC is > the perimeter of EBCF, and < the 
perimeter of ABCD. 

Fu-st, let E sod F be in the sides DB and DC 
of the A DBC, and let the vertex D of the A DBC 
coincide with the ^ A or the i D of the trape- 
zium ABCD. 

Then, since (E.TO. I.) DE-|-Dr>EF, add to 
both, EB,BC, and CF ; .-. DE-|-EB-(-DF-t-FC 
-HBC>EF-(-FC-(-CB-|-BEii.e. theperimeterof 
the A DBC > the perimeter of EBCF. 

Again, since (E. 20, 1.) BA+ AD > BD, add to 
both DC and CB ; .-. BA-hAD-|-DC-l-CB > 
BD-1-DC-l-CB; i.e. the perimeter of the trape- 
zium ABCD > the perimeter of the A DBC. 

And, if E or F fall within the A DBC, and the 
vertex of the A do not coincide with either of 
the ^ A or D, of the trapezium, it may, in the 
same manner, be proved, that the proposition is 
true, a fortiori. 
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Prop. XV. 

«S. Problem. One of the angks at the base qf 
a triangle^ the base itself^ and the aggregate of 
the two remaining sides^ being given, to construct 
the triangle. 

Let K be the given angle, AB the given base 



H 




of the triangle, and fi the aggregate of the two 
remaining sides : It is required to construct the 
triangle. 

At the point A, in AB, make (E. 2S. 1.) the 

Z.BAC= z K, and make (E.S.I.) AC=H; 

join C, B ; and at the point B, in CB, make 

(E.2S. 1.) the zCBD= z ACB: Then is DAB 

the triangle which was to be constructed. 

For, since (constr.) L DCB= l DBC, 



. • 
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(E. 6. 1.) BD = DC; add to both DA; .-. 
BD+DA = CD+DA;(.e.BD+DA=:CA; and 
{constr.) CA=H; .•.BD + DA = H; and the 
Z. A was made equal to the given z K : It is 
manifest, therefore, that DAB is the triangle 
which was to be constructed. 



Prop. XVL 

24. Theorem. If two right-angled triangles kave 
tlie three angles of the one equal to the three angles 
of the other, each to each, and if a side of the one 
be equal to the perpendicular let Jail Jroni tfie 
right angle upon the hj/potenuse qfthe other, then 
shall a side of this latter triangle be equal to the 
hypotenuse of the former. 

Let ACB and EDF be two right angled ^, 




right angled at C and D, having, also the 
L DEF = L ABC, the l EFD = l CAB, and 
the side AC, of the A ABC, equal to the 
perpendicular DG, drawn D to the hypotenuse 
EF of the A DEF: The side DE, of the A 



ELEMENTS OF EUCLID. 



19 



D£F, Is equal to the hypotenuse AB, of the A 
ABC. 

For, since AC = DG, and the two zcACB, 
ABC, of the A ABC, are equal to the two IL^ 
DGE, DEG, of the A DEG, each to each, .-. 
(E.26. l.)DE = AB. 



Prop. XVII. 

25. Theorem. If the sides qf any given equila- 
teral And equiangular figure of more than four 
sideSf be produced so as to meet, the straight 
lines f joining their several intersections^ shall con- 
tain an equilateral and equiangular figure^ qf the * 
saw>e number of sides us the givenfigure. 

Let ABCDEF be any equilateral and equi. 




angular figure, , of more than four sides ; let the 
sides, produced, meet in the points G, H, I, K, 
L, Bi; and let those points of intersection i>e 



c 2 
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joined: Then is GHIKLM an equilateral antl 
equiangular figure, of the same number of sides 
as ABCDEF. 

For, since (Jiyp.) the n A, B, C, D, E, F are 
all equal, the ^MAB, GBC, HCD, IDE, KEF, 
LFA are all (E. 13. 1. and E. 6. l.) isosceles, and 
any two of them have their n equal, each to each j 
.-. since (Jiijp.) BA = AF, and that the ^MAB, 
MBA are equal to the a. LFA, LAF, each to 
each, the side MA of the A MAB=:tlie side LA 
(E. 26. 1.) of the A LAF; and in the same man- 
ner it may be shewn that MB^GB, GC^CH, 
HD=DI, IE = EK, and KF=FL: But, be- 
cause the IL of the figure ABCDEF are (Jiyp,^ 
equal, .-. (E. 15. 1.) the {L LAM, MBG.GCH, 
HDI, IFIK, KFL, are all equal to one another; 
.•.(E.4. 1.) thesidesLM,MG,GH,HI,IK and 
KL are all equal, as are also the IL of the ^L AM, 
MBG, GCH, HDI, lEK, and KFL, each to each : 
And the ^ AMB, BGC,CHD, DIE, EKF, and 
FLA have been shewn to be equal to one an- 
other : Wherefore the figure GHIKLM is equila- 
teral and equiangular; and it is manifest tliat it 
has the same number of sides as the figure 
ABCDEF. 

Prop. XVIII. 

26. Theorem. If f&'o opposite sides of a quadru 
lateraljigure be equal to one another, and the tico 
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remaining sides be also equal to one another, the 
^gure is a parallelogram. 

Let any two opposite sides, as AB, DC, of 




the quadrilateral ifigure ABCD, be equal to one 
another, and let the two remaining sides, AD, 
BC, be, also, equal to one another : The figure 
ABCD is a □. 

For, join D, B : Then since the two sides AD, 
DB, of the A ADB, are equal to tlie two sides 
CB, BD, of the A CBD, and that the base AB is 
equal Qtyp.) to the base DC, .•- (E. 8. 1.) the 
Z.ADB= aDBC; and (E. 4. 1.) the zABD= 
ZBDC; .'.(E. 27. 1.) AD is parallel to BC, 
and AB is parallel to DC ; i. e. the figure ABCD 
is a O. 

27. CoR. 1. Hence may be deduced a practical 
method of drawing a straight line, through a given 
point, parallel to a given straight line. 

For, let it be required to draw through the given 
point B, a straight line parallel to AD: From any 
point A in AD, as a centre, and at any distance, 
describe a circle cutting AD in D ; and from B 
as a centre, at the same distance, describe another 
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circle ; lastly, from D as a centre, at a distance 
equal to that of A, B, describe another circle, 
cutting the circle last described in C ; join B, C. 
BC is parallel to AD. 

For, if A, B and D, C be joined, it is manifest 
from the construction, that AD = BC, and 
AB=DC: .-. (S. 16. I.) BC is parallel to AD. 

28. CoR. 2. A rhombus is a parallelogram. 

Prop. XIX. 
29. Theorem. Every parallelogram "winch has 
one angle a right angles has all its oTigles right 



h 



Let one z., as A, of the aABCD be a right 
angle : The ^ B, C, and D are also right angles. 




For, since AD is parallel to BC, and AB meets 
them, the two interior Z£,A, B are, (E, 29. 1.) 
together, equal to two right /L ; but (/y/p.) the 
Z.A is a right z.; .'.the zB is also a right £.: 
And, in the same manner, may the remaining q. , 
C and D, be shewn to be right £ . 
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Pbpp. XX. 

SO. Problbm. To trisect a right an^h ; i. e. to 
£vide it into three equal parts^ 

Let the L X AY be a right Lt It is rehired 




to trisect it ; i. e. to divide it into three equal 
parts* 

In AX take any point B j upon AB describe 
(E. 1. 1.) the equilateral A ACBj and from A 
draw (E. 12. 1.) AD i to BC: The ^X AY is 
trisected by the two straight lines AC and AD. 

For, from C draw (E. 12. 1.) dr^w CE _l to 
AY; then, since the IL BAE, AEC, are right a 
.•. (E. 28. 1.) AB is parallel to EC j .•. (E. 29. 1.) 
L EGA = L CAB = jL ACB j because {constr.) 
the A ACB is equilateral, and (E. 5. I. cor.) 
equiai^^ular 1 Since, .*., the L ACB =r. ACD« 
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and that the IL D and E are right IL , and AC 
is common to the two ^ ADC, AEC, .". 
(E. 26. 1.) the zEAC=/lDAC: Again, since 
\cQnstr. and E. 5.1. cor.) the zACB = zABC, 
and (conaft-.) the ^ at D are right angles, and that 
AC=AB, .-. (E.26. 1.) the zDAC=:iDAB: 
But it was shewn that the L EAC = z DAC : 
.'. iEAC= zDAC= zDAB; ue. the right 
zXAY J3 trisected by AC and AD. 



Peop. XXL 

31. Problem. Hence, to trisect a given rectilineal 
angle, which is the half, or the ' quarter, or the 
eighth part, and so on, qfa right angle. 

First, let the given z YAZ, be the half of a 

A X 




right z. , and let it be required to trisect it. 
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Draw (E. 11. 1.) from A, AXi AY; trisect 
(S.18.1.) the right Z.XAY; then (S.l.l.) tri- 
sect the ^ YAZ, which is the half of the L YAX. 

But, if the given z be the quarter of a right 
angle, its double may be trisected by the former 
case; and .*. the given L itself may be trisected 
by (S. 1.1.) 

And, by following the same method, it is evi-* 
deijt that an z. may be trisected, which is the 
eighth part, or the sixteenth part, and so on, of a 
right angle. 



Prop. XXII. 

32. Problem. In the hypotenuse of a right-angled 
triangle^ to find a pointy the perpendicular distance 
of which from one of the sides j shall be eqtml to 
the segment of the hypotenuse between the point 
and the other side. 



Let ABC be a right-angled A, right-angled 

A 




B C 

at C : It is required to find a point in the hypo- 
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tenuse AB, tl)e perpendicular distance of which 
from one of the sides, as AC, shall be equal to 
the segment of the hypotenuse between that 
point, and BC. 

Bisect (E. 9. I.) the L ABC, by BD, and let BD 
meet AC in D ; through D, draw i5E (E. 31. 1.) 
parallel to CB : E is the point which was to be 
found. 

For, since DE is parallel to CB, the L CBD = 
/ BDE (E. 29. ].) ; but {constr.) the L CBD = 
/lDBE; .•.iDBE=ABDE; .-. (E.6.1.) ED:= 
EB; and since (Jiyp.~) the /. C is a right z, and 
that DE is parallel to CB, the Z CDE (E. 29. 1.) 
is a right L ; i. e. ED is i to AC. 



Prop. XXIII. 

33. Problem. In the base of a given acute-angled 
triangle, tojind a point, through which if a straight 
line be drawn perpendicular to one of the sides, the 
segment of the base, between that side and the 
pointy shall be equal to the segment of the perpen- 
dicular, between the point and tlie other side pro- 
duced. 



Let ABC be the given acute-angled A : It is 
required, to find, in the base BC, a point through 
which if a perpendicular be drawn to AB, the seg- 
ment of the base, between that point and the pmnt 
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B> shall be equal to the segment of the perpen- 
dicular between that same point and AC produced. 

Draw (E. 11. 1.) from B, BY j. to AB"; bisect 




(E.9,1.) the zCBY by BD, meeting AC, pro^ 

duced in D; through D, draw (E. 91. 1.) DE 
paralld to BY, and let DE cut BC in F : F is 
the point which was to be found. 

For, since (constr.) the Z" ABY is a right 
/i, and that D£ is parallel to BY, the zE 
(E.29. 1.) is, also, a right /. ; and the z YBD=3S 
ZBDF} but (constr.) the zYBD = zDBF; .-, 
Ae zDBF=z BDFj .'. (E. 6. l.) FB=Ft). 

/ 

Prop. XXIV. 

14. 3P]^0Bi^EM. From a given isosceks triangle to 
cut off a trapezium^ which shall have the same base 
«5 ^ triangle J md shall Jwve its tfn^e remaining 
sides eqtud to each other. 
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Let ABC be the given isosceles A : It is re- 




I 



quired to cut off from it a. trapezium, which, having 
BC for its base, shall have its three remaining sides 
equal to one another. 

Bisect (E. 9. 1 .) the Z. ABC by BD, meeting AC 
in D ; and through D draw (E. SI. l.J DE parallel 
to CB: Then shall BE, ED, and DC, the three 
sides of the trapezium BEDC, be equal to one 
another. 

For, since DE is parallel to BC, the I. AED = 
Z.ABC (E. 29. 1.), and ^ADE = iACB; hut 
(%p. and E. 5. 1.) ^ABC=iACB; .-., 
iAED = .lADEi .-. {E.6. 1.) AE = ADibut 
(hyp.) AB = AC J from these equals take the 
equals AE and AD, there remains EB^DC: 
Again, because DE is parallel to BC, the L CBD::= 
Z.BDE (E. 29. 1.); but (comtr.) L CBD = 
ZDBE; .-. theVDBE=zBDE; .-. (E. 6. 1.) 
EB=:ED ; and EB has been proved to be equal 
to DC; .*. EB, ED and DC are equal to one an- 
other. 
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Prop. XXV. 

S5. Probl£M. To draw to a given straight Une^ 
from a given point without it, another straight 
line which shall make with it an angle eqtuil to a 
given rectilineal angle. 

Let BC be a given straight line, A a given point 

A 




B G C 

i^ithout it, and D a given rectilineal z. : It is re- 
quired to draw from A, a straight line which shall 
make with BC an L equal to the l D. 

Through A draw (E. S 1 . 1 .) E AF parallel to BC j 
at the point A in EAF, make (E. 23. 1.) the 
ilEAG = Z.D : AG is the line which was to be 
drawn. 

For, since {constr.) EF is parallel to BC, the 
ilEAG=z.AGC (E. 29. 1.)} but (constr.) the 
Z.EAG =z D } . • . L AGC = z. D. 

Pkop. XXVI. ' 

• ' 

36. TheoremI If all the afigles but one of any 
rectilineal fgurCi be together , eqiuil to all the 
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angles but one, of another rectiUnealJlgure having 
the same number of sides, ilie remaining angle of 
the one figure, shall be equal to the remaining 
angle of the other : And, converse!;^, if an angle 
in the one figure be equal to an angle in the other, 
the remaining angles of the one shall be equal, to- 
gether, to the remaining angles of the other. 

For, since the two figures have the same num- 
ber of sides, all the interior jl of the one are, to- 
gether, equal (E. S2. 1. cor. ].) to all the interior 
/L of the other : If . ■ . from these equals be taken 
first, the aggregates which, by the hypothesis, are 
equal; and secondly, the single angles, which are 
supposed to be equal, it is manifest that the re- 
maining angle, or angles, of the one figure, must 
be equal to the remaining angle, or angles of the 
other. 



Paop. XXVII. 



37. Theorem. Tlie angle at the base of an isos- 
celes triangle is equal to, or is less, or greater, 
than the half of the vertical angle, accordingly as 
the triangle is a right-angled, an obtuse-angled, 
or an acute-angled triangle. 



4 

tos- I 



For, (E. 5. 1, and E. 32. I.) the double of the 
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L at the base + the vertical l = two right IL ; 

if . • . the vertical z. be a right L , and if it be 

taken from both, there remains the double of the 
4. at the base = a right z.; •*. the L at the base 

= half of a right L . 

But, if the vertical L be obtuse, when it is 
taken away from the same equals as before, there 
will remain the double of the L at the base equal 
to a less L than a right /.;•*• the L at the base 
is, in this case, less than the half of a right L • 

And, in like manner it may be shewn, that, 
when the vertical L of the isosceles A is acute, 
the L at the base is greater than the half of a 
right angle. 



Prop. XXVIIL 

38. Theorem. If either of the equal sides of an 
isosceles triangle be produced^ towards the vertex^ 
the straight line^ which bisects the ea:terior angle j 
shall be parallel to the base. 

For, (E. 5. 1. and E. S2. l.) the exterior z at 
the vertex of an isosceles A is the double of 
either of the £ at the base; .•. the half of that 
interior z. is equal to either of the Z!L at the base ; 
• *.the straight line bisecting the vertical z is 
(E* 28. 1.) parallel to the base. 
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Phop. XXIX. 



First, let ABC be a right-angled A, right- 



39. Theorem. The distance of the vertex of a tri- 
angle from the bisection of its base, is equal to, 
k greater than, or less than the half of the base, ac- 
cordingly as the vertical angle is a right, an acvfe, 
r 




I 



angled at A, and let AD join A and the biaec- 
tion, D, of the base: AD=DB, or DC. 

For, if not, AD is either greater or less than 
BD : Produce BA to X ; and first, if it be possi- 
ble, let AD > DB ; .-..also, AD>DC; .-. (E. J8. 
1.) ^B>zBAD, andzC>zCADj.-.^B+z 
C> zBAD+zCAD; i.e.AB+£C> ^BAC; 
but {hyp. and E. def. 10.1.) z.BAC = CAX; 
.-. z B + iC> zCAX; which (E. 32. I.) is 
absurd. 

And, in like manner, if DA be supposed to be 
less than BD, it may be shewn thatz B + z C< 
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ZCAX} which is absurd. Therefore, DA=DB, 
or DC. 

Next, let the vertical L CEB, of the A EBC, be 
acute, and let ED join E and the bisection, D, of 
BC. ED > BD, or DC. 

From either of the n li or C, as C, if the A 
EBC be acute-angled, draw (E. 12. 1.) CA i 
to the opposite side EB; and join A, D : Then 
(S. 7. l.)CA falls within EB; and, since (constr.) 
the /L CAE is a right i, the z. DAE is greater 
than a right z. j .'. (E. 17. l.) the / AED is less 
than a right /. , and .•. less than the i DAE j 
.". (E. 19. 1.) DE > DA ; but, by the former case, 
DA=DB; .'. DE>DB, orDC. 

Lastly, if FBC be an obtuse-angled A, obtuse- 
angledat F, join F,D; draw, as before, CAi_BF; 
and join A, D : Then (S. 7. 1.) CA falls without 
BF, and thezAFD(E. 16. 1.) >thez.FBD; but 
since (1st case) DA = DB, the /. DBF = z 
DAF(E.5. 1.)} .-. zAFD> zDAF; .-.(E. 19. l.) 
DA>DF; butDA^DB; .-. DF< DB. or DC. 

Or, the two last cases may be proved, ex absur- 
do, in the same manner as the first is proved. 

40. CoR. 1. If any number of triangles have 
a right angle for their common vertical angle, and 
have equal hypotenuses, the locus of the bisections 
of the several hypotenuses is a quadrantal arch of 
a circle, having the common vertex for its centre, 
and the half of any hypotenuse for its radius. 

For, the bisections of the hypotenuses will, 
each of them, (S. 29. 1.) be at a distance from the 
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common vertex equal to the half of one of the 
equal hypotenuses ; i. e. they will all be at distan- 
ces from that point, equal to the half of any one 
of those equal lines : It is manifest, .•., that they 
will he in the circumference of a circle, described 
from that point as the centre, at a distance equal 
to the half of one of the hypotenuses. 

41. CoR.2. A circle described from the hisection 
of the hypotenuse of a right-angled triangle as a 
centre, at the distance of half the hypotenuse, will 
pass through the summit of the right angle. 

42. Cor. 3. The vertical angle of a A being 
■ a right angle, a point in the base, which is equi- 
distant from the vertex and from either extremity 
of the base, bisects the base. 

Let the point D, in the base BC of the A ABC, 
having the Z. B a right angle, be equidistant 
from either extremity, as B, of BC, and from the 
angular point A: The point D bisects BC. 

For, if not, let G be the bisection of BC, and 
join D, A and E, A : Then, since {hyp.') DA = 
DB, .'. (E. 5. 1.) the L DAB= t DBA: also, 
since G is the bisection of BC, .■. (S. 29. 1.) 
GA = GB; .-. {E. .5. 1.) the ^GAB = zGBA; 
.'. the /. GAB = L DAB, the greater to the less, 
which is absurd ; .■. no other point than D can be 
the bisection of BC. 
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43. Problem. Upon a given Jinite straight Ihte^ 
as a diameter, to descrilfc a square. 

Let AB be a given finite straight line : Upon 




AB, as a diameter, it is required to describe a 
square. 

Bisect (E. 10. 1.) AB in E j through E draw 
(E. U. 1.) DECi to AB, and make (E. 3. 1.) 
ED and EC each of them equal to AE or EB : 
Join A, D, and D, B, and B, C, and C, A : The 
figure ADBC is a square, having AB for its di- 
ameter. 

For since (constr.) DE=EC, and AE is com- 
mon to the ^ AED, AEC, and that the right 
<!LAED = rightzAEC, .'. (E. 4. 1.) AD = AC; 
and in the same manner AD may be shewn to be 
equal to DB, and DB to BC ; .-. the figure ADBC 
is equilateral. 
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Again, Ruice (constr.) A'E=DE, the L EAD 
= ^EDA (E. 5. 1.) ; but {constr.) L AED is a 
right / ; .-. eacli of the it EAD, EDA, is half 
a right L \ and, in the same manner, may each of 
the IL EDB, DBE, CBE, BCE, ECA, EAC, be 
shewn to be half a right L ; .'. all the U. of the 
figure ADBC are light ^ ; and it has been proved 
that all its sides are equal; .*. (E. 30, def. 1.) 
ADBC is a square. 



Prop. XXXT. 
44. Theorem. If either of the acute angles of a 
given right-angled triangle be divided into any 
number of equal angles, then, of the segments of 
the base, subtending those equal angles, the near- 
est to the right angle is the least; and, of the rest, 
that which is nearer to the right angle is less than 
th&t which is more remote^ ,,_, 



Let ACB be a right-angled A , right-angled at C. 




B G EH 
and let the acute /. BAG be divided into ^ly nuin- 
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ber of equal IL, CAD, DAE, EAB, &c. ; then is 
CD the least of the segments of the base subtend- 
ing those equal n , and of the rest DE < EB j and 
so on. 

For, at the point D in AD make (E. 23. 1.) 
the L ADF= L ADC : And since, also, the L CAD 
=; L DAE {hijp?) and AD common to the 
two/^ACD, AFD, .-. (E. 26. l.) DF = DC: 
But(E. 19. Land E. 32. 1.) DE>DF; .■.DE> 
DC; i.e. DC<DE. 

Again, at the point E, in AE, make the L AEK 
= /. AED; and it may, in like manner, be shewn 
thatEK = ED:But(E. 16. l.)iBKE> ^AEK; 
.-. L BKE > L AED i and L AED > l ABE j much 
more then isiBKE> ^.EBK; .-. (E. 19. 1.) BE 
>EKor ED; i.e. ED<EB. 

And in the same manner may EB be shewn to 
be less than the next segment that is more remote 
from C; and so on. 

45. CoK. It is manifest, from the demonstra- 
tion, that if any three straight lines AB, AE, AD, 
be drawn to the given straight line XC from a 
given point A, without it, so that the L BAE^ 
z EAD, the segment BE, of XC, which is the 
farther from the perpendicular AC, shall be 
greater than the segment ED, which is the nearer 
to AC. 



Prop. XXXII. 
46. Theorem. If either angle at the base of a 
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trimigle be a right angle, and if the base be di-^ 
videdinto any number of equal parts, that •which 
is adjacent to the right angle shall subtend the 
greatest angle at the vertex; and, of the rest, 
that which is Tiearer to tlie right angle sltall sub- 
tend, at the vertex, a greater angle than that 
•which is more remote. 



Let ACB be a riglit-angled A, right-angled at 

A. 




B G EH D 



C, and let the base BC be divided into any num. 
ber of equal parts CD, DH, HG, &c. : Of these 
segments DC shall subtend the greatest z. at 
the vertex Aj and of the rest DH shall subtend, 
at A, a greater l. than HG ; and so on. 

For, join A, D, and A, H, and A, G, &c.> also, 
at the point A, in DA, make (E. 23. I.) the z. 
DAE = CAD: Then (S. 31. 1.) ED>DCj but 
(hyp.) DC = DHi .■.ED>HD, and it is mani- 
fest that the /. EAD > Z HAD ; but [constr.) 
zEAD = ^CAD; .-. ^CAD>z.DAH: 

And, in the same manner, it may be shewn, by 
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tlie kelp of the coroUmy to S. SO. 1. that the 
Z DAH > the z. HAG ; and so on. 



Prop. XXXIII. 

4n. 'PAoBLtii. To tris'ect a given Jinite straight 
Une. 

■ 

Let AB be the given straight line : It is re- 

C 




quired to divide it into three equal parts. 

Upon ABr describe (E. I. 1.) the equilateral 'A 

CAB ; bisect (E. 9. 1.) the two equal IL A and B, 

by the straight lines AD and BD, which meet in 

D ; and from D draw (E. 31. 1.) DE parallel to 

CA, and Df parallel to CB: Then are AE, £F 
and FB equal to one another. 

For, since (E. 29. 1. mdconstr.) the z. DEF= 

/L CAB, and l DFE=z. CBA .-. (S. 26; 1.) z EDF 

=Z.ACB; but (E. 5. 1. cor. and constr.) the 

A CAB is equiangular; .*. the ADEF is equian- 

gddlnr; a»di /. (£* 6. l. cor.) it is, aleKy, eqiiilate- 
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ral J 80 that DE and DF are, each of them, equal 
to EF. 

Again, since (E. 29. I. and consir.) the L EDA 
^=zDAC; and that (comtr.) the ^ DAC = i 
DAE, .-. z EDA = Z DAE ; .-. (E. 6. 1 .) AE = 
DE J but DE has been proved to be equal to EF j 
.*. AE=EF; and in the same manner, EF may 
be shewn to be equal to FB ; .*. AB hag been 
divided into the three equal parts AE, EF, and 
FB. 



Prof. XXXIV. 
t8. Problem. To describe a triangle ■which shall 
have its three sides, taken together, equal to a 
given Jinite straight line, and its three angles 
equal to three given angles, each to each; the 
three given angles being together equal to two 
right angles. 

(H4 < 
Let AB be a given fiaite straight line, and C and 




P^l D two given rectilineal angles : It is required to 
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describe a triangle, which shall have its perimeter 
equal to AB, two of its angles equal to C and D, 
each to each, and its third angle equal to an angle, . 
which, together with C and D, makes up twotj 
right angles. 

At the point A, in AB, make (E. 23. I.) the t K 
BAE = z C ; and at the point B piake the z ABE'^ 
= Z. D ; .*, (S. 26. 1.) the / AEB is equal to the 
third L of the A which is to be described : Bisect 
(E.9. 1.) the^EAB, EBA, by AF and BF, which 
meet in F; and through F draw (E. SI. 1.) FG 
parallel to EA, and FH parallel to EB : Then is 
J"GH the A, which was to be described. 

For, since (constr.) FG is parallel to EA, and 
FA meets them, .-. (E. 29. 1.) the /. EAF = z 
AFG; but (coiutr.) the z EAF= z FAG; .-. 
the zFAG=zAFG; .-. (E. 6. i.) FG = GA; 
and, in the same manner, it may be shewn that 
FH=HB; .-. FG + GH +HF=AG + GH 
+HB ; i. e. the perimeter of the A FGH is equal 
to the given straight line AB. 

Again, because FG is parallel to EA, and FH 
is parallel to EB, .-. (E. 29. 1.) the z. FGH = z 
EAB, and z FHG = z EBA j but (constr.) the 
Z E AB = z C, and the z EBA = z D ; .-. also, 
the Z FGH = Z C, and the z FHB= zD; 
.-. (S. 26. 1.) the Z GFH is equal to the third z 
of the A, which was to be described; .-.the 
A FGH, the perimeter of which has been shewn 
to be equal to the given straight line AB, is the A 
which was to be described. 
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Prop. XXXV. 



Let ABCD be a given square ; in the sides 



k 49. Theorem. If, in the sides of a given square, at 

I equal distances from the four angular points, four 

\ oilier poi7its be taken, one in each side, the figure 

^^^H . contained by the straight lines which join ihemy 
^^^^L I shall also he a square, 

y 



i< 




i^ 



k 



AB, BC, CD, DA, let the four points E, H, G, 
F be taken, so that E is at the same distance from 
A tliat H is from B, that G is from C, and F from 
D ; and let E, H, and H, G, and G, F, and F, E, 
be joined ; The figure EFGH is a square. 

For, since (E. 80. def. 1.) all the sides of the 
given square ABCD are equal, and that {hyp.) 
AE=:BH^DF, it is manifest that the two /k 
FAE, EBH have the two sides FA, AE equal to 
the two EB, BH, each to each, and (E. 50. def. 1.) 
theiiA=zBj .'. (E.4.i.)the^AFE=zBEHj 
and FE ^ EH : And, in the same manner, it may 
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be shewn that EH = HG=:GF; .-.the figure 

EFGH is equilateral. 

Again, since* as hath been proved, the L AF£ 

=Z.BEH, .-. the L AFE+ zAEF= ^BEH 

+ Z. AEF; but, since the z. A is a right /., .*. 

(E. 83* 1.) L AFE+ z AEF = a right Z j .'. also, 

L BEH + Z AEF=a right z. ) but (£. 15. 1. Cor. 2.) 

L BEH + z AEF + z HEF= two right 0. j .'. 

ihe z HEF is' a right angle ; and, in the same 

manner, may th6 remaining ^ of the figure EFGH, 

which has been shewn to be equilateral, be proved 

to be right IL i ••• (E. 30. def. 1.) EFGH is a 
square. 



Prop. XXXVI. 

50« Theorem. If the opposite angles y qfa quadri- 
lateral figure he equal to each other ^ the figure 
shall be a parallelogram. 

Let AB be a quadrilateral figure, having the 

A C 



D 




apgle A equal t6 the opposite angle B, an(l the 
angle C to the opposite angle D : The figure 
ABBC is a parallelogram. 
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For, (E. 32. 1. Cor. 1.) the four angles of the 
figure ADBC are together equal to four right a; 
and, by the hypothesis, the four i are the double 
of the two ^, DAC, ACB; it is manifest, .*., that 
the two n. DAC, ACB are together equal to two 
right £ ; .•. (E. 28. 1.) AD is parallel to CB : 
And, in the same manner, AC may be shewn to 
be parallel to DB ; .•. the figure ADBC is a paral- 
lelogram. 



L 



Prop. XXXVII. 

51. Problem. In a given square to inscribe an 
equilateral triangle, having one of its angular 
points upon one of the angular points of the square, 
and its two remaimng angular points one in each 
of two adjacent sides of the square. 



Let ABCD be a given square : It is required 




a 


1=, D 


1 / 


^'■' 


F 


4^ 


i^ 


H 



to inscribe in it an equilateral triangle, having 
one of its angular points upon the angular point 
B of the square. 



d 
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TiNsect (S. !iO. 1.; the right L ABC, by BE 
and BF; bisect (E. 9. 1.) the a. ABE, CBF by 
BG and BH, meeting AD and DC in G and H, 
respectively; and join G, H : The A GBH is 
equilateral. 

For, join B, D, and let BO meet GH in K: 
Then, it is manifest from the construction, that 
the z ABG= zCBH; also, (liyji. and E. .50. 
def. 1.) the z A =z. C, and the side AB, of the 
A ABG, is equal to the aide CB, of the ACBH; 
.-. (E.26. l.)BG = BHi .-. {E.5. l.)thezBGH 
= zBHGi also, (coM/r. andE. 8. :.) thezGBD 
= HBD} and BK is common to the two/KBKG, 
BKH; .-. (E. 26.1.) thezBKG= zBKH; .-. 
(E. 10. def. 1.) each of these ZC is a right L ; .•. 
(E. 32.1.)zKGB+zGBK=ariglitz = zGBH 
+ 2 z ABG = z GBH + z ABE (constr.) ; but, 
since {constr.) l ABG+ z CBH= z EBF, add to 
each of these equals the IL EBG, FBH, and the 
ZGBH =2ZABE; .-. the z GBK = zABE; 
and it has been shewn that z KGB+ z GBK= z 
GBH+_ABE; .-. zKGB=zGBHi .-. HG = 
GB=BH ; i. e. the A GBH is equilateral. 



Paor. XXXVIII. 

52. . Theorem. If, at the extremities of the base 
of a given triangle, two straight lines be droTm, 
both above the base, and each of them equal to 
the adjacent side, and making "with it an angle 
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equal to tlie veiHical angle of the triangle ; then, 

if two straight lines, let fall from the extremities 

\ of the two so drawn, make, with tfie base pro- 

\ duced, two angles thai are equal each of them to 

I ■ the vertical angle, they shall cut off' equal seg- 

ntsjrom the base produced. 

From the extremities B, C, of the base BC of 




the given A ABC, let BD be drawn equal to the 
adjacent side AB, and CE equal to the adjacent 
side AC, making the it ABD, ACE» each equal 
to the vertical i BAG of the A, and let DF and 
EG, drawn from D and E, make with BC pro- 
duced the IL DFB, EGG, each also equal to the 

iBAC: Then shall FB = GC. 

For, from the point A draw (S. 25. 1.) AH and 
AK making with BC the ^ AHB, AKG each 
equal to the L DFB, or BAG, or CGE : And, since 
(E. 13. 1.) A ABH+ ^ ABD+ ^ DBF = two right 
IL = ^DliF + iBFD+iiFDB (E. 32. i.), and 
that (constr.) L ABD = l UFD, .-. L ABH = L 
FDBj but, (constr.) i AHB = ^ DFB, and the 
side AB of the A AHB is equal to the side DB of 
the A DFB i .-. (E. 26. 1.) FB = AH : And in 



. I 
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% ^^ 

th esain e manner GC may be shewn to be equal 
to AK ; but since (constr.) the z AHBn z AKC, 
••. (E. IS. 1.) the z AHK= z AKH j .-. (E. 6. 1.) 
AH = AK J and FB was shewn to be equal to AH, 
andGCtoAK; .-. FB=Ga 

53. GoR. If the vertical z BAG be a right / , 
the two straight lines AH and AK coincide ; and 
the segments FB, GG are equal each of them to 
the perpendicular drawn from A to the base BG : 
In this case, also, DF=BK,andEG=iCIL 



Prop. XXXIX. 

$4. Theorem. If Jour straight lines cut each 
other J without including space^ but so as to make 
three internal angles^ towards the same partSj 
which together are less than four right angles^ 
the two lineSj which are not joined^ shall meety if 
produced far enough. 

Let the four straight lines AB, BG, GD, DE, 



out one another, without enclosing sp^ce, so that 
the a ABC, BCD, GDE, are together less than 
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four right IL ; Tiien shall BA and DE meet, if 
they are produced far enough. 

For, join H, D : And (E. fJ2. l.) /. DBC + ^ 

BCD+ iCDU = two right /L; if, .-., tiiese three /t 
betaken from the three given ^, which {h^p.) are 
leas than four right £,, there will remain the two 

£.ABD, EDB, together less than two rights; 
.-. (E. 12. axiom 1.) BA and DE will meet if 
they be continually produced. , - 

Phop. XL. 

55, Problem. To iriscrihe a square in a given 
right-angled isosceles triangle. 



. Let ABC be the given isosceles A, right-angled 




at A : It 19 required to inscribe a square in the 
A ABC. 

Trisect (S. 33. 1.) the hypotenuse AC, in the 
points D and E J from D and E draw (E.ll.].) 
DF and EG x to BC, meeting the sides AB and 
AC in F, and G, respectively; and join F, G : 
The inscribed figure FDEG is a square. 

For, since the Z. A is a right-angle, and that 
(Ayp. and E. 5. 1.) iB=iC, .-. (E. 32. lO ^B 
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IS half a right-angle ; but {cojistr.) the z. D is a 
right Z,; .-.the iDFB is half a right z. , and is, 
.-., equal to the zFBD; . -. (E.6. 1.) DF=BDi 
but (constr.) BD = DE} .•.DF=DE; and, i 
the same manner, it may be shewn that EG = 
DE; .-. DF=:DE = EG. 

Again, since [constr.) the //_ D and E are right 
^, .'. (E. 28. 1.) DF is parallel to EG ; and it 
has been shewn that DF=EG=DE; .-. 
(E. 33. I.) FG is equal and parallel to DE ; ,-. 
(E. 29. 1.) the figure FDEG has all its ^ right 
Hi and it is equilateral; .'. (E. 30, def. 1.) itisa 
square. 



Prop. XLI. 

56. Problem. To Jind a point, in eitJier of the 
equal sides of a given isosceles triangle, Jrom 
•which, if a straight line be drawn, perpendicular 
to (hat side, so as to meet the other side produced, 
it shall be equal to the base qfthe triangle. 



Let ABC be the given isosceles A : It is re- 
quired to find, in either of the two equal sides, as 
AB, a point from which if a perpendicular be 
drawn to AB and produced to meet AC, pro- 
duced, it shall be equal to the base BC. 

Draw (E. 11. 1.) from B, BD x to AB, and 
make(E. 3. 1.) BD= BC ; from D draw (E. 31. 1.) 
DE parallel to AB, meeting AC produced in E; 
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and from E, draw EF parallel to BD : 'F is the 
fMunt which was to be found. 

For {cons&.) the figure FBDE is a □; ••. 
(E.S4. 1.) FE = BD=±:BC {constr.)\ also, since 
\c(mstr.) the L FBD is a right z ^ the L BFE is, 
also, (E. 29. 1.) a right z . 

^mov. XLII. 

'57. TMiidlt^. The diaMetefv'ftf a panOklojgram 
'tiheetedeh other. 

Let AB and CD be the diameters of the o 




AD^t!i A'B and Ct) bisect one ilndtlitto iii thb 
point olf their intersection E. 



,-% 
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For since ADBC is a o, AD=CB (E. 34. i.) and 
(E. 29. I.) the zEADofthe A AED, = zEBC, 
of the A BEC, and tbe zEDA=:zECBi .-, 
(E. 26. 1.) AE = EB, and DE = EC. 



Piiop. XLHI. 

58. Theorem. If in two opposite sides qfapot.^ 
raUelogram two points be assumed, one in each of \ 
those sideSy equidistant Jrom two opposite angles 
of thejigure, and if two other points be likewise 
assumed, in the two otJier opposite sides, egiiidi- 
stantfrom the same two angles, thejigure, con- 
tained by the straight lines Joining the Jour points 
so assumed, shall be a parallelogram. 

In the opposite sides AD, BC of the □ ABCD, 
_g_ 1) 




I. B G C 

let the points E and G be taken equidistant from 
the opposite Zt. A and C j let also, the points F and 
H be taken, in the other two opposite sides, AB 
and DC, equidistant from A and C ; and let E, 
F, and F, G, and G, H, and H, E, be joined : The , 
figure EFGH is a parallelogram. 

For since {hyp.} AE = CG, and AF = CH, and '* 
that [E. 34.1.) the zA= zC, .-.(E. 4. i.) FE= 
E 2 
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GH: Again since (E. 34. 1.) AB = DC, and 
AD = BC, and that [hyp.) of AD the part AE is 
equal to the part CG of BC, and of AB the part 
AF is equal to the part CH of DC, .-. ED=GB, 
and DH=BF; isJso (E. 34. 1.) the zEDH = 
ZFBG; .-. (E.4. l.)EH=FG; andlt has been 
proved that EF=HG; .-. (S. 18. 1.) EFGH is 
a parallelogram. 



Prop. XLIV. 

59. Theorem. If any numher qf parallelogr<mis 
be inscribed in a given parallelogram^ the diame' 
ters of all tlie figures shall cut one another in the 
same point. 



Let ABCD be a given □, and let EFGH be 




any □ whatever, inscribed in ABCD : The dia- 
meters of ABCD and of EFGH cut one another 
in the same point. 

For draw AC a diameter of ABCD, and FH a 
diameter of EFGH ; let AC and FH cut one an- 
1 other in K ; and let CB, produced, meet EF, pro- 
duced, in L: Then, since AE is parallel to BC, 
«nd EF parallel to HG, the ^CGH=CE.29. 1.) 
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L GLE ; and the L GLE = l LEA ; .-. the 
L CGH = L AEF ; also {hxff. and E. 34. 1.) the 
z. A ^ Z C, and the side FE = the opposite side 
GH, ofthea EFGj .-.(£. 26. i.) CH — AF: 
Again, since the side AF of the A AKF= the 
side CH of the A CKH, and that (E. 29. 1.) the 
ZtKAF.KFA are equal to the ^KCH, KHC, .-. 
(E. 26. 1.) AK=:KC, and FK=KH; (. e. K is 
the bisection of the diameters AC, FH ; .•. 
(S. 42. 1.) all the diameters cut one another in the 
point K. 

60. CoR. From the demonstration it is mani- 
fest, that the angle contained by any two given 
straight lines, is equal to the angle contained by 
two other straight lines, that are parallel to the | 
two given straight lines, each to each. 

Prop. XLV. 

61. Theorem. T}ie diameters of an equilateral 
Jbur-sided plane rectilineal Jigure bisect one an- 
other at right angles. 

Let AB and DC be the diameters of the equi- 
lateral four-sided figure ACBD, cutting one an- 
other in E : AB and DC bisect one another in E, 
at right angles. 

For, since (hyp.) ACBD is equilateral, it is I 
(S. 18. 1.) a n; and .-. (S. 42. 1.) the diameters J 
bisect one another in E ; Again, because DE = -| 
CE, and EA is common to the two ^ AED, 
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AfiC, and that (hyp.) AD = AC, .*. (E. 8. K) 
the z AED= z AEC j i.e. (E. 10. def. 1.) feach 
of the ^ AED, AEC is a right z.; .*. (E. 15. 1.) 
eacii of the a. DEB, CEB, is, also, a right Z . 



Prop. XLVI. 

62. Theorem. The diameters of a rectangle are 
equal to one another. 

% 

Let AC, and BD ble the diameters of the rect> 
angle ABCD : Then AC = BD. 



« _ 




For, siiiiiie (hyp.) the oppositi^ a. of the figtii:^ 
tee eqiui^ each b6ing a ri^t z , .*. (S. 26^ 1.) the 



KtEMEKTS OF EUCLID. 



55 



figure ABCDisaa; .-. (E.34. 1.) AD = BC; 
and AB is common to the two /kABC, BAD, 
and the zABC = zBAD; .-.(E. 4. l.)AC = 
BD. 



Prop. XLVII. 

3. Problem. To inscribe a square in a given 
equilateral JbuV'Sided Jigure. 

Let ABCD be the given equilateral four-aided \ 




figure : It is required to inscribe a square in 
ABCD. 

Join A, C, and B, D, and let AC and BD cut 
one another in X ; bisect (E. 9. 1. and E. 1.5. 1.) > 
the ^ AXB and CXD, by the straight I'ine EG, ^ 
and the ^BHC, AXD, by the straight line FHj I 
and join E, F, and F, G, and G, H. and H, E : ' 
The inscribed figure EFGH is a square. 

For, since the figure ABCD is (hyp.) equila- \ 
teral, AC and BD (S. 45. 1.) bisect one another at J 
right {L; .'. (constr.) each ofthe U. EXA,AXH,,, 
HXD, DXG, GXC, CXF, FXB, BXE, is half a I 
right z } .- . the ^ EXH, HXG, GXF, FXE are A 
right it '■ Again, because ABCD is equilateral, it 
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is (S. 18. 1.) a n; .-. (E. 28. 1.) the Z BAC = 
zACD; but, because (hi/p.) DC = DA, .-. 
(E. 5. l.)the z ACD= zDAC; .-. the ^BAC 
= z DAC ; i. e. the Z EAX = z H AX ; and it has 
been shewn that the EXA:=zHXA; and AX 
13 common to the two /j^AEX, AHX; .-.(E. 26, 
1.) EX= HX ; and, in the same manner it may 
be shewn that EX, HX, GX, and FX, are all 
equal : and the /L contained by those lines are 
equal, being right £. ; .'. (K. 4. 1.) the figure 
EFGH is equilateral, and .-. (S. 18. I.) it is a n; 
andsincethe zEXHisaright z, and that XE = 
XH, .-, (E. 5. 1. and E. 32. I.) each of the ^ 
XEH, XHE is half a right z : In the same man- 
ner it may be shewn that each of the £ XHG, 
XGH, XGF, XFG, XFE, XEF is half a right z ; 
.*. the figure EFGH, which has been shewn to 
be equilateral, has all its ^ right angles j .". (E. 
SO. def. 1.) it is a square. 



Prop. XLVIH. 

64. Thkorem. If two opposite sides of a paral- 
lelogram be divided each into the same nvmber of 
equal parts, the straight lines, joimng the oppo- 
site points of division, shall also divide the dia- 
meter of the parallelogram into the same number 
of equal parts. 



Let the two opposite sides AD, BC, of the □ 
, ABCD, of which BD is a diameter, be divided 
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into any number of equal parts, AE, EF, FG &c. 
BH, HI, IK &c.; and Jet E, H, and F, I, and 
G, K, &c, be joined : The diameter BD is dividedi 
by EH, FI, GK, &c. into the same number of 
equal parts, BL, LM, MN, &c. as either of the 
opposite sides AD, or DC. 

For, through L, M, N, &c. draw (E. 31. 1.) LP, 
MQ, NR, &c. each parallel to AD or BC : Then, 
since AE is equal and parallel to BH, EH (E. 3S. 
1.) is parallel to AB ; and in the same manner it 
may be shewn, that FI, GK, &c., are parallel to 
one another J .*. the figures LI, MK, NC, &c., 
areD; .-. (E. 34. 1.) LP = HIi but {hyp.) 
HI = BH; .'., BH = LPj and since LP is 
parallel to BC, and LH parallel to MI, and that 
MLB meets these parallels, .-. (E. 29. 1.) the a 
HBL, BLH, of the A BLH, are equal to the a. 
PLM, LMP, of the A LMP ; and it has been 
proved that the side BH^LP; .-. (E. 26. 1.) 
BL= LM : And, in the same manner it may be 
shewn, that LM = MN ; MN ^ ND, and so on. 

65. CoR. From the demonstration it is mani- 
fest that if the one of two given straight lines, or 
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a part of it, be divided into any number of equal 
parts, and from the points of division parallel 
straight lines be drawn cutting the other, the seg- 
ments of that other given line, between these 
parallels, will be equal to one another. 



16. Problem. To divide a given Jinite straight 
line into any given number of equal parts. 



Let BD be a given finite straight line : It is re- 




^^ quired to divide it into any given number of eqi 

[ parts. 

From B draw an indefinite straight line BC 

I making any angle with DB ; and from D draw 

' (E. SI. l.)I>A, also indefinite, and parallel to BC ; 

takeanypoint Hin BC ; make (E. 3. 1.) HI, IK, 
DG, GF, FE, each equal to BH, so that the num- 
ber of these equal straight lines in BC, and also 
in DA, may be less by one than the given number 
of parts, into which BD is to be divided ; and join 
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E, H, and F, I and G, K: The straight lines EH, 
Fl, and GK, will divide BD into the required 
number of equal parts. 

For, in BC, and DA, take KC, and EA, each 
equal to BH, and join A, B and D, C : Then, 
since (constr.) AD is equal and parallel to BC, AB 
is also (E. 33. ) .) parallel to DC ; . ■ . ABCD is a 
□, of which BD i& a diameter ; .■. (constr. and 
S. 48. 1.) BD is divided by EH, FI, and GK, into 
as many equal parts as BC, or AD, is divided into. 

Otherwise, 

Draw BC, as before, and make the number of 
equal parts BH, HI, IK, KC, equal to the given 
number into which BD is to be divided ; join 
C, D; and draw HL, IM, KN, each parallel to 
CD : Then will these parallels divide BD into the 
required number of equal parts. 

For, if LP, MQ, NR be drawn each parallel to 
BC, it may be proved, (as in S. 48. 1 .) that BL = 
LM = MN=ND. 



Prop. L. 

67. Problem. Upon a given Jinite straight line to 
describe mi equilateral and equiangular octagon. 

Let AB be a given finite straight line : Upon 
AB, it is required to describe an equilateral and 
equiangular octagon. 



A SUPPLEMENT TO THE 




From the points A and B draw (E. 1 1. 1.) AD 
and BE ± to AB, and produce AB both ways to X 
and Y ; bisect (E. 9. 1 .) the ^ DAX, EBY, by AG; 
and BL, and make AG and BL each equal to AB j 
from the points G and L, draw GF x to AG, and 
LI X to BL; also, draw (E. 31. 1.) GH parallel 
to AD, and make GH =: AB or AG ; in like 
manner, draw LK parallel to BE and make LK = 
AB; lastly, draw HD parallel to GF, meeting AD 
in D, and KE parallel to LI, meeting BE in E; 
and join D, E : The figure ABLKEDHG, de- 
scribed on AB, is an equilateral and equiangular 
octagon. 

For, since (constr.) the side AG, of the A 
AGF, is equal to the side BL, of the A BLI, and 
^GAF=zLBL and that the ^ BGF, BLF are 
equal, being right H ; .'., CE.,26. 1.) AF=BI; 
also, since (constr.) HF and Klare OH, FD^GH, 
and IE = LK ; but (constr.) GH = LKj .-. 
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FD=IE; .-.the whole AD = the whole BE; 
and (constr. and E. 28. 1.) AD is parallel to BE j 
.-. (E. S3. 1.) DE is equal and parallel to AB; and 
.-. (constr. and E. 34. 1.) the ^ ADE, BED are 
right £ : Again, since (constr.) the £. AGF, BLI, 
are right ^ , and that the /L GAF, IBL are each 
the half ofa right /., .'. (E. 32. 1.) the ^ GFA, 
LIB, are each the half ofa right Z. ; .". AG = 
GF=BL=LI; and (E. 34. 1.) HD = GF, and 
KE^LI; whence it is manifest that the figure 
ABLKEDHG is equilateral. 

Lastly, since HG is parallel to DA, and KL to 
EB, and FG and IL meet these parallels, .". (E. 
29. 1.) the ^HGF = iGFA, and .-. iHGF= 
the half of a right z j .-. (E. 34. 1.) the d. HDF 
is the half of a right z ; in the same manner, it 
may be shewn that each of the iIEK, KLI, is 
the half of a right z ; and it has been proved that 
the /L ADE, BED are right IL ; whence, and from 
the construction, it is manifest, that the figure 
ABLKEDHG, which has been shewn to be equi- 
lateral, is also equiangular. 



Prop. LL 

68. Theorem. ^ either diameter of a parallelo- 
gram be equal to a side of the ^figure, the other 
diameter shall be greater than any side of the 
Jigure. 



Let the diameter AB, of the D ACBD, be 




i 



equal to the side AC: The other diameter CD 
shall be greater than either AC or AD. 

For, because AC = AB, the L ACB = /. ABC 
(E.5. 1.) and {hi/p. and E. 29. 1.) the z DAB = 
zABC; but the zDAC>zDAB; .-. the 
Z. DAC > Z ACB; and the sides DA, AC, of 
the A DAC, are (E. 84. 1.) equal to the sides 
BC, CA, of the A BOA; .-. (E.24.1.) CD> 
AB; but (hj/p.) AB = AC; .-. CD>AC: And 
it has been shewn that the Z.DAC> z. ACB ; 
much more then is the / DAC > Z ACD ; .■. (E. 
19. l.)DC>AD. 



Prop. LII. 

69. Problem. From a given point to di'ato a 
straight line cutting two parallel straight lines, so 
that t/ie part of it, intercepted between litem, shall 
be equal to a given Jinite straight line, not less 
tfian tfie perpendicular distance of the two paral- 
lels. 

Let A be a given point ; XY and ZW two given 
parallel straight lines, indefinite in length ; and B 
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a given finite straight line, not less than the per- 
pendicular distance of XY from ZW : It is re- 
qnired to draw through A, a straight line, cutting 
XY and ZW, so that the part of it, between the 
two parallels, shall be equal to B. 

Take any point C in ZW ; from C as a centre, 
at a distance equal to B, describe a circle, cutting 
in XY in D ; join C, D ; and through A draw (E. 
34. 1.) AF parallel to DC, cutting XY and ZW in 
the points E and F : Then is EF = B. 

For, (constr.) the figure DCFE is a n ; .*. (E. 
S4. 1.) EF=DCi and (constr.) DC=B; 
EF=:B. 

Prop. LIII. 



70. Theorem, ff, Jrom the summit of the right 
angle <}f a scalerie right-angled triangle, two 
straight lines be drawn, one perpendicular to the 
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hypotenuse, and the other bisectkig it, they shall 
contain an angle equal to the difference of the two 
acute angles of the triangle. 



1 



Let the z A, of the A BAC be a right ^ ; let 
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AE be drawn to the bisection E, of the hypote- 
nuse BC, and let AD be drawn perpendicular to 
BC: The iEAD = iC-^B. 

For (S. 29. 1. and hyp.) EA = EBj -•- the / 
EAB=:zEBA: Again, since (hyp.) the two Zf. 
BAC, CBA, of the A BAC, are equal to the two 
/L BDA, ABD, of the A ADB, .-. (S. 26. 1.) the 
iBAD=zACBi but the ^EAD = z.BAD- 
iBAE; .-.the zEAD=iC-z.B. 



Pkop. LIV. 

71. Problem. To bisect a parallelogram by a 
straight line drawn through a given point in one 
of its sides. 

Let ABCD be a a, and E a given point in one 
of its sides : It is required to bisect the C3 ABCD, 
by a straight line drawn through E. 
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From AD, the side opposite to BC, cut off 
DF = BE (E. 3. 1 .) ; and join E, F j EF bisects 
the □ ABCD. 

For, through E and F draw (E. 91. 1.) EG and 
FH, each parallel to AB or DC ; .-. AE, GH, FC 
are QH; and since EF is tlie diameter of the □ 
GH, .-. (E. 34. 1.) tlie A EGF= A EHF ; also, 
because BE = FD, and that AD is parallel to BC, 
.-. (E. 36. 1.) the □ AE r= □ FC ; to these equals 
add the equal ^, EGF, EHF, and it is evident 
that the trapezium ABEF is equal to the trape- 
zium FECD ; i. e. EF bisects the O ^BCD. 



Prop. LV, 

72. Theorem. A trapezinntj •which fias two of its 
sides parallel, is the half of a rectangle bet-ween 
the same parallels, and having its base equal to 
the aggregate of the two parallel sides of //«? tra- 
pezium. 

Let ABEF be a trapezium, having its side AF 
parallel to the opposite side BE ; The trapezium 
ABEF is equal to the half of a rectangle between 
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AF and BC, and having its base equal to AF+ 
BE. 

For, produce BE to C, and make EC = AF j 
tiirough C draw (E. 31. 1.) CD parallel to BA, 
I and let CD meet AF produced in D j .-. the 
Jfigiire ABCD is a □ ; .'. (E. 34. 1 .) AD = BC ; 
jand (cons/r.) AF = EC; .-. FD = BE: It is 
lifest, .'., (from S. .54. 1.) that the trapezium 
l-ABEF is the half of the a ABCD ; but (E.S5. I.) 
fcthe □ ABCD = a rectangle upon the same base 
BC, and between the same two parallels; .'.the 
[ trapezium ABEF= the half ofa rectangle on the 
, base BC, which (coiisir.) :^ BE + AF, and be- 
l tween the two parallels BE and AF. 



Prop, LVI. 

i^S. Problem. Am/ two parallelograms having 
been described on two sides of a given triangle, to 
apply, to the remaining side, a parallelogram^ 
~d:hjch shall be equal to their aggregate. 

Let the [D AQ and AF be on the two aides AB, 
AC, of the given A ABC : It is required to apply 
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to the remaining side BC, a □ wliicli shall be 
equal to the □ AP togetlier with the □ AQ. 

Produce QD and PE until they meet in F; 
join F, A ; through C draw (E. 31.1.) CG parallel 
to FA) and make, also, CG =: FA ; complete the 
□ BCGH : The □ BCGH = □ AQ + o AP. 

For, produce FA, so that it shall meet BC in I, 
and HG in K; produce, alsp, GC and HB, until 
they meet EP and DQ in L and M j .-. the figures 
FACL, FABM are O; and, since [constr.) the 
CD FACL, CGKI, are upon equal bases FA, CG 
and between the same parallels, .■. (E. 36. 1.) the 
oFACL^nCGKI; but (E. 3.5. i.) the n 
FACL = n AP ; .-. the n AP, = n GI : And in 
the same manner, it may be proved that the a 
AQ = c:3lH; .-. the whole □ BCGH = DAP 
+ O AQ.' 



• If the parallelograms AP and AQ are squares, it is easy 
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First, let ABCDE be a given rectilineal figure 



Prop. LVII. 
74. Problem. A plane rectilineal figure qf any 
number of sides being given, to find an equal rec- 
tilineal figure, •which shall have the number of its 
1^- sides less, or greater. In/ one, than tftat qf the 

^^^B giveji figure. 

I 




ure : 



It is required to find an equal rectilineal figure, 
having the number of its sides less by one, than 
the number of the sides of ABCDE. 

Let A, E, U be any three consecutive g. of the 
given figure ABCDE ; join A, D j through E draw 
(E. SI. 1.) EF parallel to AD and meeting CD, 
produced, in F ; join A, F : The figure ABCF, 
which has the number of its sides less by one than 
ABCDE, is equal to ABCDE. 

For, since the two ^ AED, AEF, are upon 

to shew that the parallelogrum BG will aUo be a square ; and 
thus the forty-seventh proposition of the first Book of Euclid's 

Elements will have been demonstrated. 
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the same base AD and (conslr.) are between the 
same parallels, AD, EF, .-. (E. 37. 1.) the A AFD 
=AAED ; to each of these equals add the figure 
ABCD ; and the figure ABCF = the figure 
ABCDE. 

Secondly, let ABCF be a given rectilineal 
figure ; and let it be required to find an equal rec- 
tilineal figure, having more sides by one, than 
ABCF. 

Take any point, D, in any of the sides, as CF, 
of ABCF, and join B, D, or A, D; A and B be- 
ing the n which are next to the^F and C, at the 
extremities of CFj then, A, D having been 
joined, through F draw (E. 31. 1.) FE parallel to 
DA; and since the z. ADC is greater (E. 16, 1.) 
than the z. ADF, and equal (E. 29. 1.) to the 
Z EFD, .-. FE falls without the given figure : In 
FE take any point E, and join E, A, and E, D : 
The figure ABCDE has more sides, by one, than 
the given figure ABCF ; and it may be shewn, as 
in the preceding case, to be equal to ABCF. 

75. Cor. Hence, first, a triangle may be found 
which shall be equal to any given rectilineal figure: 
For the number of sides of the given figure being 
thus diminished, by one, at each step, they will at 
length be reduced to three, and the triangle whicli 
they contain, will be equal to the given figure. 

Secondly, it is manifest, that, by the latter part 
of the preceding problem, a polygon, of any given 
number of sides, may be found, which shall be 
equal to a given triangle. 
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Prof. LVIII. 
76. Theorem. The diameters of any parallelo- 
gram divide it into four eqiial triangles. 
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3jet AD BC be a o, of which the diameters A B, 
A 
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CD cut one another in E: The four^AED, 
DEB, BEC, CEA are equal to one anotlier. 

For [hyp. and E. 34. 1.) the side AC of the 
A AEC, is equal tb the side DB, of the A DEB ; 
also (S. 42. 1.) AE= EB, and DE = EC; 
(E. 8. 1. and E. 4. 1.) the A AEC =A DEB. In 
the same manner, it may be shewn that the A 
AED=ACEB: And since, the two^AED, 
AEC, stand upon equal bases DE and EC, .*. 
(E. 38. 1.) the A AED= A AEC. It is mani- 
fest, .-., that the four ^ AED, AEC, CEB, BED 
are equal to one another. 



77. Problem, If two IriaTigles have the tito adja- 
cent sides of a parallelogram for their bases, and 
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have their common vertex situated m the diameter^ 
or in the diameter produced^ they shall be eqtml 
to one anotJier. 

Let the two^ AFC, BFC, have the two adja- 
4:ent sides AC, BC, of the □ ADBC, for their 




D B 

-bases, and also have their common vertex situated 
at any point F, in the diameter DC, or in DC, 
produced : The A AFC = A BFC. 

First, let the p5int F be in the diameter DC : 
Join A, B ; and let AB cut DC in E. 

Then, since (S. 42. 1.) AE=EB, .-. (E. 38. 1.) 
the A AEC = A BEC, and the A AEFizz A 
BEF ; .-. the ^ AFC, BFC, which are the differ- 
ences of these equals, are equal to one another. 

And the proposition may, in the same manner, 
be shewn to be true, when the common vertex of 
the two ^, which have AC and BC for their bases, 
is in DC produced. 

Prop. LX. 

78. Theorem. Of all triangles^ which are between 
the same parallels^ that wJiich stands on thp 
greatest base is the greatest. 
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For it is manifest, that the A which has the 
greater base will exceed the A which is formed 
by joiniDg its vertex and the extremity of a seg- 
ment of its base made equal to the base of the 
other A : But the A so formed is equal (E. 38. 1.) 
to the other given A ; .*. the A which has the 
greater base is greater than that other triangle. 



Prop. LXI. 
, Theorem. Tlie straight line, joining the ver- 
tex and the bisection of the base of any triangle^ 
bisects even/ otiier straight line iha t is parallel to 
the base and is terminated by the two remaining 
sides of the triangle. 

Let PQ be any straight line, either within or 




i 



without Uie A ABC, parallel to the base BC, 
and ^et AD, joining the vertex A and the bisec- 
tion D of BC, cutPQin R; PQ"is bisected.by 
AD in R. 
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__First, let VQ be within the A ABC ; and if 
PR be not equal to KQ, one of them is the 
greater : LetTR > RQ; and join D, P, and D, Q. 

Then since (Jtyp.) the base BD, of the A BAD, 
is equal to the base DC, of the A CAD, .*. 
(E: 38. 1.) the A BAD = A CAD ; also, because 
BD=DC, and that (Ityp.) PQ is parallel to BC, 
.-. [E. 38. 1.) the A BPD= ACQD; if, .-., the 
two latter equal /K be taken from the equal /?s 
BAD, CAD, there remains the A APD = A 
AQD : But, since PR > RQ, the A APR > A 
AQR, and the A DPR > A DQR ; .-., the whole A 
APD > A AQD ; but it has been shewn that the 
AAPD= A AQD; and it is, also, greater; which 
is absurd : .*., neither of the two lines PR, RQ, 
can be greater than the other; .*., PR = RQ, 

In a similar manner the proposition may be 
proved, when HQ is without the A ABC. 

80. Cor. Hence, it is easily shewn, ex aij«7-rfo, 
that the straight line joining the bisections of any 
two straight lines, that are parallel to the base, and 
terminated by the sides of a A, passes through 
the vertex of the A. 



Pkop. LXII. 

SI. Theorem. If lico opposite sides of a Irapeziu 
he parallel to one another^ the straight Unc, joining 
their bisections, bisects the trapezium. 



^ 
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For, let PBCQ beja trapezium having Itlie side 
D R (J L 



PQ parallel to BC, and let RD join the bisections, 
R and D, of the opposite sides PQ and BC : RD 
bisects the^trapezium PBCQ. 

For, join P, D, and Q, D: Then since (Jiyp.') 
PQis parallel to BC, and that the base BD of the 
A BPD, is equal to the base DC, of the A DQC, 
.-. (E. 38. I.) the A BPD= ADQC ; and, in the 
same manner, it may be shewn that the 'A PDR = 
A DRQ; .'., A BPD + A PDR = A DQC + A 
DRQ; i.e. the figure BPRD =CQRD ; .-. RD 
bisects the trapezium PBCQ. 



82. pROBLtM. To bisect a given trapezium by a 
straight line draitm Jrom any of its angles. 

Let ABCD be a trapezium : It is required to 
draw a straight line from any of the £., as B, 
which shall bisect the trapezium ABCD. 

Join B, D; through A draw (E. 31. 1.) AE 
parallel to BD, and let CD, produced, meet AE 
in E ; bisect (E. 10. 1 .) EC in F ; and join B, F ; 
BF bisects the trapezium ABCD, 
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For join B, E; and since the two, ^ BAD, 
BED are on the same base BD, and between the 
same parallels, .*. (E. 37. 1.) the A BAD = A 
BED; to each of these equals add the A BDF; 
••. A BAD+ A BDF= A BED + A BDF ; i. e. 
the trapezium BADF=:ABEF} but since 
{constr.) EF=FC, .-. (E.38. 1.) the A BEF = 
"ABFC ; .-. the trapezium BADF= A BFC ; i.e. 
BF bisects the given trapezium 'ABCD. 



Prop. LXIV. 

8S. Problem. To bisect a given triangle by a 
straight line drawn through a given point in any 
one of its sides. 

Let ABC be the given A, and let Dbe a given 
point in one of its sides BC : It is required to 
draw through D a straight line which shall bisect 
the triangle. 

Bisect (E. 10. 1.) AC in E j join D, E ; through 
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B draw (E. 31. 1.) BF parallel to DE, meeting 
AC in F ; join D, F : DF bisects the A ABC. 

For join B, E and let BE cut DF in G : Then 
since the /b^ DFE, EBD are upon the same base 




DE and (conslr.) between the same parallels, .". 

- (E. 37. 1.) the A DFE — A EBD ; take away the 

common part DGE, and there remains the A 

BGD=: A EGF; to each of these equals add 

the trapezium ABGF, and it is manifest that the 

J trapezium ABDF= A ABE; but since (constr.') 

r AE=Ee, .-. fE. 38. ].) the A ABE= A EBCj 

'. the trapezium ABDF is equal to the half of the 

given A ABC ; i. e. UF bisects the A ABC. 



Prop. LXV. 

KS4. Problem. Equal triangles, -which have tfteir 
. bases in the same straight line and ■which are 
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between the same paralkls^ stand upon equal 
bases. 

For if not, let one of the bases be greater than 
the other ; •*• (S. 60. 1.) the A, of which it is the 
base, is greater than the other, which is contrary 
to the supposition : .*.| neither of the bases can 
be greater than the other; i. e. the bases are equal 
to one another. 



Prop. LXVI. 

,A5. Problem. To describe a parallelogram^ the 
surface and perimeter of which shall be respect^ 
iveljf equal to the surface and perimeter of a green 
triangle. 

Let ABC be the given A : It is required to 
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describe a □, which shall be equal to the A ABC, 
and which shall, also, have its perimeter equal to 
the perimeter of ABC. ■ 

I Bisect (E. 10. ] .) BC in D ; produce AC to E, 
and make CE = ABj bisect AE in F; through A 
draw (E. 31. 1.) AH parallel to BC ; from D as a 
centre, at a distance equal to AF describe a circle, 
cutting AH in G ; join D, G, and through C draw 
CH parallel to DG : Then is the □ DCHG = A 
ABC, and the perimeter of DCHG is, also, equal 
, to the perimeter of ABC. 

For join A, D; and since BD = DC, .-. (E. 38. 
. ].) the A ABD =A ACD, so that the whole A 
..ABC is the double of the A ADC: Again, since 
[,theC]DCHGand the A ADCareon thesamebase 
i DC, and between the same parallels, .*. (E. 41. 1.) 
J the cn DCHG is the double of the A ADC j as 
lis, also, the A ABC: .-. the □ DCHG=A ABC: 
[.And because {constr.) DG is equal to the half of 
BA+AC, and that (E. 34. i.) CH = DG. .-.DG 
I ,+CH=BA + AC; also (E. 34. 1.) GH = DC = 
[DB; .•.DC + GH = BD + DC=BC; .-, DG + 
■GH + HC+CD=BA + AC+CB. 



Prop. LXVH. 
16. Theorem. The two triangles formed by 
drawing straight lines, from any point within a 
parallelogram, to the extremities of either pair of 
opposite sides, are, together, half of the paral- 
lelogram. 
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Let E be any point in the C3 ABCD, and let 
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t 

• 
• 



G C 

« 

£, A, and E, B, and E, C and E, D be joined : 
The two ^ AEB, DEC are, together, half of the 
□ ABCD. 

For, through E draw (E. SI. 1.) FEG parallel 
to AB or DC : and since AG, and GD are [D} •*• 
(E. 41. 1.) the A AEB is the half of the □ AG, 
and the A DEC is the half of the a GD ; .-. the 
A AEB+ A DEC is the half of the a AG + the 
half of the a GD, or the half of the whole □ 
ABCD. 



Prop.LXVIII. 

87* Theorem. Iffpoo sides qfa trapezium he paraU 
lelj the triangle contained hy either of the other 
sides J and the two straight lines drawn from its 
extremities to the bisection of the opposite side^ is 
the half qf the trapezium. 

Let the two sides FD, EC, of the trapezium 
TECD be parallel ; let K be the bisection of 
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M C 

either of the two remaining sides, as DC ; and 
let K, E and K,F be joined: Tlie A FKE is the 
half of the trapezium FECD. 

For, through K draw (E. 31.1.) LKM paral- 
lel to FE, and let LKM meet BC in M and FD, 
produced, in L. And since FL (constr.) is paral- 
lel to EC, and LM meets them, .*. the I. DLK = 
■ zKMC; also(E. 15. I.) the zDKL = iCKM, 
and(hi/p.') the side DK of the A DKL,z=the side 
CKofthe ACKM; .-. (E.26. l. and E. 4. ].)the 
"ADKL=ACKM; but if to the rectilineal 
l*figure FEMKD there be added the A CKM, there 
T results the trapezium FECD ; and if to the same 
\ figure there be added the A DKL, there results 
h the oFEML; .*. these results are equal; but 
[ (E. 41.1.) the A FKE is the half of the □ FEML ; 
, the A FKE is the half, also, of the trapezium 
fECD. 



Prop. LXIX. 

18. Theorem. The triangle conlained by the 
straight lines joining the points of the bisection of 
the three sides of a given triangle, is one fourth 
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pccrt of the given iriangk, and is equiangular 
•with it. 



Let D, E, F, be the bisections of the sides AB, 
A 




Be, CA, respectively, of the given A ABC ; and 
let D, E, and E, F, and F, D, be joined : The A 
DEF is one fourth part of the A ABC, and is 
equiangular with it. 

For, join A, E ; and, since (hi/p.) BE^EC, 
CF=FA, and AD = DB, .-. (E.38. 1.) A AEB 
= AAEC ; and the A AEB is the double of the 
A BDE, and the A AEC is the double of the A 
CFEj .-. theABDE= ACFE; r.e. each of them ia 
a fourth part of the A ABC ; also they are upon 
equal bases BE and EC ; .-. (E. 40. 1.) DF is pa- 
rallel to BC J and, in the same manner, it may 
be shewn that DE is parallel to AC, and FE 
parallel to AB; .-., the figures FCED, DBEP, 
are Dj .*. (E. 34. J.) the A DEF = A DBE, 
which has been proved to be a fourth part of the 
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A ABC} also, the L DFE, of the □ BF,= 
opposite L B, and the L FDE, of the □ DC, = 
opposite L C; .-. (E. 32. 1.) the L DEF, of the 
A DFE = the L BAG, of the A ABC j and the 
two/X ABC, DEF, are .-. equiangular. 

89. CoR. 1. The straight line joining the bisec- 
tions of any two sides of a A, is parallel to the 
remaining side. 

90. Cor. 2. If the four sides of any given 
quadrilateral rectihneal figure be bisected, the 
figure contained by the straight lines joining the 
several points of the bisection, shall be a paral- 
lelogram, which is the half of the given figure j 
also the four sides of this parallelogram shall be, 
together, equal to the two diagonals of the given 

■ figure. 

Let DH, HI, IF, FD be the straight lines 

\ joining the several bisections D, H, I, and F, of 
the sides AB, BG, GC, and CA, of the quadiila- 
teral figure ABGC: The figure DHIFisaO; it 
is the half of the given figure ABGC ; and its four 
sides are, together, equal to the two diagonals 
AG, BC, of the figure ABGC. 

First, since, D, H, F, I, are the bisections of 
the sides of the ^ ABG, GCA, BAG, CGB, -■. 
^S. 69. 1. cor.') DH and FI are parallel to AG, and 
DF and HI are parallel to BC ; .-. (E. 30. 1.) 
DHIF is a □ : And, because DF is parallel to 
BC, and AB meets them, .-. (E. 29, 1.) the L 
ADL= L DBK; again, because DH is parallel 

^o^AG, and AB meets them, the z,DAL= L 
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BDK ; and {hyp.} the side AD, of the A ADL, 
= the side DB of the A DBK; .-. (E. 26. 1.) 
DL= BK, LA= KD, and (E. 4. 1.) the A ADL 
= A DBK ; but DKEL being an, DL = KE, 
and KD = EL(E. 34. i.)j .-. BK=KE, and EL 
= LA : If, .-., D, E be joined, the A DLE = A 
DLA(E.38. l.)and the A DKE= ADKB; so 
that the □ KL = the half of the A AEB, DK + 
FM = AE, and DL + HN=BE. In the same 
manner it may be proved, that then LM^the 
half of the AAEC, that the □ MN=:tle half of 
the A CEG, that the o NK = the half of the A 
BEG, that LF+NI=EC, and that MI +KH = 
EG: .-., the □ DHIF is the half of the given 
figure ABGC, and its four sides are, together, 
equal to the two diagonals AG, and BC. 

91. Cor. 3. It is manifest that the straight 
lines which join the opposite points of bisec- 
tion of the sides of any trapezium, bisect each 
other. 

For, if D, I, and F, H, be the bisections of 
opposite sides of the given quadrilateral figure 
ABGC, it is manifest, from the preceding corol- 
lary, that the straight lines DI, FH which join 
thera, will be the diameters of the □ DHIF j 
and .". (S. 42. 1.) they bisect one another. 



Prop. LXX. 

gg,, PiiOBLEM., To describe a parallelogram, which 
c2 
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shall he of a given altitude, and equiangular mth, 
and also equal to, a given parallelogram. 

Let ABCD be a given CD, and E a given 

II 




I Straight line : It is required to describe a □ which 
f shall be equal to the □ ABCD, and also equian- 
[ gular with it; and which shall have its altitude 
I fequal to the given line E. 

I From the point C draw (E. 1 1. 1 .) CF x to BC, 
J and make CF=E; through F draw (E. 31. 1.) 
I *HG parallel to BC ; produce BA and CD to meet 
I ilG, in H and G ; join H, C, and let "HC cut AD 
f Jn I i through I draw (E. 31. 1.) KIL parallel to 

HB or GC: The □ KLCG, which (cojis/r. and 

E. 29. and 34. 1.) is equiangular with the □ 

ABCD, and has its altitude equal to E, is also 

equal to the O ABCD. 

For, since BI and IG are compliments about 

the diameter HC of the □ HBCG, they are (E. 
L 43.1.) equal to one another; to each of these 
) equals add the nLD ; and it is plain that the O 

KLCG=oABCD. 
93. C6e. Hence, a rectangle may very readily 

l)e found, which shall be equal to a given square. 
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and shall have one of its sides equal to a given 
straight line. 



Prop. LXXI. 
94. Theorem. If there be any number of reciilu 
nealfigures, of •which the first is greater than the ' 
second, the second than the third, and so on, the 
first of them shall be equal to the last together with 
the aggregate of all the differences of the Jigures. 

First let there be three such given rectilineal ^ 
figures. Make (E. 45. 1.) the en FH equal to the 
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greatest of the given figures, having its i. FGH ' 
of any given magnitude ; produce GH to X ; from 
HX cut off (E. S. ] .) Hl= GH ; find (S. 57. 1. | 
cor.) a A equal to the next greatest of the given 
figures, and apply (E. 44. i.) to HI an equal tO' 
that A, having its z IHK = z HGF : Again, '. 
from IX cutoffIM=GHorHI,and, in like man- 
ner, to IM apply a □ 10, equal to the least of the 
given figures, and having its z MIN=:zHGF. 
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Produce LK and ON to meet FG in P and Q ; 
and let OQ meet KH in R. 

Then, (E. 36. l. E. 34. l. and constr.) the □ 
FH=oQH + i=!PR + oFK 
i. e. the qFH =C3NM+ □ PR+ □ FK. 

But the [ZjPR is the difference of the nn FH and 
QH or (E. 36. 1.) of KI and NM ; and the □ FK 
IS the difference oftheOHFH and PH,orof FHand 
KI : Whence it is manifest that the proposition is 
true, when three rectilineal figures are taken : 
And it may, in the same manner, be proved to be 
tfue, when more than three are taken. 



Prop. LXXII. 
95. Problem. To Jind a rectangle, which shall 
have one of its sides equal to a givenjinite straight 
line, and •which shall be equal to the excess of the 
greater of two given rectilineal ^figures above the 
less. 



To the given finite straight line, and on the 
same side of it, apply {E. 4.5. 1. cor.) two rectan- 
gles, the one equal to the greater and the other to 
the less, of the given rectilineal figures : And it 
is manifest that the rectangle which is the differ- 
ence of the two rectangles so described, will have 
one of its sides equal to the given straight line, 
and will be equal to the excess of the greater of 
the two given figures above the less. 



L 
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Prop. LXXIII. 



96. Theorem. 7/' two right-angled triangles have 
two sides of the otic equal to two sides oftfie other, 
each to each^ tlte iriattgles shall be equal, and 
similar to each otJier. 

]f the two sides about the right-angle of the one 
A, be equal to the two sidesabout the right-angle of 
the other, each to each, it follows, (from E. 4. 1.) 
that the ih^ are equal and similar. 

But, let now, the hypotenuses of the right H, 
in the two ^, be equal, and also let one other 
side, of the one A , be equal to another side of the 
other; .*. (E. 47. 1.) the squares of the two re- 
maining sides of the one, will be equal to the 
squares, taken together, of the two remaining 
sides of the other A ; from these equals take away 
the equal squares of the two other sides, which, 
by the hypothesis, are equal, and there renaains 
the square of the third side, of the one, equal to 
the square of the third side, of the other A ; .". 
the third side of the one is equal to the third side 
of the other; .•. (E. 4. 1.) the two (u are equian- 
gular, and aro, also, equal to one another. 
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Prop. LXXTV. 

97. PaoBLEM. To jind a square which shall be 
equal to any number of given squares. 

First, let there be three given square, and let 
their sides be equal to the three straight lines A, 
BandC. 




bC 



E 



I 



Take any straight line DX, indefinite towards 
X ; from D draw (E. 1 1. 1.) DY i to DX, and 
produce DY indefinitely towards Y : From DX 
cut off (E. 3. 1.) DE = A, and from DY cut off 
DF = B; and join E, F: Again, from DY cut 
off DH = EF, and from DX cut off DG = C, 
and join G, H: The squares described (E. 46. 1.) 
upon GH shall be equal to tlie three given squares 
to the sides of which A, B and C are respectively 
equal. 

For (E. 47. 1. and constr.) EF'=ED'+DF*; 
i.e. (constr.) DH'=A'+B'i 
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.'. (constrJ) DH'+DG'=A'+ B'+ C* 
i. e. (E. 47. 1.) GH'= A'+B'+C 
And in the same manner, it is evident, a square 
may be found, which shall be equal to the aggre- 
gate of any number of given squares. 



Prop. LXXV. ' 

98. PfiOBLEM. Two unequal squares being given, to 
Jind a third square, which shall be equal to the 
excess of the greater of (hem above the less. 

Let AC and CB placed in the same straight 




line, be the sides of the two given squares, of 
which the square of AC is the greater : From 
the centre C, at the distance CA, describe the 
circle ADE, meeting AB, produced, in E ; from 
B draw (E. 11.1.) BD i to AB, and let BDmeet 
the circumference in D : The square of BD is 
equal to the excess of the square of AC above the 
square of BC. 
For join D, C ; And since (constr.) the z. B is a 

right z., .-. cE.47.1.) cu'=c:b^+bd' 

i,e. (E. def. 15. i.) AC' = CB'+BD' 
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Whence it is manifest, that tlie square of BD is 
equal to the excess of the square of AC above 
the square of CB. 



Prop. LXXVI. 

99. Theorem. If the side of a square be equal to 
the diameter of another square, the former square 
shall be the double of the latter. 

For (E. def. 30. 1. and E. 47. l.) the square of 
the diameter of a square is equal to the squares of 
its two sides ; ;". e. to the double of the square 
itself: .*. the square of any straight line which is 
equal to the diameter of a square, is the double of 
that square. 

Prop. LXXVII. 

100. Theorem. In any right-angled triangle ^ the 
square which is described on the side subtending 
the right angle, as a diameter, is equal to the 
squares described upon tJie other two sides, as 
diameters. 



For, (S. 76. 1.) the squares described on the 
hypotenuse, and on the two sides of a A as diame- 
ters, are, respectively, the halves of the squares of 
those lines: But since {hyp.) the A is right- 
angled, .■. (E. 47. 1.) the square of the hypotenuse 



ELEMENTS OF EUCLID. 91 

is equal to the squares of the two sides; .*• the 
square described on the hjrpotenuse as a diameter, 
is equal to the squares described on the other two 
sides as diameters. 



SUPPLEMENT 



TO THB 
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BOOK II. 



Prop. I. 

1 . Theor£:m. If two given straight lifies be divided, 
each into any number of parts^ the rectangk con- 
tained by the two straight lines, is eqtcal to the 
rectangles contained by the several parts of the 
one and tJie several parts of the other. 

Let the given straight line AB be divided into 
A E F B 



■N 



H 



M 



K. 



C G 



D 



X 
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any parts in the points E, F, and let the given 
straight line CD be divided first into two parts in 
the point G ; The rectangle contained by AB 
and CD is equal to rectangles contained by AE 
and CG, by EF and CG, by FB and CG, by AE 
and GD, by EF and GD, and by FB and GD, 
taken together. 

From the point A draw (E. 11. 1.) AX i to 
AB; from AX cut off (E.3. 1.) AI = CG, and 
from IX cut off IH = GD, so that^H = CD; 
through I and H draw (E. 31. 1.) IN and HK 
parallel to AB, and through B, F, E, draw BK, 
FM, EL, parallel to AH: Then (E. 1.2.) the 
rectangle AN is equal to the rectangles contained 
by AE and CG, by EF and CG, and byFB andCG; 
also the rectangle IK is equal to the rectangles 
contained by HL and GD, by LM and GD, and 
by MK and GD ; but (E. 34. 1.) HL= AE; 
LM = EF ; and MK = FB ; .-. the rectangle IK 
is equal to the rectangles contained by AE and 
GD. by EF and GD, and by FB and GD ; but the J 
two rectangles AN and IK make up the rectangle ] 
AK, which is contained by AB and AH or CDiJ 
.*. the rectangle contained by AB and CD is equal ] 
to the rectangles contained by AE and CG, by 
EFand CG, by FB and CG, by AE and GD, by 
EF and GD, and by FB and GD, taken together. 

And, in the same manner, the proposition may 
be proved to be true, when the given straight hne 
CD is divided into more than two parts. 

2. Cor. If the parts EF, FB, &c., into which 
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^ 



AB is divided, and the parts CG, GD, &c., into 
which CD is divided, be each of them equal to 
AE, it is manifest that the rectangle contained by 
A Band CD is equal to the square of AE taken as 
often as is indicated by the product of tlie num- 
' her of equal parts in AB, multiplied by the num- 
ber of equal parts in CD. 



Prop. II. 

S. Theorem. If a straight line be divided into 
ts'o unequal parts, in two different points, the 
rectangle contained by the two parts, ■which are 
the greatest and the least, is less than tlw rectangk 
contained by the other two parts ; the squares of 
the tts:Q former parts, together, are greater than 
the squares of the two latter, taken together ; and 
the difference between the squares of the Jbrmer 

■ and the squares of tfie latter, is the double of the 
difference between the two rectangles. 

Let the given straight line AB be divided into 

A K C t) B 

two unequal parts, in the point C, and also in the 
point D: Then ADXDB<ACXCBj but 
AD' + DB' > AC' + BC' ; and the excess of 
ad' + DB' above AC' + CB' is the double of the 
excess of ACXCB above ADXDB. i 

For, bisect (E. 10. 1.) AB in K: Therefore, .^t 

ACXCB +ck;=ak;)\; 

and ADXDB + DK =AK S ^ 
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Btft eK* < DK» ; .-. AD X DB < ACXCB. 
Again, because 

AD*+DB»+2ADx D5= AB*) 
AC»+CB*+2AC X CB= AB*P *'^'^ 
and that, as h^th been shewn TD X DB < 5C X CB^ 
.-. AD*+ DB* > AC»4-CB\ 
Lastly, since 

AD*+DB*+2ADXD1 

= AC*+CB*+2XCXCBi 
it is manifest, if from these equals there 'be tk^eii 

AC*+CB*+>2ADXDB, that the excess of 
AD*+DB* above AC*+CB* is the double of the 

excess of ACXCFabove ADXDB. 

Prop. III. 

4. Theorem. In any isosceles triangkf^ if a straight 

. line be drawn Jrom the vertea: to any point in the 

basey the sqiuxre upon this Une^ together ^ with the 

rectangle contained by the segments of the base, is 

equal to the sqiuire upon either of the equal sideSi 

Let ABC be an isosceles A, and let A^, be 

A 



•. ■ ■ f 



u a D 
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drawn from its vertex A, to any point Q, in BC 
its base: AQ'+BQxQC = AB. 

For bisect (E. 10. 1.) BC in D, and join A, D. 
.-. QD'+BQXQC = BD" (ronsh-. and E. 5. 2.) 

To each of these equals add DA' ; 
.-. AD' + QD'+BQXQC = AD' + DB' : 

But (^constr.) BD = DC, and DA is common to 
the It^ ADB, ADC, and (*jy.) AB= AC ; .-. the 
zADB:=/iADC; and .-. each of these iL is a 
right z; .-. (E. 47. 1.) AD'+i5Q'=AQ', and 
AD-+DB' = AB'i 

.-. AQ'+BQXQC=AB'. 



I 



Pitop. IV. 
5. Theorem. The rectangle contained by the ag- 
gregate and the difference of two unequal straight 
lines is equal to the difference of their squares. 

Let AC and CB be two given unequal straight 
'-' A. £ 2 ^B 

lines, of which CB is the greater; and let them 
be placed in the same straight line AB j so that 
AB is the aggregate of AC, CB, and if (E. 3. 1.) 
CD be cut off from CB equal AC, DB is the dif- 
ference between AC and CB. Then since (constr. 
and E. 6.2.) 

ABXUB+AC'= CB\ 
it is manifest, if from these equals AC be taken, 
that ABX0B=CB'-AC': 



L 
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BirtCK*<DK»; .•.ADXDB<ACXCB. 
Again, because 

AD»+DB»+2ADX DB= AB») 
AC»+CB*+2AC X CB= AB»P ** ^'^ 
and that, as hath been shewn XBxDB < ACXCB^ 
.-. AD*+ DB* > AC*4-CB». 
Lastly, since 

AD*+DB*+2ADxi5B 

= AC*+CB*+2XCXCBi 
it is manifest, if from these equals there be ttitcen 

AC*+CB*+>2ADXDB, that the excess of 
AD*4-DB* above AC*+CB» is the double of the 

excess of ACXCFabove ADXDB. 



Prop. III. 

4. Theorem. In any isosceles irimgk, if a straight 

. line be drawn from the vertex to any point in the 

bascy the square upon this Une, together with the 

rectangle contained by the segments of the base, is 

equal to the square upon either of the equal sides* 

Let ABC be an isosceles A, and let A^, be 

A 
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Prop. I. 

1 . Theor£:m. If two given straight lifies be divided^ 
each into any number of parts j the rectangk con- 
tained by the two straight lines, is eqical to the 
rectangles contained by the several parts of the 
one and tlie several parts of the other. 

Let the given straight line AB be divided into 

E F B 
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C G D 



X 
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any parts in the points E, F, and let the given 
straight line CD be divided first into two parts in 
the point G : The rectangle contained by AB 
and CD is equal to rectangles contained by AE 
and CG, by EF and CG, by FB and CG, by AE 
and GD, by EF and GD, and by FB and GD, 
taken together. 

From the point A draw (E. 11. 1.) AX i to 
ABs from AX cut off (E.S. 1.) AI = CG, and 
from IX cut off IH = GD, so that^H = CD; 
through I and H draw (E. 31. 1.) IN and HK 
para llel to AB, and through B, F, E, draw BK, 
FM, EL, parallel to AH: Then (E. 1.2.) the 
rectangle AN is equal to the rectangles contained 
by AE and CG. by EF and CG, and by FB and CG ; 
also the rectangle IK is equal to the rectangles 
contained by HL and GD, by LM and GD, and 
by MK and GD ; but (E. 34. 1.) HL= AE; 
LM = EF; andMK = FB; .-. the rectangle IK 
is equal to the rectangles contained by AE and 
GD. byEF and GD, and by FB andGD ; but the 
two rectangles AN and IK make up the rectangle 
AK, which is contained by AB and AH or CD ; 
.■. the rectangle contained by AB and CD is equal 
to the rectangles contained by AE and CG, by 
EFand CG, by FB and CG, by AE and GD, by 
EF and GD, and by FB and GD, taken together. 

And, in the same manner, the proposition may 
be proved to be true, when the given straight line 
CD is divided into more than two parts. 

2. Coa. If the parts EF, FB,&c., into which 
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Stance AF^ describe the circle FG^ and from B as 
a centre at the distance BD, describe the circle 
DG cutting FG in G; join A, G and B, G : The 
A AGB is right-angled at G, and AB+BG is the 
double of AG, 
For (constr. and S. 7. 2.) 

AB*=AF*+AE* 

= AF*+BD* (coTW/r.) 

= AG* + BG* {constr. and E. def 15. 1.) 
Wherefore (E. 48. 1.) the A AGB is right- 
angled at G : And since {constr.) AB, and BG, 
together contain eight of such equal parts as AG 
contains four, it is manifest that AB + BG is the 
double of AG. 



Prop. IX. 

II. Theorem. In any triangle^ the squares of the 
two sides are, together ^ the double of the squares 
of half the base, atid of the straight tine joining 
its bisection and the opposite angle. 

Let ABC be any given A, of which BC is the 




ED C 

base, and AE the straight line joining the vertex 
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A, and the bisection £ of the base : Then» AB*+ 

AC*=:2AE*+2EB*. 

For from A draw (E. 12. 1.) AD i to BC, nhd . 
fint let AD fall within the base BC. 

Then, BD*+DC* = 2DE*+2EB\ (E.9.2.) 

Add to these equals 2AD** 

.V BD* + DC* +2 AD* = 2 AD V 2DE* + 2lB'- 

i.e. AB*+AC*=2AE'+2EF. (E.47. l.) 
And, if the perpendicular AD fall without the 

base BC, the proposition may, in like manner, be 

deduced from E. 47. 1, and E. 10. 2. 



Prop. X. 

13. Theorem. The squares of the sides qf any 
parallelogram are^ together^ eqtuil to the squares 
•qfits diameters taken together. 

i^et ACBD be a parallelogram, 6f which AB 

A 




D B 

and CD are the diameters: AC*+ CB*+ 1d'+ 

DA*=AB*+CD*- 

For (S. 42. 1.) AB and CD bisect one another 
in E : 



A SUPPLEMENT TO THE 



.-. AC+ CB'+ BD'+ DA'= 2AE'+ 2DE' + 

2BE'+ 2DE' (S- 9- 2.) = AB' + CD' 

(E. 4. 2, and S.4«. 1.) 



Pkop. XI. 

13. Theorem. If either diameter of a parallelo- 
gram be equal to one of the sides about the opposite 
angle of' the figure, its square shall be less than 
the square of the other diameter, by twice the 
square of the other side about that opposite angle. 



I 

I 



Let the diameter AB of the C3 ACBD be equal 




D B 

to one of the sides, as AC, about the opposi 
^ACB; andletCDbethe other diameter : Then 
CD'=AB'+5Cfl'- 

For, CD'+ AB'= 2AC'+ 2CB' (S. 10. 2, and 
E. 34. 1.) 

From these equals take AB' which {hyp.) is 
equal to AC ; and there remains, 
CD'= AC'+2CB': 
i.e. CD'= AB'+2CB': 

Wherefore AB' is less than CD' by 2CB'. 



:i" 
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Prop. XII. 

14. Theorem. If two sides of a 'trapeziwh be 
parallel to each other^ the squares of its diagonals 
arey together^ equal to the aggregate of the squares 
of its two sides, whkh dte not parallel, arid of 
twice the rectangle of its parallel sides. 

Let ABCD be a trapezium, having the side AD 
K AD 




pftnMlel to the side BC, and let AC aud BD foe Rs 
cKaiMetersr: Then, AC' + BD* = AB* + DC* + 

2ADXBC. 

J'rom B and C, the extremities of BC, the 
greater of the two par^lel sided, draw (E. 12. t.) 
BiE and CF, each i to AD ; .•• {hyp. and E. 28. 
1.) thq figure E^CF is a dU, and (E. 34. 1.) EF 

=BC. 

First, let both the perpendiculars BE and CF 

fall without AD, so that both of them meet AD 
produced. 

... Ac;=:pc;+Ap;+2ApxDFi g. ,,.,,) 

andBD =AB +AD +2ADxAEi ^ . _ 
,-. AG*+BD* :;;: AB*+ DC*+2AD> 2AD X AE 
+2AD'XDF. 
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But 2ADV2ADX AE + 2ADXDi' = 2AUX 
EF (E. 1. 2.) 

.-. AC*+bD'=AB'+I5c*+2AUXEF: 
.-. AC'+BD' = AB'-|-DU'+2ADXBC; 
because, as hath been shewn, EF= EC. 

And, in like manner, may the proposition be 
demonstrated, by the help of E. 13.2. if one of 
the perpendiculars drawn from B, C, fall within 
AD the less of the two parallel sides. 

Prop. XIII. 

15. Theohem. The square of the base of an isos- 
celes triangle is the double of the rectangle con- 
tained bi/ either side, and by the straight line 
intercepted between the perpendicular, let fall upon 
it from the opposite angles and the extremity of 
the base. 



If the vertical angle of the isosceles A be 
a right angle, the proof of the proposition is mani- 
festly deducible from E. 47. I. 

But let ABC, be an isosceles A, having its ver- 
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tical L Ay not a right angle : First;. let A be an 
acute L , and let BD be the perpendicular drawn. 

from B to the opposite side AC : Then, BC* t=z 

2ACXCD^ 

For, since BD is x to AC, 



.% AB +2AC X CD=: AC +BC* 
From these equals take away the equal squares 

(%ji.) AB* and AC*, and there remains BC*=: 

2ACXCD. 



Prop. XIV. 

19. Theorem. If from any pointy in the dram- 
ference of the greater of two given concentric err- 
cleSy two straight lines be drawn to the extremities^ 
of any diameter qf the UsSj their squares shall ba, 
together^ the double^ qf the sqtmres of the two 
semi-diameters qfthe two given circles^ 

^ Let ACB, PDE be two circles having a com-. 
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mon centre K : and from any point P, in the cir- 
cumference of the greater, let PA, PB, be drawn 
to the extremities A and P., of any diameter AKB, 
ofthe less circle: Then PA' + PB' = 2KA'+2liP', 
KA being a semidiameter of the less, and KP a 
semidiameter of the greater circle. 

From P draw (E. 12. 1.) PF x to AB j and, 
first, let PF fall without AB. And, because PF 
is 1 to AB, 

.•.PB* + 2BKXKF=KP'+KB' (E. 13.2.) 
aJso, PA' =KP'+KA'+2KAXKF; 

wherefore, since (E. 15. def. 1.) KB = KA, if to 
the two former equals, the two latter be added, 
and if the equal rectangles, 2BK X KF, and sKA 
X KF, be taken from the equal aggregates, it is 
manifest that 

PA' + PB* = 2KA*+ 2KP*. 
And, in like manner, the proposition may be 
demonstrated, when the perpendicular PF falls 
within AB, the diameter of the lesser circle. 
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BOOK III. 



Prop. I. 

1. Ta^okem. j(f two cirdes cut each other, the 
straight Urie joirmg their two points^ qf intersect 
tion is bisected^ at right angles, by the straight 
Une joining their centres. 

Let the circle AB€, of which the centre is K, 

A 




and the circle ADC, of which the centre k L, 
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cut one another in the points A, C ; and let K, L, 
and A, C be joined; AC ia bisected, at right 
angles, in E, by KL. 

For, join K, A, and K, C, and L, A, and L, C : 
And since (E. def. 15. J.) KA=KC and LA = 
LC, and tliat KL is common to the two ^ KAL, 
KCL, .-. (E. 8. I.) the ^ AKL = aCKL. Again, 
since AK = CK, and that KE is common to the 
two iK AEK, CEK, and, as hath been shewn, the 
i AKE= iCKE, .-. (E. 4. 1.) AE = CE, and 
the i AEK = z.CEK, so that (E. def. 10. 1.) each 
of these tL is a right L. Wherefore, KL bisects 
AC at right angles. 

2. Cor. Hence, if a trapezium have two of its 
adjacent sides equal to one another, and also its 
two remaining sides equal to one another, its dia- 
meters bisect each other at right angles. 



Piiop. IL 
H^ PuoBLEM. Through a given point -within a 
circle, "which is not the centre, to draw a chord 
•which shall be bisected in that point. 

Let A be a given point within the circle BCD : 
It is required to draw, through A, a chord of the 
circle BCD, which shall be bisected in the point A. 

Find (E. 1 . 3.) the centre K of the circle BCD ; 
join A, K J draw (E. 11. 1.) through A, the chord 
BAC 1 to KA : Then is BC bisected in the given 
point A. ■ ■' °^ '*"* 
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(E. 12. l.)KLx to AB, and KMj. to CD. And 
since {hyp. and E. 15. 1.} the l LGK = z MGK, 
and {constr.) the ^ at L and M are right angles, 
and that KG is common to the two^KLG, KMG, 
.•.(E.26.1.) KL=KM; .'.(E. 14.3.) AB = CD. 

Prop. V. 

6. Problem. Through a given point, ■within a 
given circle, to draw two equal chords, making 
veith one another an angle equal to a given rectili- 
neal angle. 



Let G be a given point in the circle ADBC» 




and XHY a given rectilineal angle : It is required 
to draw through G two equal chords of the circle 
ADBC, which shall make with one another an 
Z = Z XHY. 

Find the centre K (E. 1. 3.) of the circle ADBC, 
and join K, G; bisect (E.9. 1.) the zXHY by 
ZH ; at the point G, in KG, make (E. 23. l.) the 
^ KGB, KGD each equal to the /. ZHX or ZHY, 
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equal to one another : The base BC is equal, also, 
to the base DE. 

For the Zbk being supposed to be so placed as to 
have their summits in the same point K, if they 
wholly coincide, it is manifest, that BC = DE ; 
And, if they do not coincide, since (%p.) KB = 
KD = KE = KC, a circle described from the centre 
K4 at the distance KB^ will pass through D, E, 
and C. From K aa it oentrie, describe;, tihefi^E^, 
the circle BDEC; and since (%p.) the xKA 
iKL, .-.(E. 14.3.)BC = DE. 



Prop. IV. 

S.. TfiEOREM^ Am/ two chords ^a circle xdhich cut 
a diameter in th^ same point and at e^imt dftgles^ 
are eqinat to one another. 

Let any two chords AB, CD of the cif cle ADBC 




«ut a. dianietev KF m il»e same pplnt G., and .i9^e 
with it the «i A^E = ^ CGE: Then AB=0>; 
For, from K, the centre of the circle, drair 
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(E. 13. 1.) Kli to AB, ar.d KMi toCD. And 
since (lujp. and E. 15. 1.) the /_ LGK = l MGK, 
and (constr.') the ^ at L and M are right angles, 
and that KG is common to the two^KLG, KMG, 
.-.(£.26.1.) KL = KM; .•.(E.14.3.)AB = CD. 



Prop. V. 

6. Problem. Through a given point, ■within a 
given circle, to draw two equal chords, making 
•with one another an angle equal to a given rectili- 
neal angle. 



Let G be a given point in the circle ADBC. 




and XHY a given rectilineal angle : It is required 
to draw through G two equal chords of the circle 
ADBC, which shall make with one another an 

i = z XHY. 

Find the centre K (E. 1 . 3.) of the circle ADBC, 
and join K, G; bisect (E. 9. 1.) the zXHY by 
ZH; at tlie point G, in KG, make (E.23. i.) the 

^ KGB, KGD each equal to the iZHXorZHY, 
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equal to one another: The base BC is equal, also, 
to the base DE. 

For the ^ being supposed to be so placed as to 
have their summits in the same point K, if they 
wholly coincide, it is manifest, that IJC=DEj 
And, if they do not coincide, since (hi/p.) KB = 
KD=KE=KC, a circle described from the centre 
K, at the distance KB, will pass through D, E, 
and C. From K as a centre, describe, therrfore, 
the circle BDEC ; and since (%2'.) the x KA = 
XKL, .'.(E. 14.3.)BC = DE. 

Prop. IV. 

5. Theorem. Am/ two chords of a circle which cui 
a diameter in tftc same point and at egual angles, 
are equal to one another. 



Let any two chords AB, CD of the circle ADBC 
A^ 




cut a idiameter EF in the same point G, and make 

witliitthe iAGE==^CGE: Then AB=CD. 

For, from K, the centre of the circle, draw 
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(E. 12. 1.) KLj. to AB, and KMi to CD. And 
since (Jiyp. and E. 15. 1.} the l. LGK = t MGK, 
and (constr.) the ^ at L and M are right angles, 
and that KG is common to the two^KLG, KMG, 
.'.(E.se.i.) KL = KMi .'.(E. 14.3.)AB = CD., 



Prop. V. 

6. Problem. Through a given point, within a 
given circle, to draw two equal chords, mating 
•with one another an angle equal to a given rectili- 
neal angle. 

Let G be a given point in the circle ADBC, 




and XHY a given rectilineal angle : It is required 
to draw through G two equal chords of the circle 
ADBC, which shall make with one another an 

Find the centre K (E. 1. 3.) of the circle ADBC, 
and join K, G j bisect (E. 9. 1.) the z XHY by 
ZH ; at the point G, in KG, make (E. 23. 1.) the 
a KGB, KGD each equal to the L ZHX or ZHY, 
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and produce BG and DG to meet the circum- 
ference in A. and C respectively. 

Then (constr.) the whole z.BGD=zXHY; 
and since (constr.) the 2KGB=: /iKGD*. .-.rCS. 
4. S.) the chord AB= chord CD. ■ ^ 



Prop. VI. 

7. Theorem. If the diameters of two circles ate 
in the same straight line^ and have a common, ex- 
tremty^ the two circles shall tovch one another. 

/For since (hyp.) the two diameters are in the 
same straight line, it is manifest that Ja straight 
line drawn, from their common extremity, perpen- 
dicular to either of them will be perpendicular to 
the Other, and .*. (E. 16. S. cor.) will touch both 
the circles: The circles, .*., (E. 3* def. Si) will 
touch one another : For it is plain that they can- 
not cut one another without also cutting the 
straight line that has been shewn to be their com- 
mon tangent ; which is impossible. 



» •. ■. 



Prop. VII. 



8. Problem. Three points being given in the dr- 
cumference of a circle, and the middle point basing 
equidistant from the other two, to describe two 
equal circles ; which shall toueh each other in *^ 

' middle point, and which shall pass the one tfk^t^h 
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one of the extreme points^ and llie other through 
the other extreme point. 

Let A, B, C, be three given points in the cir- 




cumference of the circle ABC, and let the middle 
point, B, be equidistant from A and B : It is re- 
quired to describe two equal circles, the one pass- 
ing through A and the other through C, which 
shall touch one another in B. 

Join A, B, and B, C ; find (E. 1. 3.) the centre 
K of the circle ; from K draw (E. 12. 1.) KD i 
to AB, and KE to BC; join K, B; and through 
B draw (E. 11. 1.) FBG ± to KB meeting KD 
and KE, produced in F and G respectively. 

Then since {hyp.) AB = BC, .-. (E. 14. 3.) 
KD=KE; and KB is common to the two ^ 
KDB and KEB, and (hyp. constr. and E. 3. 3.) the 
side DB — the side EB ; .-. (E. 8. 1 .) the L DKB= 
aEKB. 

And, since KB is common to the two ^ KBF, 
KBG, and the Z FKB = Z EKB, and {constr.) the 
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/iKBF=iKBG, .-. (E. 26. J.) FB=GB. If, 
.-., from F and G, as centres, at the equal di- 
stances FB, GB, two equal circles be described, 
they will pass (constr. and S. 3. 1. cor. 2.) the one 
through A, and the other through B, and (S. 6. 
3.) they will touch one another in the point B. 



chick I 



9. Peoblfm. To draw a tangent to a circle, which 
shall be parallel to a given finite straight line. 

Let ABC be a given circle, and XY a given 
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straight line: It is required to draw a straight 
line which shall touch the circle ABC, and which 
shall be parallel tolCY. 

Find (E. 1. 8.) the centre K of the circle ABC; 
from K draw (E. 12. 1.) the diameter AKC i to 
XY ; and from either of the extremities, as C, of 
AC draw (E. 11. 1.) ZCW x to AC. 

Then since ZCW is x to AC, at its extremity 



I' 
light ! 
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C, it touches (E, 16. 3. cor.) tlie circle ABC: 
And since (constr.) the two #XDC, DCZ are 
two right angles, .■. (E. 28. 1.) ZW is parallel to 
XY. 

10. CoH. Hence a tangent may be drawn to a 
circle which shall make with a given straight line 
an /^ equal to a given rectilineal angle. 

For let it be required to draw a tangent to the 
circle ABC, wliich shall make with a given straight 
line VW an i equal to a given z^: Take any 
point Y in VW, and at the point Y, in VY, make 
(E. 23. 1.) the /. VYX equal to the given ^ : If, 
then, the tangent ZW be drawn (S. 8. a.) parallel 
to YX, it will make (E. 29. 1.) the z ZWV = 
Z. XYV, which is equal to the given z. . 

T I 

Prop. IX. 

II. Problem. 7'he diameter of a circle having 
been produced to a given point, to find in the part ' 
proditced, a point from vhich, if a tangent be 
draxvn to the circle, it sltull be equal to the seg- 
ment of tlie part produced, that is between the. 
given point and the point found . 



Let the diameter AB of the circle ABC be pro- \ 
dnced to the given point D : It is required to find » 
in BD a point from which if a tangent be drawn -3 
to the circle, it shall be equal to the part of BD~J 
which is between that point and D. 



A !III'1*LEMENT TO THE 



Find the centre 




circle ABC : from K 



draw (E. U. 1.) KC x to AB; join D, C, and let 
DC meet the circumference in E j join K, E ; from 
E draw EF i to KE and let EF meet BD in F : 
Then is F the point which was to be found. 

For (E. 13. 1.) the ^KEC, KEF, FED are to- 

gether equal to two right angles; as are, also, 

I (E. 32. 1.) the three IL DCK, CKD, and KDC, of 

[ the A DKC : But since (E. 1 5. def. 1 .) KE = KC, 

.-. (E. J. 1.) the L KEC= L KCE ; and (constr.-) 

^.the ^KEF, CKD are equal, each of them being 

\ a right angle ; ••. the remaining L FED is equal 

to the remaining /i KDC or FDE : .-. (E. 6. 1.) 

|J'E=.FD; and since (coHS/r.) EF is per'pendicu- 

Ijar to the semi-diameter KE, at its extremity E, 

y^-. (E. 16. S.) FE touches the circle ABC. Q.E.F. 
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Prop. X. 

12. Problem. To describe a circle which shall 
have a given semi-diameter and its centre in a 
given straight line, and shall also toiich an- , 
other straight line, incliTied at a given angle to the ] 
Jbrmer. 

Let AX and AY be two given straight lines in- 
X D A 




clined to one another at a given angle ; and let L 
be a given finite straiglit line: It is required to I 
describe a circle, which shall have its centre in | 
AY, and its semi-diameter equal to L, and which 
shall touch AX. 

From the point A, in AX, draw (E. U. 1.) AB 
1 to AX, and make AB = L ; through B draw • 
(E. 3 1 . 1 .) BC parallel to AX, and through C draw | 
CD parallel to AB : Wherefore, DB is a □ ; 
(E. 34. 1.) DC = AB; and since (constr.) the ^ 
Z BAD is a right ^ ; .'. (E. 29. 1.) the £ ADC is J 
also a right i : It is manifest, .*., that a circle | 
described from C as a centre, at the distance CD,< ' 
will (E. 16. 3. cor.) touch AX; and its semi-dia 



US 
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meter CD has been shewn to be equal to AB, 
which was made equal to the given straight line. 
L. Q. E. F. 



Prop. XI. 

13. Problem. To describe a circle, the circwii' 
Jerence of which shall pass through a given point, 
and touch a given straight line in another given 
point. 

Let B be a given point in the given straight 




line XY, and let A be any other given point, 
without that line ; It is required to describe a circle 
the circumference of which shall pass through A 
and touch XY in B. 

From B draw (E. U. I.) BC ito XY ; join A. 
B ; bisect (E. 10. 1.) AB in D, and from D draw 
DK 1 to AB; .'. (S. S. 1. cor. 2.) K is equi- 
distant from A and B : It is manifest, therefore, 
that the circumference of a circle described from 
K as a centre, at the distance KB will pass through 
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A ; and since BY {constr.y is i to KB, the circle 
so described will (E. 16. 3. cor.) touch XY in B. 



Prop. XII. 



■.I 



14. Problem. 'I'o describe a circle, the circjim*' 
fereiu:e oj'zvhich shall pass through a given pointy ' 
and touch It given circle in another given point f j 
the two points not lying in a tangent to the circle, a 

Let B be a given point in the circle AB, and C 




any other given point, which is not in a tangentj 
to the circle at B : It is required to describe ; 
circle, the circumference of which shall pat 
through C and touch the circle AB in B. 

Find (E. 1. 3.) the centre K of the circle AB ■' ' 
join C, B and K, B ; bisect (E. 10. 1.) CB in E ; 
draw (E. 11. I.) ED i to CB, and let ED meet 
KB, produced if necessary, in D ; Then, since 
(S. S. 1. cor. 2.) the point D is equidistant from 
B and C, the circumference of a circle described 
from D as a centre, at the distance DB, will pass 
through C, and (S. 6. 3.) it will touch the circle 
ABin B. ■ :;^J ;- ..:i-:l i ■ .U - ■ 
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Prop. XHI. 

15. Peoblem. To describe a circle, which shall 
touch a given straight line in a given point, and 
also touch a given circle. 

Let AB be a given circle, and let C be a given 




point in the given straight line XY : It is required 
to describe a circle which shall touch XY in C, 
and which shall also touch the circle AB. 

Through C draw (E. 11. 1.) ECD i to XY; 

find (E. 1. 3.) the centre K of the circle AB, and 

draw any semi-dlaraeter of it at KA; make (E. 

13. 1.) CE = KA, and join E, K ; at the point K, 

[in EK, make (E. 23. 1.) the zEKD = iKED, 

* and let KD meet ECD in D; Then, since (constr.) 
! the ^DEK = z.DKE, .-. (E. 6. 1.) DE = DKj 

• and CE = BK, for CE was made equal to KA, 
[ and (E. 1 5. def. 1 .) K A = KB j .-., the remainder 
' -DC is equal to the remainder DB ; .-., a circle 

described from D, as a centre, at the distance DC, 



J 
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will pass through B; md (E. 16. 3. cor. and 

constr.) it will touch XY in C, and (S. 6. S.) it 
will also touch the circle AB in B. 

16. Cor. It is manifest that, in the same man- 
ner, a circle may be described which shall touch a 
given circle in a given point, and which shall, also, 
touch another given circle. 

For, if a straight line be drawn at right angles 
to the diameter of the given circle that passes 
through the given point, that the solution of this 
latter problem is, evidently, reduced to that of the 
former. 



Prop. XIV. 

17. Problem. To describe two circles^ each having 
a given semi-diameter, which shall touch the same 
given straight line, both on the same side qf it, 

\ and shall also touch each other. 



Let XY be a given straight line, of indefinite 
length : It is required to describe two circles, each 
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having a given semi-diameter, which shall touch 
XY, and also touch one another. 

Take any point A in XY ; through A draw (E. 
II. 1.) CB X to XY, and make AB equal to the 
given semi-diameter of one of the circles, and BC 
equal to the given semi-diameter of the other \ 
from B, as a centre, at the distance BA describe 
the circle AF ; from AB, produced, if necessary, 
cut off (E. 3. 1.) AD=AC; through D draw 
(E. 31. 1.) i5Zparallelto XY ; from B as a centre, 
at the distance BC descrihe a circle, and let its 
circumference cut DZ in K; through K drawKE 
■ parallel to AD, and join K, B ; .". the figure 
AEKDisaO,and (E. 34. 1.) KE = DAor AC; 
also [constr. and E. 15. def. 1.) BC=BK; and 
BA = BF ; .•. the remainder AC = the remainder 
FK, and it has been shewn that AC:=KEj .-. 
KEi^KFj ."., a circle described from K as a 
centre, at the distance KE, will pass through F 
and (S. 6. 3.) will touch the circle AF, which 
circle (comtr. and E. 16. 3. cor.) touches XY; 
and since {constr.) the ^ DAE is a right z., and 
that KE was drawn parallel to DA, .-. (E. 29. 1.) 
:the z. KEA is a right angle ; .-. (E. 16. S. cor.) 
the circle EF, also, touches XY; and its semi- 
diameter KE has been shewn to be equal to AD, 
which was made equal to the given semi-diameter. 
Q. E. F. 
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Prop. XV. 

18. Problem. To describe two eqiuil circles, eack-M 
having its diameter equal to a given straight line,, 
each touching a given circle, and each also pass- 
ing through a given point -xiihout thatcircle: The 
given straight line being greater than the shortest 
distance, between the given point ajid the ch'cum- 
ference of the gix}en circle. 

Let ABG be a given circle, C a given point 



I 




without it, and LM a given straight line greater 
than the shortest distance between C and the cir- 
cumference of AB : It is required to describe two 
equal circles, each having its diameter = LM, 
each of them touching ABG and each passing 
through C. 

Bisect (E. 10. 1.) LM in N ; take any point A in 

ABG J find (E.1.3.) the centre K of ABG, and 



124 



SUPPLEMENT TO THE 



k 



I 



join K, A ; produce KA to D and make AD=: 
NLorNM; from K as a centre, at the distance KD, 
describe the circle DEF, and from the centre C at 
a distance equal to NL or NM, describe the circle 

EF and let £F cut OEl' in the points E, and F; 
join E, K, and F, K, and let EK and FK meet 

ABG in the points B and G j join, also, C, E and 
C,F. 

Then, it is manifest, (from the constr. and E. 
15. def. 1.) that EB, EC, FC and FG are each of 
them equal to LN, the half of the given straight line 
LM ; .*., the two equal circles described from the 
centres E and F, at the equal distances EC and 
FC, will each of them have its diameter equal to 
LM, will each of them pass through the given 
point C, and (S. 6. 3.) will touch the given circle 
ABG in B and G. 

19. Cor. In the same manner two equal circles 
may be described, each of them touching two 
given concentric circles, and each passing through 
a given point situated between the circumferences 
of those two given circles. 



Prop. XVI. 
20, Problem. To Jind a point in the diameter, 
produced, of a given circle, from -which, if a tan- 
gent be drawn to the circle, it shall be equal to a 
givai straight line. 

Let AB be a diameter of the given circle ABC, 
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and let L be a, given finite straight line: It is re- 
quired to find a point in AB, produced, from 
which if a tangent be drawn to the circle ABC, it 
shall be equal to L. 

Produce AB, towards X ; and from B draw (E. 
n. I.) BD 1 to AB and make BD = L ; find 
(E. 1. 3.) the centre K of the circle ABC, and join 

K, D ; let KD cut ABC in C ; from KX cut off 
(E. 3. 1.) KE = KD : Then is E the point which 
was to be found. 

For, join E, C : And since (constr. and E. 15. 
def. 1.) the two sides DK, KB, are equal to the 
two sides EK, KC, and that the z. K is common 
tothetwo^DBK, ECK, .-. CE.4. 1.) EC=BD 
and the i ECK=iDBK; but (cons/r.) BD = 
L, and the t DDK is a right z. ; ••. EC = L, and 
thezECK is a right /j .-. (E. 16. 1. cor.) EC is a 
tangent to the circle ABC. 
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Prop. XVH. 



21. Th'eorfm. If the straight line y drawn from 
a point in the produced diameter of a circle to the 
convex circumference be etjual to the half of the 
diameter, the angle at the centre, subtended kjf 
the concave circumference included between the 
diameter and the line so drazvn, is the triple of the 
angle, at the centre, subtended by the convex cir- 

~' cun^erence included between the same trco lines. 

Let CDE be a given circle, of which K is the 




centre, and CDB, a produced diameter; and let 
AE, which touches the circLimference in E, or lil'', 
a part of BFG, which cuts it, be equal to the se- 
mi-diameter of the cii-cle : Then K, E, and K, 1", 
and K, G, having been joined, the /. EKC zz 3 A 
EKD; and the ^GK.C = 3iFKD. 



ELEMENTS OF EUCLID. 127 

For, fii-st, since AE touches the circle, the 
L AEK (E. 18. 3.) is'a right z ; .-. (£. 32. 1.) the 
L EAK+ L EK A= L KEA; and(//^;j.)EA=EKi 
.-. (E.5.1.) the L EAK.= ^EKAi .-. thezKEA 
=2 L EK A ; but (E. 32. I .) the L EK.C= L KEA 
+ L EKA ; .-. the L EK.C =3 L EKA. 

Secondly, since {hyp. and E. 5. 1.) the L I 
= zFKB, and{E. S2. i.) the zGFK=zFKB+ j 
iFBK, .-. the L GFK = 2zEKB: But (E. 15. 
def. 1.) KF = KG i .-. the L K1''G = L KGF j .-. 
the L KGF = 2 z FKD ; and (E. 32. 1.) the L . 
GKC = L KGB + L GBK = z KGF + z FKD ; ! 
.-.the zGKC=3zFKD. 

22. Cor. Hence, if a straight line could be 
drawn from any point in the curve of a semi-circle, 
to meet the diameter produced, so that the part 
of the line without the curve should be equal to 
the semi-diameter, any angle might be trisected. 

For, let GKC be any given angle ; from K as 
a centre, at any distance KC, describe the circle 
CGD, and produce the diameter CD : Then, jf 
from G, GFB could be drawn to meet CD pro- 
duced in B, so that the part of it, FB, witliout 
the circle, should be equal to the semi-tliameter \ 
KC, it is manii'est from the proposition, that the j 
zGBC is the third part of the zGKC: If, .vj 
at the point K in CK, the z CKH were made J 
(E. 23. 1.) equal to the Z CBG, and if, also, at the J 
point K in HK the z HKI were made equal to 1 
the same zCBG, it is plain that the given z 
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GKC would tlieieby be divided into three equal 
parts. 



Prop. XVIII. 
13. Problem. Through a giveti point, either 
•within, or without a given circle, to draw a straight 
line, so that the part of it within the circle shall be 
eqtial to a given finite straight line, -which is not 
greater than the diameter. 

: Let A be a given point, and L a given finite 

A 




I and 



straight line, not greater than the diameter oT 
FBC a given circle : It is required to draw through 
A a straight line cutting FBC, so that the part of 
it within the circle shall be equal to L. 

Find ( E. 1 . S.) the centre K of tiie given circle ; 
and if L be equal to its diameter, let A, K be 



J 
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joined, and it is manifest that AK produced will be 
the straight line which was to be drawn. 

But if L be less than the diameter, take any 
point B in FGBC ; from B as a centre, at a di- 
stance equal to L, describe a circle cutting FGBC i 
in C, and join B, Cj .-. (E. 15. def. 1.) BC = L: ,' 
From K draw (E. 12. 1.) KD i to BC ; from the I 
centre K at the distance KD, describe the circle , 
ED ; from the point A draw (E. 17. 3.) AE touch- 
ing the circle ED in E, and let AE, produced, 
meet the circumference in FandG: ThenFG=L.' 

For (E. 15. def. 1.) KE:=KD, and since AE 
touches the circle ED in E, the /i AEK is (E. 18. 
S.) a right z , as is also (constr.) the /. KDB; .*. 
(E. 14. 3.) FG = CB; but CB was made equal to 
L: .-. FG=L. 



Pkop- XIX. 

24. Theorem. ^ Jrotn aiy two points in the cir- j 
cumference qf the greater of two given concentric ] 
circles, two straight lines be drawn so as to touch 
the less circle, thej/ shall be equal to one another. ] 

Let F, G, be any two points in the circumfer- 
ence EFG of the greater of two circles, EFG, 
ABC, which have a common centre K ; Two j 
straight lines drawn from F and G so as to touch 1 
the less circle ABC shall be equal to one another. 
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For, draw (E.17.3.) from F ami G, FC and GB 
touching ABC in C and B respectively ; and join 
K, C and K, F and K, G and K, B ; .: (E. 18. 3.) 
the £ KCF and KBG are light ^ ; .-. (E. 47. 1 .) 
KF'=KC'+CF'; 
and KG' = KB'+BG': 
But(E. 15. def. l.)KF=KG, andKC=KB; .-. 
KC V CP' :=^' + ^G' ; take away the equal 
squares, KG , and KB , and there remains CF' 
=BG'; .•.CF=BG. 

25. Cor. 1. In the same manner it may be 
shewn, that if two straight lines be drawn from 
any the sam:e point so as to touch a given circle, 
they shall be equal to one another ; and .*., (E. 8. 
1.) the straight line joining that point and the 
centre, bisects the z. contained by the two equal 
tangents. 

26. Cor. 2. If two circles touch one anoUier 
and also touch a given straight line, which does 
not pass through their commoa point of contact* 
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a Straight line that touches both the circles in 
their common point of contact shall bisect that 
other tangent straight Hne. 



Prop. XX. 

27. Theorem. If a quadrilateral rectiUnealJigure , 
be described about a circle^ the angles subtendedy . 
at the centre of the circle^ by any two opposite sides 
qf the figure^ are, together, eqjml to two right 
angles. 

Let the quadrilateral figure ABCD be described 




about the circle EFLM, of which the centre is K ; 
the H subtended at K, by the two opposite sides 
AD, BC, or by AB, DC, are, together, equal to 
two right angles. 

For join K, A, and K, B and K, C, and K, D : 
Then, because (E. 52. l . cor. 1 .) the four interior 
JL A, B, C, D, of the figure ABCD, are equal to 

K 2 



» ' 
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four right £, and that (S. 19. S. cor. 1.) they are 
bisected by KA, KB, KC and KD, respectively, 
.-. the i KAD, KDA, KBC, KCB are, together, 
equal to two right /L i but (E. 32. I.) those /£., 
together with the ^ AKD, BKC, being all the 
^ of the two ibi. AKD, BKC, are equal to four 
right ^ ; .■• the /L AKD, BKC, are, together, 
equal to two right H. ; .: (E. 15. 1. cor. 2.) the £ 
AKB, DKC, are, also, taken together, equal to 
two right angles. 

28. CoR. If two of the sides as AD, BC, of the 
quadrilateral figure described about the circle 
EFL, touch the circle at the extremities of a 
diameter, the ^ subtended at the centre K, by 
each of the two remaining sides, shall be right 
angles. 

For then since (E. 1 8. 3. and E. 28. 1 .) AD is paral- 
lel to BC ; .-. (E. 2a. i.J the L EAB + ^ ABL 
= two right angles; and (S. J9. 3. cor. 1.) 
the Z EAB is double of the z BAK ; in the 
same manner the z. ABL may be shewn to be 
double of the z. ABK ; but it has been proved 
that the z. EAB + z. ABL = two right /t ; .*. the 
L KAB + z KBA = a right /. j .-. (E. 32. 1.) 
the z AKB is a right z : But (S. 20. 3.) the z 
AKB + z DKC = two right m .-. the z DKC 
is, also, a right angle. 
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Prop. XXI. 

29. Theorem. If two given straight lines touch a 
circle, and if any number of other tangents be 
drawn, all on the same side of the centre, and all 
terminated by the two given tangents, the angles 
'which they subtend, at the centre of the circle, 
shall be equal to one another. 

Jjet the two straight linies AH, DC touch the 




circle EFLM, and let BC and GH be any other 
tangents of the circle, both on the same side of 

the centre K, and both terminated by All and DC; 

Then BC and GH subtend equal £ at the centre. 
For draw (£. 17. S.) any other tangent to the 
circle^ on the contrary side of the pentrp^ as £ ~~ 
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terminated in A and D, by AH and DC ; and 
draw KA, KB, KH, and KC, KG and KD : And 
because ABCD, AHGD, are quadrilateral figures 
described about tbe circle, .'. (S. 20. 3.) the i. 
AKD+ Z.BKC=two right angles; and, the z 
AKD+zHKG = two right angles; .■. the ^ 
BKC=::zHKG; i.e. the l subtended at the 
centre by the tangent BC is equal to the z. sub- 
tended at the centre by the tangent HG. 

30. Cob. The two segments, which any two 
tangents, so drawn, cut off from the two given 
tangents, also subtend equal angles, at the centre 
of the circle. 

Let BH and GC be the segments cut off from 
the tangeats AH and DC, by the two tangents 
BC andGH: They subtend equal s. BKH.GKC 
at the centre K. 

Forithasbeen shewn that the z BKC= z HKGj 
from these equals take away the common z HKC, 
and there remains the z. BKH= z GKC. 

Prop. XXII. 

81. Problem. To dratv a tangent too given circle, 

svck that its segment, contained between the point 

, of contact, and an indefinite straight line, given 

; in position, shall be equal to a given Jinite 

straight line. 



Let ABC be a given circle, L a given finite 
straight line, and XY an indefinite straight line 
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given in position : It is required to draw a tan- 
gent to ABC so that its segment between the 

point of contact and X Y shall be equal to L. 

Find the centre K (E, 1. 3.) of the given circle, 
and take any diameter of it, as AKD ; in AD pro- 
duj^ed find (S. 16. 3.) a point E from which if a 
tangent be drawn to the given circle ABC it shall 
be equal to L ; from K as a centre, at the distance 
K£^ describe the circle £FG, and let it meet» or 

cut, XY in F ; from F draw (E. 17. 8.) VC to 
touch the circle ABC in C : And since (S. 19. S.) 
FC is equal to the tangent which can be drawn 
from E, and which (constr.) is itself equal to L, it 
is manifest that CF = L j i. e. the segment of Jthe 

tangent between the point of contact C and Xy 
is e^ual to the giyeo straight lin^ L^ 



Prop. XXIII, 

|82. THEORfeM. If a straight line fouch the interior 
of two concentric circkSj and be termnated .both 
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•ways by the circumference of the outer circle^ it 
shall be bisected in the point of contact. 

Let GBC, KDH be two circles having a com- 




mon centre K, an" let ^q touch the interior cir- 
cle EUU in D : Then is BC bisected in D. 

ForjoinK, D: And, because BC touches EDH 
inD.the^KDC, KDB (E. 18.3.) are right ^j 
.•. (E. 3. S.) BC is bisected in D. 



Prop. XXIV. 

SJ» Theorem. If a polygon be described about a 
cirde, the straight lines Joining the several points 
i^ifcwtoct -will contain apolygon of the same num- 
W- <tf angles as the former ; and any two adja- 
-Ht uncles of the circumscribed figure shall be, 
■lotker^ the double of thai ayigk, <ifthe inscribed 
^AUL-i^c, wkick lies between ihcnu ■ 
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Let the sides of the polygon AFGHB touch the 



f and ' 




cifde CLMED, in the several points C, L, M, E 
D, and let these points be joined : Then it is 
manifest, that the polygon DCLME has the same 
number of angles as AFGHB ; and, further, any 
two adjacent a. A and B of the polygon AFGHB, 
are, together, the double of the intermediate L 
CDE, of the inscribed figure. 

For, find (E. 1. 3.) the centre K of the circle 
DCLME, and join K, C and K, D and K, E : 
The four interior it of the quadrilateral figure 
ACKD are (E. 32. X.cor. 1.) equal tofour rights ; 
and {/«//). andE. 18. 3.) the it ACK and ADK 
are right IL ; .■- the i. DAC + z, CKD is equal to 
two right tL, as are also (E. 32. 1.) the three ic\ 
of the isosceles A CKD f .-. zDAC+iCKD = 
zDCK+zCKD+zKDC; take away the com- 
mon z CKD, and there remains the L DAC equal' 1 
to the two IL DCK, KDC, or to the double of the j 
^KOC; because (E. 15. def. 1. and 5. l,)tlie £ 
*"^C : An(' "" the same manner, it 
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may be shewn that the ^ B is the double of the 
L KDE ; .'. the L A4- ^ B is the double of the 
whole L CDE. 



Peop. XXV. 

. 34. Theorem. Ifjrom any given point, in the 
circumference of a circle, two straight lines be 
drawn to the extremities of a given chord, the • 
angle which the one makes with ani/ perpendicular 
to the chord, shall be equal to the angle which the 
other makes with the diameter of the circle that 
passes through the given point. 

Let C be a given point in the circumferenc^rf 




I 



the circle ABFC j let AB be a given cliord ; let 
C, A and C, B be joined ; let K be the centre oi' 
the circle, and CKF a diameter passing through 
C j and let KD, drawn i to AB, meet CB in G, 
and CA, produced, in E: Then, the i. KEC=i 
BCF, and the L EGB =,: ECF. 

For(E.32. 1.) / AEK+iAKE = iCAK: 
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But (demonstr. of E. 3. 3. and consir,) 

the/.AKE=J/lAKB} 
And(E.ab.3.) the l ACB = JiAKBj 
.-. iACB=zAKE. 
Also(E. 15. def. 1. and E. 5.1.) 

zCAK=iACK; 
.-. iAEK+iACB= aACK. 
Take from botb the /. ACB and there remains 
iAEKorKEC=iBCF. 
Again (E. 32. 1.) the L EGB= £ ECG+ z. CEG : 
And it has been shewn that the z CEG = z BCF i 
.-. iEGB = iECB+iBCF 
i.e. Z.EGB=/.ECr. 



Paop. XXVI. 
85. Theorem. The perpendiculars kt^U^om 
the three wigles of any triangle upon the opposite 
^des, intersect each other in the same point. 

J^t ABC be a A ; the perpendiculars let fall 
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from tlie three a. A, B, C, on the sides opposite 
to them, intersect each other in the same point. 

For draw (E. 12. 1.) AD x to BC; about the 
A ABC describe (S.5. 1. cor.) the circle ABC, and 
produce AD to meet the circumference in E \ 
from DA, produced if necessary, cut off DF = 
DE ; join B, E and C, E ; also join B, F and C, 
F; and let BF and CF produced meet AC, and 
AB, in G and H respectively. 

And since CD is common to the two ^ CDF, 
ODE, and that (coHsfr.) DF=DE, and the / 
CDF = z:CDE, .-.(£.4. l.)thezFCD^iDCE 
orBCE; but (E. 21. 3.) the L BAE= z BCE ; 
.'. the L BAE or HAE = L FCD ; and (E. 15. 1.) 
the z. AFH, of the A AHF, is also equal to the 
zDFC, ofthe A CDF; .-. (S. 26. 1.) the i AHF 
= zFDC, which {co7ts(r.) is a right L j .". the 
Z CH A is a right / ; i.e. CFH is i to AB ; and, 
in the same manner, it may be shewn that BFG 
is ito AC : AVhence it is manifest, that the three 
perpendiculars cut each other in the common point 
Fj for (E. 17- ]•) there cannot be drawn, from 
the same point, two different straight lines both of 
them perpendicular to the same straight line. 

36. CoR. The part of any of the three perpen- 
diculars, let fall from the three /L of a A, on the 
opposite sides, that is, between their common in- 
tersection and the circumference of the circle 
described about the A, is bisected by the side to 
which it is perpendicular. 
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Prop. XXVlL 

87. Problem. From either 6f the two given points 
in which two given circles intersect each other, to 
draw a chord cutting the one circumference, and 
meeting the other, such that the part of it, con^ 
tained between the two circumferences, shall be 
equal to a given Jinite straight tine. 

Let the two given circles ABC, ABD, cut one 




another in the points A and B, and let L be a given 
finite straight line : From either of the two given 

points, as B, it is required to draw a straight line 
cutting either of the circumferences, as that of 
AB(^, and meeting the other circumference, so 
meeting that the part of it contained between the 
circumferences, shall be equal to L. 

Take any point C in the circumference of ABC, 
and any point D in the circumference oif ABD j 
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join A, B, and A, C, and A, D, and B, C and B, 
D ; in AB, produced if necessary, take AF =: L ; 
at the point A, in AF, make (E. 23. 1.) the L 
FAG=: Z.ACB, and at the point F, make the 

L AFG = L ADB, and let AG and FG meet in 
G. In the circle ABC place AH = AG ; join 
B, H, and produce BH to meet the circumference 
of ADB in I : Then is HI = L. 

For, join A, I : And, since (E. 22. 3.) the L 
AHB+ L ACB = two right it, and that (E. 13. 
1.) the L AHB + L AHI = two right £., .-. the 
/^AHI= L ACB; but {comtr.) the L ACB = 
L FAG ; .-. the L AMI = l FAG j and {constr.') 
the L AFG = iADB, which (E. 2i. 3.) = l 
AIH; .-. the L AFG = L AIB ; and {comtr.) the 
side AH, of the AHAI, is equal to the side AG, 
of the A AGF; .-. (E. 26. 1.) HI^^AF; and 
(constr.) AF=L; .-. HI = L. Q. E. F. 



Prop. XXVIH. 

38. Theorem. If two opposite angles of a quadri- 
iuteraljigure be together equal to two right angles, 
a circle may be desaihed about it. 



Let any two opposite a, as the ^Z. ABC, ADC, 
of the quadrilateral figure ABCD, be together 
equal to two right it : A circle may be described 
about the trapezium ABCD. 

For, join A, C ; and (S. 5. 1. cor.) about the A 
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ABC describe a circle : Its circumference shall 
pass through the point D. If not> let it pass 
otherwise, so that, first, the point D is without 
the circle ABC, described about the A ABC ; 
take any point E in the circumference of the circle 
and within the A ADC ; and join A, E and C, 
E: Then, since ABCE is a quadrilatera.1 figure 
inscribed in a circle the L ABC + L AEC = two 
right tL ; and (%>.) the L ABC + ADC = two 
rights; .•• thez AEC = z. ADC, which (E.21.1.) 
is absurd. Wherefore the point D is not without 
the circle ABC ; .and in the same manner it may 
be shewn that the point D is not within the circle 
ABC ; .••, the circumference of the circle ABC 
passes through the point D, andis, •*., a circle 
described about the four-sided figure ABCD. 



Prop. XXIX. 

39. Theorem. A circle cannot be described about 
a rhombus, nor about any other parallelogram 
which is not rectangular. 
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For (E. 34. 1.) the opposite ^ of a □ are equal 
to one another; and (E. 22. 5.) if a circle could 
be described about it, the two opposite u. would, 
together, be equal to two right IL \ .:, since these 
/L are equal, they would be each of them a right 
Z.; but (E. 32. def. 1.) the angles of a rhombus, 
which (E. 32. def. 1. and S. 18. 1.) is a □, are not 
right Zt ; .■. a circle cannot be described about a 
rhombus, nor about any other □, which has not 
its opposite £ right £3 that is (S. 19. I.) which 
is not rectangular. 



Pnop. XXX. 

*D. Theorem. If from any point, in the circmi^ 

, ference of a <riven circle, straight lines be drawn 

to the three angles of an inscribed equilateral tri- 

angle, the greatest of them sliall be equal to tlie 

aggregate of the two less. 

Let the equilateral A ABC be inscribed in the 
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circle ADBC, and from any point D in the circum. 
ference, let there be drawn to the three angular 
points A, B, C, the straight lines DA, DB, DC, 
of which DC is the greatest : Then DC = DA+ 
DB. 

From the centre A, at the distance AD, describe 
a circle cutting DC in E, and join A, E ; .■. (E. 
IS. def. 1.) AD=AE; .-. (E.S. l.)tlic i. ADE 
= i AED ; also (E. 21. 3.) the i ADC or ADE 
= z ABC 1 and (lit/p. and E. 5. 1.) the / ABC= 
iACB; .-. (S. 26. 1.) the i DAE= L BAG;: 
.'. the A ADE is equiangular; .-. (E. 6. 1.) AD _ 
= DE. 

Again, since (E. 22. 3.) the Z ACD+ i ADB= 
two right a, and (E. 13. 1.) the i AED+ / AEC 
= two right i , and that the / AED has been 
shewn to be equal to the Z ACB, .-. the / AEC = 
Z ADB ; also (E. 21. 3.) the z ACD or ACE = 
Z ABD 1 and (hi/p,') the side AC, of the A AEC, 
is equal to the side AB of the A ADB, .•. (E. 26. 
1.) EC=:DB; And DA has been proved to be 
equal to DE ; .-. DE + EC=DA + DB ; that is, 
DC=DA + DB. 



Prop. XXXI. 
41. Theorem. The Jirst, third, Jifth, ^c. angles 
of any polygon, of an even number of sides, 
which is inscribed in a giz^en circle, are together 
equal to the remaining angles of the Jigure ; any 
angle whatever being assumed as thejirst. 
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Let ABCDEF be any polygon, of an even num-- 




d 



ber of sides, inscribed in the given circle ACE : 
\ Then A being assumed as the first /., the z. A-t- 
zC+iE+,&c. =^.B + z.D+^F+, &c. 

First, let the inscribed figure have six sides, 
and join B, E. 

Then, since BAFE is a quadrilateral figure in- 
Bcribed in a circle, .-. (E, 22, 3.) the 

i BAF+^FEB=rzEFA+zEBA: 

Also, the L BCD+ A BED= ^ EDC + z. EBC. 

Wherefore, equals being added to equals, it will 
lie manifest, that the i. BAF+ z. BCD + i FED 
= L CBA+ z EDC+ z AFE : 

i.e. thez A+iC+/E = iB+ zD+zF. 

And, in a similar manner, the proposition may 
be demonstrated, when the figure inscribed in the 
given circle has eight, ten, twelve, or any other 
even number of sides. 
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Peop. XXXII. 
'2. Problem. To make a trapezium, about "which 
a circle may be described, having its four sides 
respectively equal to four given straight lines, two 
of -which are equal to each other, and any three 
togethe?- greater than the fourth ; the two equal 
sides of the (rapezium, a/so, being opposite to 
each other. 

Let AB, CD, DE be three given straight lines : ( 




I 



It is required to make a trapezium having two of 
its opposite sides each of them equal to AB, and 
its two other sides equal to CD and CE, each to 
each, about which a circle may be described. 

Take GH = CD ; and CD and CE being placed 
in the same straight line, bisect (E. 10. 1.) DE in 
F ; produce GH, both ways, and make GI and 
HK each of them equal to DF or FE; .-. IK= 
CE : From the points G, H draw (E. 1 1 . i .) GX 
L 2 



idlMU 



p 
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and HY x to IK ; from I and K, as centres, at 
distances equal to AB, describe two circles, cut- 
ting GX and HY in L and M, respectively ; and 
join I, L and K, M ; .*. (E. 15. def. ].) 1L = AB 
and KM = AB; join L, M. 

And, because {co?isir.) LI =MK, and IG=: 
KH, and that the n IGL, KHM, are right i, 
(S. 74. 1.) GL=HM ; and since, the /l at G 
and H are right JLy GL is (E. 28. 1.) parallel to 
HM; .-. (£.33.1.) LM is parallel and = to EH J 
hut{consir.)GH=iCD, /.LM^CD. 

Again, since GLMH is a □, the zGLH = z. 
GUM (E. 34. 1.) which {co?istr.) isa right z. j also, 
since the two sides IL, LG, of the A LGI, are 
equal to the two sides KM, MH of the A MHK, 
and the base IG is equal to the base KH, .". (E. 
8. 1.) the / ILG^ z KMH ; but (constr. and 
E. 32. 1.) the L HKM+ £ KMH = a right z ; 
.-. the z HKM, or IKM, + ILG = a right z ; to 
each of these add the right z GLM ; .". the z 
IKM + z ILG -fz GLM = two right g.; that is 
the z IKM + zILM — two right £; .: (S. 28. 
3.) a circle may be described about the trapezium 
ILMK, which, as hath been shewn, has two equal 
aides LI, MK, each of them equal to AB, has its 
side LM equal to CD, and its remaining side IK 
fequal to CG. 



GlEMEMTS OF EUCLID^ 1>49 



Prop. XXXIIL 

- 

43. Problem. Upon a given Jinite straiglU Une to 
describe a segment of a circkj which shall be si- 
milar to a given segment qf another circle. ' 

Let ACB be a given segment of a circle, and 

C R 





DE a given finite straight line ; It is required to 
describe on DE a segment of a circle, similar to 
thcjsegment AGB. 

In ACB take any point C^ and join A, Ci and 

B, C : At the point D in D¥make (E. 23. 1.) the 
Z EDE= Z.BAC; and, at the point E,^ also, 
make the zDEF=2lABC; .'. (JS. 26. 1.) the 
* Z.DFE = Z ACB: About the A DEE describe 
(S. 5. 1. cor.) the circle DFE; .•. (E. ll. def. 3. 
and E. 21. 3.) the segment DFE is similar to the 
gegment ACB^ 

Prof. XXXIV. 

44. Theorem. If upon two opposite sides qf an 
oblongs two similar segments of circles be de-^ 
iscribedt the one qf them lying wholly wifhin the 
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I'. oblong, and the other "ichQlly -drithout it, the figure 

contained by the ftto remaining sides of the oblong 
and the two circular arches, shall be equal to the 
oblonS' 



Upon the two opposite sides AD, BC, of the 




oblong ABCD, let there be described two similar 

•egments of circles AED, BPC : the one, naniely 

t; ?FC, lying wholly within the oblong, and the other 

lying wholly without it : The figure contained by 

BA, AED, DC and CF^ is equal to the oblong 
ABCD. 

For {hyp. and E. St. 1.) AD= BC ; .-. {hyp. 
»nd E. 24. 3.) the segment AED = the segment 
BFC ; to each of these equals add the figure 
ADCFB, and it is manifest that the figure 
AEDCFB is equal to the oblong ABCD. 

4.5. Coil. I. An indefinite number of such 
mixtilineal figures may be found (S. 3. 1. cor.S, 
and S. 33. 3.) equal to one another, and each of 
them equal to any given oblong. 
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46. Cor. 2. If upon AB and DQ the two re- 
maiiiii^ sides of the oblong, there be, likewise, de- 
scribed two similar segments of circles ALB^ 
DKC, it is evident that the figure ALBCDA iis 
^ual to the figure ABFCDEA; and that the 
^figure ALBFCKDE= ABCD, ALB being sup- 
posed not to meet BFC again within AB.CD« 

. Pbop. XXXV. 

47. THEOREM. The arches of a circle Jhat ure in^ 
tercepted between two parallei chords are equal U 
.<me another^ 

Let AB and CG be two paraHel chords of the 
circle ACGB: Then is"A?='^, 




For join C, B: And, because (Ay^.) CG is 
parallel to AB, .-. (E.29. i.) the /. GCB^Z CBA$ 

V, (£.26.30 AG =BG. 



\ 
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Prop. XXXVI. 



.48. Theorem. If two chords of a given circle m- 
tersect each others the angle of their inclination is 
' equal to the half of the angle at the centre stand- 
ing upon the aggregate, or the difference^ of (Ac . 
arches intercepted between them^ according^ as 
they meet within, or mthoutthe circle. 

Hiiat, let the two chords AB, CD, of the circle 




ACBD, cut one another in E, within the circle : 
The i DEB is equal to the half of an angle at the 
centre, standing upon a circumference eqaal to 
AC + DB. 
For through C draw (E. 31. 1.) CG parallel to 

AB; ,-,'BG^='AC;andl5B^='!A?+'DB"jbut 
(constr, and E. 29. l.) the/. DEB = z. DCG, which 
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(E.20.3.) is the half of an angle at the centre, 
standing upon DBG. 

Secondly, let the two chords DA and BC, meet 
when produced, without the circle, in F: If, then, 
AH be drawn parallel to CB, it may be shewn, in 
a similar manner, that the z DFB is equal to the 

half of an L at the centre standing on DH, which 
is the difference between AB and AC. 



Prop. XXXVII. 

49. THEonEM. In equal circles the greater angle 
stands upon the greater circumference; whether 
tfie angles compared be at the centres or tlie cir- 
cumferences. 

For whether the it be at the centres, or the cir- 
cumfeiences, if, from the greater, an L (E. 23. 1.) 
be cut oiF equal to the less, the circumference on 
■which it stands, will evidently be part of the cir- 
cumference on which the greater z. stands, and 
will (E. 26. 3.) be equal to that on which the less 
i stands; the which circumference is, .*., less 
than the other. 



Prop. XXXVIII. 

50. Theorem. If from any given point, without a 
circle, there be dravsn two straight lines cutting 



tiiimdi 
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the circle, then of the circumferences •which they 
intercept, that "which is the nearer to the given 
point is kss than the other. 



From the given point B without the circle 




FDCG, let there be drawn BFG, BDC, cutting 
the circumference iu the points F, G, and D, C, 

respectively : Then is FD < GC. 

First, let one of the straight lines drawn from 
B, as BC, pass through the centre K of the circle : 
Join K, F and K, G; then (E. 16. 1.) the ex- 
terior ^ GKC, of the A GKB, is > the ^. KGF ; 
but (E. 15. def. 1. and E. .5. 1.) the zKGF= 
/: KFG i .-. the z GKC > the z KFG ; and (E. 
16. 1.) the zKFG> the zFKB or FKD; much 
more, then, is the / GKC > Z FKD ; .-. (S. 37. 3.) 

6g^>'FD; i.e.^ < ^ 

But if BLM do not pass through the centre, 
find {E. 1. 3.) the centre K ; join B, K ; and pro- 
duce it to meet the circumference in C : Then it 
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may be shewn, as before, that FD < GC, and that 



Prop. XXXIX. 



51. Theorem. The straight Unes joining the ea:- 
tremities of the chords of two equal arches of the 
same circle j toward the same par ts^ are parallel to 
each other. 



L^t AC» BO be the chords of two equal arches 




XcT BG, of the circle ABGC j and let A,B, and 
* C, G be joined : Then CG is parallel to AB^ 

For join C, B j and since (hyp.) AC = BG, .*. 
(E. 27.3.) the iiABC = z.BCGj .-. (E. 27. 1.) 

^ is paraHel to AB". 
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PllOP. XL. 



52. Theorem. In equal circles, the greater of two 
circun^erences subtends the greater angle., leliethcr 
the angles compared be at the centres or the cir- 
cumferences. 

For if not, the z. standing on the greater cir- 
cumference is equal to the other z or less than 
it; but it cannot he equal; for then (E. 26. 3.) 
the two circumferences would be equal, which is 
contrary to the hypothesis: Neither can it be 
less, for, then, (S. 37. 3.) the greater circum- 
ference would be less than the other, which is ab- 
surd. Wherefore, the greater of two circum- 
ferences subtends the greater z, whether the two 
JL be at the centres or circumferences. 



Prop. XLI. 

53. Problem. If any equilateral rectil'mealjigure, 
of an even number of' sides, be inscribed in a given 
circle, to find a curvilineal figure that is equal to 
it, and that is bounded by arches of circles, each of 
which circles is equal to the given circle. 

Let ABCDEF be an equilateral rectilineal 
figure, of an even number of sides, inscribed in 
the given circle ACE j It is required to find a 
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curvilineal figure equal to it, and bounded by v 
arches of circles that are equal to the given circle 
ACE. 

On half the number of sides of the inscribed 
figure, taken contiguous to one another, as BC, 
CD, DE, describe (S. 38. 3.) segments of circles, 
BGC, CHD, DIE, each similar to the segment cut 
off from the given circle by each of the sides : 

The curvilineal figure contained by bGC, CHD, 

Ih^, "EfT and 'FA^ and'AB", is equal to the in- 
scribed polygon ABCDEF. 

For, since [hijp.) the figure is equilateral, (E. 

28. 3.) AB = BC; .-. :aS>CB = BAFEDC; 
.*. (E. 27. 3.) the Z. in the segment cut off by AB 
is equal to the L in the segment cut off by BC; 
.*. tbese two segments (E. 1 1, def. 3.) are similar, 
and (hyp. and E. 24.3.) equal to one another. 

And, in the same manner, may all the segments, 
cut off by the equal sides of the inscribed figure, 
be shewn to be similar and equal to one another, 
and to the segments BGC, CHD, DIE. 
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But the figure contained by BA, AF, FE, 

EID, DHC and CGB, together with the segments 
BGC, CHD, DIE, makes up the equilateral recti- 
lineal figure ABCDEF ; and that same figure, to- 
gether with the equal segments cut off by BA, 
AF, and FE, makes up the curvilineal figure con- 
tained by 6gC, CHD, iSlE,'EF,^^and'AB'; 
the which figure is, .•., equal to the inscribed rec- 
tilineal figure ABCDEF.* 



54. Theorem. In equal circles, the greater chord 
subtends the greater circumference. 

For (Jiyp. and E. 15. def. 1. and E. 25. 1.) the 
z subtended, at the centre, by the greater chord 
is > the L subtended, at the centre, by the less: 
.'. (S. 37. 3.) the circumference subtended by the 



* It is easy to shew, by the help, chiefly, of S. 7. 3., that 
vhen the equilateral figure inscribed in the circle, ia a square, 
tjie circumferences of the similar segmsnti, described in the 
course of the demonstration, touch one another in the common 
extremity of the two contiguous sides ; and that when the in- 
scribed polygon has any greater number of sides, as six, eight, 
4c., the circumferences of any two of the segments meeting one 
another in tjie common extremity of two contiguous sides, do 
not meet again within the circle. 



h. 
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greater chord is greater than the circumference 
subtended by the less. 



Ppop. XLIII. 

55. Theorem. If from a given point within (rl 
circle, which is not the centre, straight lines ba ' 
drazvn to the circumference, making with each 
other equal angles, the two, which are nearer to 
the diameter passing through the given point, shall 
cut off" a greater circumference tha?i the ixvo, which 
are more remote. 



i 



From A, a given point within the circle BDC, 




let there be drawn to the circumference any num- 
ber of straight lines AB, AC, AD, &c. containing 
equal IL BAG, CAD, &c.; and let AKM be 
drawn, from A, through the centre K : Then is 

^dVcr 

For produce DA £^nd CA, to m^et the circum- 



160 A SUPPLEMENT TO THE 

ference again, in E and F ; and join B, F and D^ 
F : Then, since AD is nearer than AB is to AM, 
.-. (E. 7.3.) AD>AB; from AD cut off AG= 
AB, and join C, G and C, B, and C, D and D, B: 
And, because CA is common to tlie two /t^ CBA, 
CGA, and AB = AG, and that (lii/p.) the 
L CAB = ^ CAG, .-. CG= CB. Again, because 
(E. 32. 1.) tlie /. CGD= i GCA + ^CAG = 
i ACB + i B AC, and that (E. IG. I.) the /:BAC 
? i BFC, .-. tlie L CGD > Z FCB + i BFC : 
But (E. 21. 3.) the i rCB=irDB, and the 
ZBrC=iBDCj .-. tlie i CGD >£ FDB + 
iBDC; i.e. the £CGD> i FDC, much more 
then is the iCGD>^EDCor iGDC; .-. (E. 
19. 1.) CD>CGj but it has been shewn that 

CG=CB; .•.CD>CB; .-. (S. 12. 3,)'CD>CB^ 



56. Theobem. In equal circles, the greater cir- 
cumference lias the greater chord. 

For (S. 40. 3.) the greater circumference sub- 
tends the greater L at the centre ; .'. (E. 15. def. 
1. and E. 24. 1.) it has the greater chord. 



m 



57. Theorem. The straight line joining any of the 
angular points of an equilateral polygon inscribed 
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in a circle and tlie centre, passes through the op' 
posite angular point, or else bisects the opposit 
side at right angles, accordingly as the Jigure has 
an even, or an odd number oj" sides. 

First, let the equilateral polygon ABCDEF in- 




scribed in the ciicle ACE, of which the centre is ., 
K, have an even number of aides, and let B, K be j 
joined, B being any one of the angular points of 
the inscribed figure ; Then BK passes through the 
opposite angular point E. 

For, if it be possible, let BK cut the circum- , 

ference in any other point Lj .-. (E. 28. 3.) BAL..' 
is the half of the whole circumferences also, sirtce , 
the polygon (hyp.) is equilateral, the arches AB, 
SeT'CD) 'DE", Iei; 'FA'are (E.28.3.)equal to one 
another; .*. BAE is the half of the whole cir- 
cumference; .-. BAL=BAE, the less to the 
greater, which is absurd : .*. BK, produced, passei 
through E. 
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But, secondly, let the equilateral polygoir 
AB'CDE, inscribed in the circle ACE, have an 
odd number of sides, and let any of the angular 
points, as A, and the centre K, be joined : Then 
AK, produced, bisects CD, at right u. in the 
point F. 

For join K, CandK, D: And, because {hyp.y 
the sides of the inscribed polygon are equal, the 
circumferences which they subtend are (E. 28. 3.) 
equal ; since, therefore, the polygon iias an odd 
number of sides, it is manifest that the circum- 
ference ABC is equal to the circumference AEDj 
.-. (E. 27. 3.) the zAKC = ^AKD; .-. (E.is.i.) 
the zCKF = iDKF} and(E. 15.def. 1.) CK = 
DK, and KF is common to the two ^ KFC, 
KFDj .-. (E.4. 1.) CF=FD, andthe /.KFC = 
i. KFD ; so that AKF bisects at right B. the side 
CD, which is opposite to the Z BAE. 



Peop. XLVI. 
,S8. Theorem, The two straight lines in a circle^ 
which Join the extremities of two paralld chords^ 
are equal td each other. 

Let AB, CG be two parallel chords, of the 
eircle ABGC, and let their extremities be joined, 
^ward the same parts by CA and GB, and to- 
j^ards opposite parts by CB and G^; Then 
= G3,aBdCB = GA. 



\ ' 
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For, since CG is parallel to AB, the arch CK^ 
OB (S.S5.S.); .\ (E.29.S.) CAr=GB: Again, 
since it has been shewn that AC = BG, to each 
of these add^^ .\ AC^ = BGC ; .-. (E. 29. 3.) 

ga:=cb; 



Prop. XLVIL 

59. Problem. To divide a given circular arch 
into two parts J so that the aggregate of their 
chords may be equal to a given straight Une^ 
greater than the chord of the whole archj but not 
greater than the doubly of the chord qf half the 
arch. 

l,et ACB be a given circular arch, of which AB 
is the chord; and let L be a given finite Straight 
line, greater than AB^ but not greater than twico 

M 2 
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the chord of the half of ACB : It is requii'eJ to 

divide ACB into two parts such that the aggre- 
gate of their chords shall be equal to L. 

Bisect (E. 30. 3.) XCB in C, and join C, A, and 
C, B ; .-. {E. 29. S.) CA = CB; from the centre 
C, at the distance CA, or CB, describe the circle 
ADB, which will, .-.jpass through both A and B : 
From the centre A, at a distance equal to L, de- 
scribe a circle, cutting the circle ADB in D ; draw 

AD, which is, .-., equal to L ; let AD cut ACB 
in E, and join E, B : Then AE + EB z= L. 

For (E. 20. 3.) the z ACB is the double of the 
ZADB; and (E.21.3.) the zACB=zAEBj 
.-. the L AEB is the double of the l ADB ; but 
w>^ (E. 32. 1.) the L AEB =/ EDB + L EBD ; .-. the 
^Hlt / EDB + L EBD is equal to the double of the 
^^^^P* z EDB i from these equals take the z EDB, and 
P there remains the zEBD=zEDB; .-.(E.G.!.) 

I ED = EB; .-. AE + EB= AE + ED or AD j 

I but ifomtr.) AD = L ; .-. AE -i- EB = L. 
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Prop. XLVIII. 

' €0. Problem. To divide a given circular, arch 
into two parts, so that the excess of the chord of 
fhe one above the chord of the other ^ rfiay he equal 
to a given straight line, less titan the chord of the 
^hole arch. 



I' _ 

Let ACB be a given circular arch, of which the 




ctord is AB : It is required to divide ACB into 
two parts, such that the excess of the chord of the 
one above the chord of the other shall be equal 
to a given finite straight line L, that is less than 
AB. 

• • • " 

* Bisect AB (E. 10. 1.) in D ; draw DC (E. 11. 1.) 
JL to DB; join A, C; bisect (E. 9^ 1,) the 

Z CAB by AX J let AX meet CD in E ; and join 

IB/E; about the A AEB describe (S. 5. \.cw.) 
the circle AEB ; from the centre A, at a distance 

= L, describe a circle cutting AEB in F j draw 
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AF, which is, .-,, equal to L, and produce AF to 
meet ACB in G ; join G, B : Then is the excess 
of AG above GB equal to L. 

For join C, B ; and (coiislr. and E. 4. I.) CA = 
CB and the iACD = iBCD; also EA = EB, 
and the i ACB is the double of the z ACD ; 
Again, from the centre C at the distance 
CA, describe the circle AHB, wliich, because 
CA = CB passes through B; produce AG 

to meet K^ in H ; join H, B, and F, B : And 
since (E. 21. 3.) the zAFB = zAEB, .-. (E. 13. 
1.) the zBFH = zBEXj but (E. 32. l.andE. 
5. 1.) the zBEX is the double of the zBAE; 
.". the z BFH is the double of the z BAE, and is 
.-. {constr.) equal to the zCAB or CAD; also 
(E. 20. 3. and constr.) the z ACB is the double of 
the A AHB.; and it is also, as hath been shewn, 
the double of the zACD; .-. the zACD = 
Z AHB or FHB ; and it has been proved that the 
Z HFB,of the A FBH,is equal to the Z CAD of the 
ACDA; .-. (S. 26. 1.) the zHBF = zCDA, 
and is, .-., a right Z ; but {dcjiionstr. of S. 4Y. 3.) 
GH = GB; .-. (S. 29. I. cor. 3.} GF=GB; .-. 
AG - GB=: AF; but (constr.) AF=L; .-, 
CAG-GB=E. 
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■61. Theorem. If from any point, in the diameter 
of a semi-circle, there be drawn two straight lines 
to the circumference, one to the bisection of tfie 
^rcimference, the other at right angles to the 
diameter, the squares upon these two lines are, 
together, the double of tJi£ square upon the sem- 
diameter. 



Let B be any ;point in the diameter AE of the 




semi-circle ADE ; let F be the bisection of the 
circumference ADE ; and let C be the bisection 
of the diameter: If B, F be joined, and BD be 
drawn i to AE, then BF' + BD' = 2AC'' 
For join C, F and C, D : And since {hyp.) 

AF=EF .-. (E.27.3.)the /: ACF = z. ECF ; and 
they are adjacent IL ; .-. (E. 10. def. 1 .) the i FCE 
is a right £ ; .-. (E. 47. 1-)"^'' = CF' + CB' j to 
each of these add BD' ; .'."BF* + BD* ="CF" + 
CB' + BD' j but {hyp. and E. 47. 1.) Cb'+ BD'=: 



* 



L 
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CD'; .•.BF'+iiD'=CF'+CD' or (E. 15. def. 
1.) 2AC\ 

Prop. L. 
62. Theorem. If the chords of two arches of any 
the same circle cut each other at right angles, the 
squares of the four segments of the chords, are^ 
together, equal to the square of the diameter, 

J.et the two chords AB, CD of the circle ACD, 




I 



cut each other at right it, in E : The squares of 
the segments of the chords are, together, equal to 
the square of the diameter of the circle. 

For find (E. 1. 3.) the centre K, and from either 
extremity of either of the chords, as B, draw- 
through K the diameter BKF; join B, C and C, 
F, and F, A and A, D. And since {constr.') 
FADB is a semicircle, the i. FAB is (E. si.3.) 



i 
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aright z., as 13, also, {hi/p.) the /lAEC; .■. (E. 
28. 1.) FA is parallel to CD ; .-. (S. 44. S.) FC = 
AD. Again, because FCB is a semi-circle, the 
^ BCF (E. 31. 3.) is a right z ; .-. (E. 47. 1.) 
rB' = FC'+CB'; but FC has been shewn to be 
equal to AD ,'. FB'=: AT5'+CB' ; that is (/ii/p. 
and E. 47. l.) FB'=AE'+ED'+CE' + EB\ 

63. Cor. If the diagonals of a quadrilateral 
rectilineal figure, inscribed in a circle, cut each 
other at right angles, the aggregate of the squares 
of the sides is the double of the square of the 
diameter of the circle. 

For let the diagonals AB and CD of the quadri- 
lateral figure ACBD, inscribed in the circle 
ACBD, cut one another at right //_ in E ; Then 
it is evident from E. 47. l, that AC' + DB' is equal 
to the squares of the segments of the diagonals, 
that is, (S. 50. 3.) to the square of the diameter of 
the circle : Likewise AD' + CB' may, in the same 
manner, be shewn to be equal to the square of the 
diameter; .-. AC'-|-CB' + BD'+DA'= twicfethe 
square of the diameter of the circle. 

Prop. LI. 

64. Problem. To draw a straight line, cutting 
two concentric circles, so that the part of it ■which 
lies •within the greater circle may be the double 
of the part which lies ■within the less. 
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Let ABC, DEFbe two given circles, having > 




common centre K : It is required to draw a 
straight line cutting ABC, DEF, so that the part 
of it within DEF shall be the double of the part 
of it within ABC. 

Take any semidiaraeter as KA, of the circle 
ABC, and produce it to G, so that AG = AK ; 
upon AG as a diameter describe the circle DAHG 
cutting DEF in D and H ; join D, A, and H, A ; 
and produce DA and HA to meet the circumfer- 
ences again in B, E, and I, L, respectively : Then 
DE = 2AB; and HL=2AI. 

For join D, G and draw (E. 12. 1.) KM j. to 
AB : And since {constr.) ADG is a semicircle, 
the z, ADG (E. 31. 3.) is a right z, as is [constr.) 
the /L KMA ; also (E. 15. 1.) the Z. KAM= /_ 
DAG ; and (const)-.') the side KA, of the A KMA, 
jls equal to the side AG, of the A ADG; .*. (E. 
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26. 1.) ADb=AM; .•. MDrrSMA, but (constr. 
andE. S. S.) DE=:2MD and AB=:2MA} ••. 
DE = 2AB : And, in the same manner, HL may 
be shewn to be the double of AI. 



Prop, LIL 

65. Problem, To draw a straight line which shall 
touch two given circles. 

Let ABC, HFG, be two given circles: It is re- 




quired to draw a straight line which shall touch 

both the circles ABC, HFG. 

First let the two circles be unequal. Find 
(E. 1. S.) the centres K and L, of the two 
circles ABC, HFG; join K, L; upon KL as a 
diameter describe the circle DKC j from K as a 
centre at a distance =KB+LH, the aggregate 
of the semi-diameters of the two circles, describe 

a circle cutting KDL in D, and draw KD, cut- 
ting the circumference of ABC in A j .% KDz 
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KB + LH; in like manner, by the help of E. 3. 1, 
place, in the semi-circle KCL, KE = KB~LH, 
and let KE produced meet the circumference of 
ABC in C ; from L draw (E. 31. I.) LF parallel 
to DK, and LG parallel to KC j lastly, join A, 
F, and C, G : Then will AF and CG, each of 
them, touch both the circles ABC, HFG. 

For join D, L, and Ej L : And since (constr.) 
KE = KC~LG, it is manifest that EC=LG; 
and (conslr.) EC is parallel to LG; .■. (E. 53. 1.) 
CG is parallel to LE ; but, since KEL is a semi- 
circle, the t KEL is (E. 31. 3.) a right ^; .*. (E. 
29. 1.) the IL KCG, CGL are right u.\ ■'> (E. 16. 
3. cor.) CG touches both the circles ABC, HFG. 

And, in the same manner, it may be shewn, 
that AF touches both the circles ABC, HFG. 

Secondly, if the two given circles be equal to 
one another, a straight line may be drawn which 
shall touch them on contrary sides, in the same 
manner as when they are unequal : And, it is 
manifest (E. 33. I.E. 29. l.andE. 16. 3. cor.) that 
if a semi-diameter in each circle be drawn perpen- 
dicular to the straight line joining the two centres, 
the straight line, which joins the extremities of 
these two semi-diameters, will touch both the cir» 
cles on the same side. 
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Phop. LIU. 

\ 

66. Theorem. ^ two straight lines^ which touch 
two given circles, the one touching both the circks 
on the one side of them, the other on the other, 
. he cut by a third tangent, which touches the two 
circles on contrary sides of them, then, of the seg^ 
ments into which the two frst tangents are thui 
divided, those which are alternate are equal to 
one another. 



Let ABE, ACG touch the two given circles 

A. 




- ) 
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BCD, EFG, ABE on the one side of them, anil 
ACG on the other ; and let HLFD be drawn (S, 
52. 3,) touching tlie two circles, on contrary sidea 
of them: Of the segments into which HL divides 
M and Cii, BH=LG, and EH=CL. 

If the two circles be equal to one another, it is 
manifest, from the latter part of the demonstration 
of S. 52. 3., that BE and CG will be opposite sides 
ofao, and that, .'., {E. 34. 1.) BE = CG: And, 
if BE be not parallel to CG, but meets it, both the 
lines being produced, in A, then, since (S. 19. 3. 
c(yr. I.) AE=AG and AB=AC, .'. BE=:CG, as 
in the former case. 

Again, (S. 19.3. cor. 1.) HB + LC=HD + LU; 
orHL;andHL=HF4-FL ^ HE + LG; .-.HB 
+LC^HE + LG;and, as hath been shewn, BE 
=CG; that is, HB + HE = LC + LG j if, .-., 
these two equals be added to the equals HB+LC 
and HE + T.G, it is evident that SHB+TlE+XC 
= 2LG + HE + LC; take away from both HE+ 
LC, and there remains 2HB = 2LG ; .-. ^B =: 
LG : And it has been proved that BE = CG ; if, 
."., from these equals there be taken the equals 
HB and LG, there will remain EH = CL. 



Prop. LIV. 
67. Problem. The perimeter. Vie verlical angle. 
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and the altUude of a triangle being given, to con- 
struct the triangle. 

Let XAY be a given rectilineal angle : It it 




required to describe a triangle, which shall have 
XAY for its vertical angle, which shall have a 
given perimeter, and the perpendicular drawn 
from A to the opposite side, equal, also, to a given 
straight line. 

From AX and AY cut off AB and AC, each of 
them equal to the half of the given perimeter ; 
from B and C draw (E. 11. 1.) BK and CK j. to 
AB and AC, respectively, and join A, K; .*. 
{constr. and S. 73. 1.) KB = KC ; from the centre 
K, at the distance KB, describe the circle BEC, 
which {constr. and E. 1 6. 3. cor.) will touch AB and 
AC in the points B and C j from AX cut off AD 
equal to the given perpendicular, and from the 
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centre A at the distance AD describe the cifde 
DFG. 

Lastly, draw (S. 52. 3.) the straight line LH 
touching the circle BEC in E, and the circle DFG 
in F : Then is ALH the A which was to be de- 
scribed. 

For it has the i X A Y for its vertical i , and if 
A, F be joined, since L H touches the circle DFG 
in F, the n AFL, AFH are (E, 18. 3.) right £; 
and (E. 15. def. 1.) AF = AD which was made 
equal to the given perpendicular; Aho {coTislr. 
and S. 19. 3. cor. 1.) LE = LB, and HE= HC; 
.-. LE+HE, i.e. LH=LB+HC; to these equals 
add AL+AH; .-. AL + LH + HA = AL + LB+ 
AH+HC; butAL+ LB = AB,andAH+HC 
=:AC; .-. AL + LH + HA= AB + AC; and 
AB and AC were made each of them equal to the 
half of the given perimeter ; .*. the A ALH has 
its perimeter equal to the given perimeter; it has 
the given z for its vertical Z. , and, as hath been 
shewn, it lias its i AF equal to the given alti- 
tude. 



Prop. LV. 

' 68. Theorem. If the point, in -ivhich /a.^o straight 
lines that are perpendicular to each other meety be 
applied to tfie circumjerence of a circle so tJiat the 
straight lines thems^lpps cut the circumference. 
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ike centre of the circk is in the /lisectmi of the 
straight line joining those two intersections. 

For, the straight line, joining the intersections J 
of the circumference and of the two straight lines 
which (hi/p.) meet at some point of the circumfer- 
ence, and contain a right z. , cuts off a semi-circle : 
If not, let it, if it be possible, cut off a segment 
greater than a semi-circle ; .*. (E. SI. 3.) the z in 
that segment is less than a rights, which is con-" 
trary to the supposition: Neither can it cut offa^ 
segment less than a semi-circle ; for, then the , 
in that segment would be greater than a right z. ,' ] 
which is, also, contrary to the supposition ; 
the straight line joining the intersections cuts off ] 
a semi-circle, and .'. passes through the centre of'l 
the circle, which point is .". in the bisection of i 
that line. 



Prop. LVI. 

65). Theorem. If from the extremities of any di- 
ameter^ of a given circle, perpendiculars be drawn 
to ani/ chord of the circle, that is not parallel to 
the diameter, the less perpendicular sliall be equal ; 
to the segment of the greater contained between. 
ihe circumference and the chord. 



From the extremities, A and B, of the diameter, 
AB of the circle ABDC, let there be drawn AE 



I 

I 
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and BF i to the chorcJ CD, which is Jiot p^aU^ 
to AB ; let AE and BF meet CD, produced|, i^ 
EandF; and let the greater i AE.eut the cir- 
cumterence in I : Then BF = IE. 

For join B, I: And since (hyp.) AICB is a 
semi-circle, .-. (E. 31, 3.) the z. AIB, i3 a rigbt 
aij and(Ayjp.) the JOL lEF, EFD are^ also, i:igii|^ 

£; /. (E* 28. 1-) the figiajre lEFB is a o 9 w^ 
(E. 34.1.)BF=IE. 



Prop. LVII. 

70. Theorem. If from the extremities (^arof di^ 
ameter^ qfa given circtey perpendtctdars be drmtm 
to any chord of the circle y iliey shall meet , the 
chords produced^ in two points which are equi^ 
distant from the centre. 

* ■ '■ > ' ■ . \*. '• 
From the extremities, A, B, of the diameter 

AB, of the circle ABCD^ of which K is the centre,. 

let there/ be drawn .AE, and BF, j. to the "chpr^ 
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the centre of the circle is in the liisection of the 
straight line joinmg those two intersections. 

For, the straight line, joining the intersections 
of the circumference and of the two straight lines 
which (Jiyp-) meet at some point of the circumfer- 
ence, and contain a right L , cuts off a semi-circle : 
If not, let it, if it be possible, cut off a segment 
greater than a semi-circle j .*. (E. 31. 3.) the z. in 
that segment is less than a right z., which is con- 
trary to the supposition: Neither can it cut off a 
segment less than a semi-circle ; for, then the L 
in that segment would be greater than a right z , 
which is, also, contrary to the supposition ; .-. 
the straight line joining the intersections cuts off 
a semi-circle, and .'. passes through the centre of 
the circle, which point is .•. in the bisection of 
that line. 



Prop. LVI. 

69. Theorem. IfJ'rom the extremities of any di- 
ameter, of a given circle, perpendiculars be drami 
to any chord of the circle, that is not parallel to 
the diameter, the less perpendiciilur shall be equal 
to the segment of the greater contained between 
the circumference and the chord. 

From the extremities, A and B, of the diameter 
AB of the circle ABDC, let there be drawn AE 
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= HBj .*. EG = GF; and KG is common to 
the two it., KGK, KGF, and the £ KGE, KGF, 
fls hath been shewn, are right /L ; ■"■ (E.4. 1,)' 
EK = FK, 



Paop. LVIII. 

71, Theorem. - If upon either radius, bounding a 
quadrantal circular arch, as a diameter, a semi- 

. circle he described, any chord of the semi-circle, 

' drawn from the centre of ike quadrant, shall Be 

equal to the perpendicular distance of the point, 

in which the chord produced meets the quadrantal 

arch, from the other radius. 

Let BDK be a serai-circle, having for its 




diameter KB, one of the semi-diameters whicfi 
bound the quadrantal circular arch ACB, and 
from the point C, in which any chord KD, of 

' the semi-circle, meets, when produced, ACB, let 
CE be drawn perpendicular to KA the other ter- 



J 
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itiinating semi-diameter of ACB: Then KD=: 
CE. 

For, since (_hi/p.) KDB is a semi-circle, .■. (E. 
Si. 3.) the ^ BDK is a. right /. ; as is, also, (.hyp.) 

the Z.CEK: Again, since [hj/p.) ACfi is a qua- 
drant of the circumference of its circle, .*. (E. 27. 
3. andE. 15. 1. cor. 2.) the z AKB-is aright Z; 
.'.the z EKC -f z DKB^ aright Z-, also, since 
the zCEK, is a riglit Z, .'. (E. 32. 1.) the 
z EKC + z KCE= a right z ; i: the z EKC + 
zDKB=zEKC+ zKCEj .-. the zDKB = 
Z KCE ; and the side KB, of the A KDB, is (E. 
15. def. 1.) equal to the side KC, of the ACEK; 
,-. CE.26. l.)KD = CE. 

Prop. LIX. 

72. Theorem. If the angle contained by VW9 i 
straight lines^ one of which cuts a circle and the\ 
other meets it, be equal to the angle in iJie altevi^ I 
nate segment of the circle, the straight line ■which \ 
meets, shall touch the circle. 



For if the straight line which, in this case, 
meets the circle, does not toucli it, from the poip:^ j 
in which it meets the circle, draw (E. 17. 3.) ^ | 
straight line touching the circle : Then (hyp. and j 
E. 32. 3.) it is manifest that the greater of twfli \ 
angle? is equal to the less ; which is absurd. 

.~i.; ....•.^1 ,0 ■ 
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Prop. LX. 



^^3. TiiRORiiM, A straight line touching a circtdar 
arch in the bisection of that arch, is parallel to its 
chord. 

- For the IL , which each half of the arch sub- 
[■ ;^nd8 at the opposite extremity of the chord, are 
r^E. 27. 3.) equal to one another; and (E. 32. 3.) 
mey are also equal to the £ which the straight 
I lines, joining tlie bisection of the arch and the ex- 
[ tremities of the chord, make with the straight line 
[ that touches the arch at its bisection ; .•. (E. 27. 
1 1.) thetangent, at that point of bisection, is parallel 
rto the chord. 



Prop. LXI. 

^*?4. Pboeltim. The base, ffie vertical angle, and 
■ the altitude of a triangle being given, to construct 
Ike triangle. 



Let BC be the given base of a A , of which the 
^rticjd L , and the altitude are also given : It is 
' feqiiired to construct the triangle. 

' Upon BC describe (E. 53. 3.) a segment of a 

I feircle BAC, capable of containing an z equal to 

' the given vertical z. ; from C draw (E. \l. 1.) 

CL J. to BC, and make it equal to the given alti- 



J 
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tude of the A ; through L draw LA parallel to 

5Cf»»d let LA meet ]^AC in A ; join B^ A awd 

^ 4. : Then is ABC the A which w^s to be coiv 

^txucted. 

^Vjfor draw (E. 31. I.) AD parallel to LCj .-., 

^p figure ADCL i^^ a, and (E. 34. 1.) AD = 
}^p\ And because AD i^ parallel to LC, ahd 
ijfQTistr,) the ^ LCD 13 a right z., .•• (E.29. l.) 

th^ 4. 4DC k a right z. ; u e. AD i» j. to BC, 
9^d it has been shewn to be equal to LC, which 
^Qi^trf!) is equal to the given perpendicular. 
Also (constr.) the zfiAC is equal tp the given 
Vertical z ; .•. ABC is the A which was to be 
constructed.* 



* If the straight line LA drawn from the extremity of CL, 
arhkh is niAde equ^l to liie giv«n perpendlculigr^t ^^A wid)Qut.tli|p 
•€gm0pt BAC» tbe problem is mamfestly impojs^bla; If LA 
touch the circle 6 AC, the problem has pply poe jBolution ; but if 
LA cut the segment 6AC, tbe problem admits of two solui* 
lions. 
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Pkop. LXII. 



75. Problem. To find apoint in a given straight 
line,Jrom which if straight lines be draum to two 
given points, on the same side of the given line, 
tJiey shall contain an angle equal to a given recti- 
lineal angle. 

Upon the straight linejoining the twogiven points, 
describe (E. S3. 3.) a segment of a circle, capable 
of containing an i equal to the given rectilineal 
Z, and the point in which it meets, or cuts, the 
given straight line, is evidently the point which 
was to be found : And if the circumference of the 
segment, so described, cut the given straight line, 
it is manifest that the problem admits of two so- 
lutions: But if the circumference of the segment 
neither touch nor cut the given line, the problem 
is impossible. 



Piiop. LXIII. 

Problem. The vertical angle, the base, and 
■ the aggregate of the three sides of a triangle being 
given, to construct the triangle. 



Let DE be the given base : It is required to 
describe on DE a A, which shall have its two re- 
maining sides equal together, to a given finite 
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straigilt line, and the t contained by them equal 
to a given rectilineal angle. 

Upon DE describe (E. S3. 3.) a segipent of a 
circle DFE, capable of containing an L equal to 

the given rectilineal L ; divide (S. 47. 3.) ffiF^, 

in F, so that the aggregate of the chords of DF, 

EF shall be equal to the aggregate of the two re- 
maining sides of the A ; and join D, F and E, F : 
Then it is manifest that DFE is the A which was 
to be constructed. 



Prop. LXIV. 

T't. PnOBLEM. The vertical aiigk, the base, and 
the excess of tfie greater of the two remaining 
sides, of a scalene trioT^glc, above the less, being 
given, to construct the triangle. 

Let AB be the given base : It is required to 
describe on AB a A.whlch shall have the diiference 
of its two remaining sides equal to a given iinite 
straight line, and the L contained by them equal 
to a given rectilineal angle. 
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Upon AB describe (E. S3. 3.) a segment of a 
circle capable of containing an L equal to the 
given rectilineal z ; divide (S. *8, 3.) ACB in C, 
so that the difference of the chords of AC and BC 
may be equal to tlie excess of the greater of tEe 
two remaining sides of the A above the less; and 
join A, C and B, C : Then it is evident that ACB 
is the A which was to be constructed. 



^ 



Prop. LXV. 

78. Problem. Frwi two given points, in the cir- 
cumference of a circle, to draw two equal ckor^ds 
• of that circle, "which, produced if necessary, shall 
V ■ make tpith one another an angle equal to a given 
" recHHneal angle. 

Let A and B be two given points in the circum- 
ference of the circle AEFB j and let K be a given 
rectilineal angle : It is required to draw, from A 
and B, two equal chords of the circle AEFB, 
which tnake with one another an ^ equal to the 




CL£M£NtS 4»P EUCLID. 



187 



i I • 



P J/ 










Join A, B ; upon AB describe (E. S3. 3.) a 
segment of a circle AGB capable of containing 

^n z.= the Z.K, and complete the circle AGBH: 

• ■ . « ^^^^ 

bisect (£• 30. 3.) ^G^ in G, and AH^ in IJi 



di^^W AG and BG, cutting ADB in D and C ; 
riso draw AH and BH^ and produce them to m^et 

It is manifest, from the construction, that the 
ii,AGB, which the two chords, AD, BC, make 
<irith bne another whfen" produced, = zK ; also, 
since (E. 22. 3.) the z. AGB + /. AHB = two 
right iLj and that (E. 13. 1.) the z AHE + 
Z AHB = two right a, .'. the z AHE == 
/ AGB ; but (constr.) the ^ AGB = / K; .% 
the z AHE, which the two chords AF, BE, make 
with one another, is equal to the 4 K^ 
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Again, join A, C, and B, D ; and since (conttr*) 

AG=BG.-.(E.29.3.) AG=BCT; .-. (E. 5. 1.) 
the zGAB= iGBAj also (E. 21. S.) the 4 
ADB = /1 ACB ; .-. (S. 26. 1.) the third /l ABD, 
of the A ADB, is equal to the third (iBAC of 

the A BCA ; .-. (E. 26. 3.) AD= BC, and (E. 29. 
i S.) the chord AD = the chord BC. 

Lastly, if A, E, and B, F, be joined, it may be 
f shewn, in the same manner, that the i H AB = 

'/HBA, that (E. 21. 3.) the /EAr= ^ FEE, 
land .-. that the ^EAB=^FBA; .-. (E. 26. 3, 
► and E. 29. 3.) B1S = AF. 



Pnop. LXVI. 

'79. Problem. In ft given parallelogram to in- 
scribe a parallelogram which shall have ort£ of its 
angles equal to a given angle, and posited in a 
given point of one of the sides of the given paralle- 
logram. 



Let F be a given point in the side AB of th§ 
A E 1) 
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dABCD; and YLX a given rectilineal angle: 
It is required to inscribe, in the □ ABC, a o 
which shall have one of its n posited in F, and 
equal to the ^ YLX. 

Join B, D ; bisect BD (E. 10. i.) in K j draw 
FK and produce it to meet DC in H; .-. {constr. 
E. 15. I.E. 29. 1. and E.se. 1.) DH=BF; pro- 
duce XL to Z J upon FH describe (E. 33. 3.) a 
segment of a circle capable of containing an j: = 

z YLZ, and let its circumference cut AD in E ; 
if.'. F, E and H, E be joined, it is plain that the 

zFEH= ^YLZj from CB cut off CG = AE; 
join F,Gand H, G : Then is FEHG the figure 
which was to be described. 

For (constr, and S. 43. 1.) EFGH is a □ ; .*. 
(E. 2U. 1.) the / HEF+ /EFG = two right m 
also (E. 3. 1.) the '^YLZ+ ^ YLX = two right 

^; and it has been shewn, that the ^ HEF = 

t YLZ ; .-. the ^ EFG = ^ YLX ; and it is 
posited in the given point F. ThereforCj &c. 



Prop. LXVH. 

80. Problem. To produce a gwen straight line so 
that the rectangle, under the given straight Tmey 
and ifie part of it produced, shall be equal to a 
given square. 



tl 



Let AD be a i 



finite straight line : It i 
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required to produce AD, so that the rectangle con- 
tained by AD and the part produced may be equal 
to a given square. 

Through D draw any straight line XY, aiiJ 
ftom DX and BY cut off (K. 3. 1.) DE and DF 
each of them equal to the side of the given square j 
describe (S. 5. 1. cor.) a circle which shall pass 
through the three points A, E, and F ; and pro- 
duce AD to meet the circumference in C : Then 
(E. 35. 3.) it is manifest that the rectangle ADX DC 
c=ED X DF or ED ; but ED was made equal to 
the side of the given square; .■. AD has been 
produced to C, so that AD X DC is equal to the 
given square. 

81. Cor. By a similar method, it is manifest, a 
given straight line may be produced, so that the 
rectangle contained by the straight line, and the 
part produced shall be equal to a given rectangle : 
That is, If three straight lines be given, a fourth 
may be found so that the rectangle, contained by 
it and any of the three given straight lines, shall 



1LKM£NTS OF £UCIkID# }9i| 

be eqaatt to ibe rectangle contained by the re- 
maiiiing two. 



Prop. LXVIII. 

• • J . ■ .J 

82t Theorem. J[f tkrotigh any point in tJid copu 

mon chord of two circles, which intersect one an^ 

other J there be drawn any two other chords, one in 

' each circle^ their Jour ea^tremities shall all lie in 

the circumference of a circle. 



Let F bQ any point in AB, which is a conimo» 




chord of the two circles ABC, ABD ; and thrdugh 
P let there be drawn & chord CPE, of the dQ?c|i^ 
ABC, and FPD a chord of the circle ABD; tM 
four points C, F, E, D, lie in the circuaaferencie^ 
of a circle. .^.^ 

• For describe (S, 5, 1. cor.), a circle CFE^ wWch. 
shsdl pass through the three poinfs C, F and £ ; it: 
shsdl, also, pass through D: If not let it cut FIX 
in some other point as G. . > 
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Then (E. 35. 3.) CPXPE = APXPBt and' 
APXPB=FFx PD; .-. CPXPE = FFxPD; 
but(E.S5.3.)CFxFE = FPXPG; .-.FPXPO 
= FP X I'G; i.e. the greater rectangle is equal 
to the less, which is absurd; therefore the circle 
which passes tlirough C, F, E cannot pass other- 
wise than through D. 



Prop. LXIX. 



4 



83. Theorem. If through the given extronily of 
any diameter of a circle straight lines bt drawn 
to meet an indefinite straight Uiie •without the 
circle, which is perpendicular to the diameter pro- 
duced, the rectangles contained by the segments of 
these lines lying beiiaeen the given point, tliepoint 
in "which each of them cuts the circimtference 
againy and the indefinite tine, shall be equal to 
each other. 

Through the extremity B of the diameter AB, 
of the circle AQB, let there be drawn any num- 
ber of straight lines, terminated one way by the 
circumference, and the other way by the indefi- 
nite straight line XY, which meets AB, produced, 
at right angles in C : The rectangles contained 
by the segments into which the lines so drawn are 
divided by the point B, shall be equal to one an- 
other. 



1 
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For, let PBQ be any of the lines so clrawrLl 
through B; join A, P and A, Q: And becauseTl 
i,%p.) AQB is a semi-circle, .-. (E. 31. 3.) the ■ 
^ AQP is a right ^ , as is, also, (hyp-) the 
ACPj .-. (S. 29. 1. cor. 2.) a circle described 
upon AP as a diameter, will pass through Q and 
Ci .-. (E. 35. 3.) PBXBQ=ABX HC; and. 
in the same manner, it may be shewn that the 
rectangle contained by the segments of any other 
straight line, so drawn through B, is equal to 
AB X BC, and, .-., equal also to PB X BQ. All 
such rectangles are, ."., equal to one another. 

84. Cor. Hence, through a given point, (B) 
between an indefinite straight line (XY) and a line 
of any kind (VW), in the same plane with it, a 
straight line may be drawn to meet the two given 
lines, 30 that the rectangle, contained by the seg- 
ments into which it is divided by the given point, 
shall be equal to a given square. 
^^6t draw fE. 12. 1.) BC j. to XY, and produce 
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CB (S. 67. 3.) to A, so that CB X BA may be 
equal to the given square ; upon AB, as a diameter, 
describe the circle ABQ,* cutting VW in Q ; lastly, 
draw QB, and produce it to meet XY in P: Then 
since (S. 69. 3.)PBXBQ=CBXBA, and that 
(comlr.) CB X BA is equal to the given square} 
.•. PB X BQ is, also, equal to the given square. 



. Peop. LXX. 

85. Problem. From the obtuse angle of an obtuse- [ 
angled triangle, to drww a straight line to the baSCy ■'■ 
the square of which shall be equal to the rectangle 
contained by the segments, into "which it divides 
the base. 

Let BAC be an obtuse-angled A, obtu8e< 




I 



angled at A ; It is required to draw from A to 



* If the circumference of the circlt ABQ do not cut VW,tka 
problem admlti not of a lolution. 
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BC a straight line, the square of which sh^l be 
equal to the rectangle of the segments into which 
it divides BC. 

About BAC describe (S. 5. 1. cor.) a circle 
ABEC, and take its centre K ; join K, A ; upon 
KA, as a diameter, describe the circle ADK cut- 
ting BC in D; join A, D: Then AD* = BD X 

DC. 

For produce AD to meet the circumference in 
E, and join K, D : And since {constr.) ADK is a 
aemi-circle j .-. (E. 31. 3.) the z. ADK is a right 
li .-, (E. 3. 3.) AD = DE; but (E. 35. 3.) 
BBxDC = ADXD^; .-. BD X DC=AD'. 

86. Cor. A segment of a circle being given, 
that is less than a semi-circle, the method of draw- 
ing, from any point of its circumference, a chord 
of the circle, that shall be bisected by the chord 
of the segment, is shewn in the solution of the 
above problem. 



Prop. LXXI. 

87. Problem. To make a rectangle "which shall be 
equal to a green square^ and shall have its two 
adjacent sides, together^ equal to a given straight 
line ; the side of the given square being less than 
the half of the given straight line. 



Let AC be a given straight line : It is required 
to make a rectangle, which shall be equal to a 
o 2 
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given square, and which shall have its twb adja- 
cent sides, together, equal to AC. 

Upon AC, as a diameter, describe the circle 
ABC ; from C draw (E. 1 1. 1.) CG i to AC, and 
make CG equal to the side of the given square; 
through G draw (E. 31. 1,) GF parallel to AC» 
and through F draw FDE parallel to CG : The 
rectangle AD X DC is equal to the given square. 

For (cOTisfr.) DCGF is a □ ; .-. (E. 34. 1.) DF 
= CG, and .•. (constr.) DF = the side of the given 
square : Again, because (ccnist?'.) DF is parallel to 
CG, and the ^ACG is a right Z, .-.(E. 29. 1.) 
the z CDF is, also, a right z ; and (constr.) ADC 
is the diameter of the circle ABC ; .*. (E. 3. 3.) 
DF=DEi but(E.3,5.3.)ADXDC = DFxi5E'j 
i.e., since DF = DE, AD XDC = DF* orCG'j 
.-. AD X DC is equal to the given square, and 
AD together with DC make up the given straight 
line AC. 
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88. Cor. 1. If tlie side of the given square be 
greater than the half of the given straight line, the 
problem admits of no solution. 

89. Cor. 2. In the same manner, the greater 
side of a given oblong may be divided into two 
parts, so that the rectangle contained by them 
shall be equal to the given oblong, a square having 
first (E, 14. 2.) been found that is equal to the 
oblong : But, in this case, the half the greater 
side of the oblong must exceed the double of the 
lesser side. 

90. CoR. 3. In the same manner, also, a straight 
line may be divided into two parts, so that the 
rectangle contained by them, shall be equal to 
a given rectangle ; if the side of a square which 
is equal to the given rectangle, do not exceed the 
half of the given straight line. 

91. Cor. 4. If the measure of the surface of 
an oblong be given, and if its perimeter be also 
given, the rectangle itself may hence be con- 
structed. 



Prop. LXXII. 

92. Theorem. If Jrom a given point without a circle, 
two equal straight lines be drawn to the convex 
circumfercTice, one of which touches the circle^ the 
other shall also touch it. 



For, if not, draw (E. 17. 3.) from the given 
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point a straight line to touch the circle, and (S. 
. 59. 3. cor. 1.) it will be equal to the other tan- 
gent J and thus more than two equal straight lines 
can be drawn from a point, without a circle, to 
Hie circumference; which (E. 8. S.) is absurd j .". 
.the straight line which is drawn from the same 
point, without the circle, as the tangent, and 
which is equal to the tangent, itself also touches 
tiie circle. 



Prop. LXXIII. 

^3. Problem. To produce a given straight Utw, 
so that tfie rectaiigle contained by the whole line 
thus prodiiced, and the part of it prodiiced, shall 
be equal to a given square. 



Let AB be a given straight line, and L the side ' 




of a given square ; It is required to produce AB 
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SO tlwt the rectangle, contained under the whole 
line produced, and the part of it produced, may 
■be equal to the square of L. 

Bisect (E. 10. 1.) AB in K, and upon AB, as a 
diameter, describe the circle ABC j from B draw 
(E. 11. 1.) BD 1 to AB, and make BD = L; join 
K,D, and let KD cut the circumference in C; from 
C draw C£ j_ to KC, and let CE meet AB pro- 
duced in E. Then since (conslr. and E. 16. 3. cor.) 
CE touches the circle, and EBA cuts it, .•. (E. 
36. 3.) AE X EB ="EC' ; but, since the £ KBD, 
KCE are right £ , and the Z at K is common to 
thetwo^KBD, KCE, and that (E. 15. def. 1.) 
the side KD = the side KC, .-. (E. 26. 1 .) EC = 
BD J but (constr.) BD = L ; and it has been shewn 
that AE X^B = EC' ; .-. AE X EB= the square 
ofL. 

94. CoR. By the help of this proposition and 
(E. 14. 2.), a given straight line may be produced, 
so that the rectangle contained by the whole line 
thus produced, and the part of it produced, shall 
be equal to a given rectilineal figure. 



Peof. LXXIV. 



95. Theorem. If, Jrom the bisection of an^ given 
arch of a circle, a straight line be dra'wn cutting 
ihe chord qf that arch, or the chord produced, and 
the circumference also of the circle, the rectangle 
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contained by the two parts of the straight Une so 
drawn, Ike one lying between the point of bisec- 
tio7i and the ciraemference, the other between the 
point of bisection and the chords shall be equal to 
the square oftlie chord, of half the arch. 

Let AB be the chord and let C be the bisec- 




tion, of the arch ACB of the circle ADBC ; and, j 

.first, let ^.ny straight line CD be drawn cutting the ^ 

chord in E, and then meeting the circumference \ 

of the circle in T) ; aho let there be drawn CB, • 
the chord of CB, the half of ACB: ThenDCX 

CF= CB'- ! 

For join C, A and B, D, and about the ADBE , 

describe (S. 5. \.cor.) the circle DEB: And be- ' 

causeihyp.) AC=CB, .-. (E. 27. 3.) the / ABC= 1 
/^CAB", and (E. 21. 3.) the ^CAB=zCDBj '' 
.-. the i ABC = z. BDE ; .-. (S. 59. S.) the straight , 
line CB touches the circle DEB in B ; .-. (E. 36. 
3.) DCXCir=CB'. - '^v ' — 
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PfiOP. LXXV. 

S6. Problem. Fr&m the bisection of a given arch 

of a circle 9 to draw a straight tinCj such that the 

part qf it intercepted between the chords or the 

chord produced J of the given arch and the circum- 

ference^ shall be equal to a given straight line. 

- Let ACB be a given arch of the circle ADBC ; 




let AB be its chord, and C its bisection, and let 
LM be a given straight line: It is required to 
draw from C a straight line such that the part of 
it between AB, and the circumference ADB shall 
he equal to LM. 

Join Ci B ; and produce (S. 73, 3,) LM to N, 

so that LNX NM = CB* ; from C as a centre, at 
a distance equal to LN, describe a circle cutting 
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A^ in D ; join C, D, and let CD cut AB in E : 
Tlien is ED=LM". 

For (S. 74. 3.) DC X CE=CB' ; and (constr.') 
LNXNM = CB'j .-. DCXCE=LNXNM; 
but (cojistr.) DC = LNi .-. CE = NMi and .*. 

ed^lm; 



Paop. LXXVI. 

97. Problem. Through any given angle of a given 
equilateral four-sided Jigure, to draw a straight 
line terminated by the sides produced, containing 
the angle opposite to the given angle, "which shall 
be equal to a given straight line. 

Let ABCD be a given equilateral rhombus, and 

A 




EF a given straight line : Tlirough any of the an- 
gular points of A13CD, as C, it is required to draw 
a straight line, terminated by AB and AD pro- 
duced, which shall be equal to EF. 
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Join A, C ; upon EF describe (E. 33. 3.) a seg- 
meat of a circle EKF, capable of containing an 
I equal to the i BAD of the rhombus, and 

complete the cu-cle ; bisect (E. 30. 3.) ^GT in G; 
from G draw (S. 75. 3.) GHK so that HK=AC ;' 
join E, K ; in AB produced, take (E. 5. 1.) AL = 
KE ; join L, C, and produce LC to meet AD pro- 
duced in M : Then LCMs W. 

For join K, F, and G, E, and G, F : And be- 
cause (E. 32. def. I.) BA, AC are equal to DA, 
AC, each to each, and that the base BC, of the 
A ABC, is equal to the base DC, of the A ADC, 
.-. (E. 8. 1.) the iBAC = ^DAC, and the 
L BAC is, .-., the half of the L BAD : Again, be- 

cause (Miisfr.) EG = FG, .-. (E. 27. 3.) the z 
EKG = I. FKG, and tlie i. EKG is, .-., the half 
of the ^ EKF, which (corasfr.) is equal to the / 
BAD ; .-. the ^ EKH = i LAC ; and (cons/r.) 
the two sides EK, KH of the A EKH, are equal 
to the two sides LA, AC, of the A LAC ; .•. (E. 
4. 1.) LC=EH, and the ^ACL=^KHE; .•. 
(E. 13. 1.) the i KHF = / ACM ; also, as hath 
been shewn, the z CAM = / HKF, and the side 
KH {constr^ of the A KHF is equal to the side 
AC of the A ACM; .-. (E. 26. 1.) CM= HF; 
and it has been proved that LC = EH j .*. LC + 
CM = EH-hHF; that is, LM — EF. 
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Prop. LXXVII. 



98. Theorem. If two circles cut each other, and 
from any point, in the straight line produced, 
•which joins their intersections, fwo tangents be 
dramn^ one to each circle, they shall be equal to 
one another. 



. ■- Let the two circles ACB, ADB, cut one another 




in the points A and B, and from any point E in 
AB, produced, let there be drawn EC and ED 
touching the circles ACB, ADB, in the points C 
and D respectively : EC= ED. 

For (E. 36. 3.) EC'="BEXEA; alsoED' = 
BEX"EA; .-.EC'^ED*; and .-. EC = ED. 

99. Con. The straight line AB which passes 
through the intersections of two circles ACB, 
ADB, that cut one another, bisects the straight 
line HL, which touches both the circles. 
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Prop. LXXVIII. 

100. Theorem, ^ two circles cut each other, and 
if two tangents drawn, one to each circle^ from 
any point without them, be equal, the straight line^ 
joining the intersections of the circles, shall, if it 
be produced, pass through the common extremity 
of the equal tangents. 

Let the two circles ACB, ADB, cut one an- - 

E 




other in A and B, and from any point E, without 

the circles, let there be drawn EC touching the 

circle ACB, and ED touching the circle ADB : 

If EC = ED, the points E, A, and B, are in the 
same straight line. 

For join E, A j then shall EA produced pass 

through B j if not, let it pass otherwise, as EAFG : 

Then (E. 36. 3.) FEX EA = EC* j also GE XEA 
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= ED'j and (%/>.) EC* = ED ; .-. FEXEA = 
GE X EA ; .-. FE = GE ; i. e. the less of two 
straight lines is equal to the greater, which is im- 
possible ; .". EA, produced, cannot pass otherwise 
than through B ; so that the three points E, A, 
and B are in the same straight line. 



Piiop. LXXIX. 

101. Problem. Two circles being given, neitlier of 
•which lies ivitlUn the other, to draw a straight line, 
such that the tangents to the two circles, drawn 
Jrom any point of the line, shall be equal to one 
another. 



Let ABC, DEF, be two given circles, neither 




twli .IK 



of which lies within the other: It is required to 
draw a straight line, such that the tangents to the 



ELEMENTS OP tUCtlD. 207 

two circles, drawn from any point of the lin^- 
shall be equal to one another. 

Find (E. 1, 3.) the centres K and L, of the two 
given circles, and draw KLj draw (S. 52. 3.) BF 
touching the two circles, on the same side, ih B 
and F; bisect (E. 18, I.) BF in G; and through 
draw (E. 12. l.) XY j. toTCL: The tangents 
drawn to the two circles ABC, DEF, from any 
point in XY are equal to one another. 

For take any point P in XY, and draw (E. 17. 
3.) from Pthe straight lines PA and PD, touching 
the circles in A and D respectively ; and draw 
PK, AK, BK, KG, LG, LD and LP. 

And because {constr.) the ^ at H are right £ j 
.-. (E. 47. 1.) PK* + LG' = PH' + HK' + LH'+ 
HG i and PL' + KG' = the same four squares ; 
.-. PK' + LG' = PL' + KG' ; but (comtr. and E. 
18. 3.) the ^PAK, KBG, GFL, and LDP, are 
right iLi •'■ (E. 47. iO/K'_+_LG^PA' + AK' 
+ LF' + FG' ; and PL^ + KG'=PD' + LF' + 
AK* + GF', because (constr.) GF=GB; and DL 
= LF,andKB = KAi .-. PA'+ AK*+ LF+FG' 
=PD' + If' + AK' + FG' ; take away, .-., from 
both, the squares of AK, of LF and of FG, and there 
remains PA'=PD^ .-. PA=PD. 

102. CoR. J. The difierence of the squares of 
the distances of any point P in the line XY so 
drawn, from the centres K and L, of the two given 



k 



208 A SUPPLEMENT TO THE 

circles, is equal to the difference of the squares of 
the two semi-diameters of the circles. 

103. Cob. 2. If from any point P in the straight 
line XY, so drawn, any two straight lines be 
drawn, PCM, PEN, the one of them cutting the 
one of the given circles, the other the other, the 
rectangles, MP X PC, NP X TE, contained by 
the whole lines and the parts of them without the 
circles, shall be equal to one another. 

For draw (E. 17. 3.) from P, FA touching the 
circle ABC, and PD touching the circle ADE: 
Then(E. 36.3.)MPXPC = PA"; andNPXPE 
PD'; but (S. 79. S.) PA' = PD'; .-. MP X^ 

= npxTe. 



Prop. LXXX. 






104. Problem. To find a point from 'which 
straight lines be drawn to touch three given circles, 
none of -which lies within another, the tasigents so 
draim shall be equal to one another. _ 

Draw (S. 79. 3.) the straight line which is the 
hcus of equal tangents drawn to two of these 
given circles ; draw likewise, the straight line, 
which is the locus of equal tangents drawn to the 
remaining circle and to either of the two circles 
first taken : It is manifest that the intersection of 
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theitwo straight lines, so drawn, will be the point, 
which was to be found. 

105.. Cor. If from the point, ,thus found, any 
number .of straight lines be drawn cutting the 
three given circles, the rectangles contained by 
the whole lines, so drawn, and the parts of them 
without the circles, shall (E. S6. S. and S. 80. 8.) 
be equal to one another. 



PROP.LXXXI. 

106. Problem. To divide a given straight line in- 
. to two parts f so that the square of the one shall be 

equal to the rectangle contained by the other and 

u given straight line. 

I 
, I 

Let AB and L be two given finite straight 



D ^ 






H 


I" 


G 


B 





s 



E 



lines : It is required to' divide AB into two parts, 
so that the square of the one shall be equal to the 
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rectangle contained by the other and by the given 
line L. 

From B draw (E. 11. 1.) BC i to AB; make 
BC = L, and (E. 31. 1.) complete the a ABCD ; 
produce (S. 73. S. cor.) CB to E, so that ^ X EB 
may be equal to AB X L ; lastly upon BE describe 
(E. 46. 1.) the square EFGB : Then, AB is di- 
vided in G, so BG' = AG X X! 

For produce FG to H ; then (constr.) the rect- 
angle CE X EB, = ABX L ; but CF is th? rect- 
angle CE X EB, because EF = EB ; and CA is 
the rectangle AB X L, because CB was made 
equal to L; .*. the rectangle CF = CA ; take 
away the common part CG, and there remains 
BF= HA ; and BF is the square of BG, and HA 
= AG X L, because (constr, and E. 24. 1.) AD= 
BC, which was made equal to L. 



Prop.' LXXXII. 
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107. Theorem. If a given circle be cut by any 
number of circles, which all pass through the same 
two given points without the given circle^ tfte 
straight Utks, Joining the points of each of these 
intersections, are either all parallel, or all meet 
when produced in the same point. 

I^t CDF be a given circle ; and, first, let the 
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circle ACDB, which passes through the two given 
points A and B, cut the circle CDF in C and D ; 
letthestraight line joining C,D, be parallel to AB; , 
then shall the straight line joining the points, in j 
which any other circle that passes through A, 
B, cuts the circle CDF, be parallel to AB and , 
CD. 

For, find (E. 1. S.) the centre K of the circle 
CDF, and from K draw (E, 12. 1.) KEX i to CDj 
.-. (E. 3. 3.) KX bisects CD at right IL\ .: (E. 1. 
3. car.^ the centre of the circle ACDB is in KX, 
which ijiyf. and E. 29. 1.) cuts AB at right ^, 
and .*. bisects it ; the centres, ."., of all the circles 
that pass through A and B are (S. 3. 1. cor. 3.) in 
lO^; .'. (S. 1.3.) KX cuts all the straight lines, 
which join the intersections of these circles, with 
thegivencircleCDF, at rights; .*. (E.28. l.)the 
p2 
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Straight lines joining the several pairs of intersec- 
tions are parallel to one another and to AB. 

But, secondly, let the circle GLMH, which 
passes through the two given points G, H, cut the 
given circle CDF in L and M j and let the straight 
line joining L and M be not parallel to AB ; pro- 
duce, .•., LM to meet GH produced in N; and let 
any other circle GIFH, passing through G and 
H, cut the circle CDF in I and F ; then are the 
points I, F and N in the same straight line. 
■ For join N, F, and if NF, produced, do 
not pass through I, let it, if it be possible, 
pass otherwise, as NFFQ ; Then (E. 36. S. 
cor.) FN X NF = GN X NH ; also QN X NF = 
LNXNM, andLNXNM = GNXNHj .-. QN 
XNF=GNXNH; also PN X NF=GN X 
NH ; .-. QN X NF = PN X Nl' ; .-. QN = PN ; 
that is the less is equal to the greater, which is 
impossible ; .". NF, when produced, cannot pass 
otherwise than through the point I, so that the 
three points I, F and N are in the same straight 
line. 
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Prop. LXXXIII. 



108. Theorem. If a perpendicular be let fall 

from the right angle, of a right-angled triajigle, 

t on the hypotenuse, tJie rectangle contained h/ the 

hypotenuse and either of the segments^ into •which 
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it is divided by the perpendicular y is eqtial to the 
square of the side adjacent to that segment. 

Let the z. BAG, of the A ABC, be a right angle, 

A 




and from A let AD be drawn i to the hypote- 
nuse BC : Then CB X BDzr AB', and BC X CD 

= AC\ 

For if upon AC, as a diameter, a circle be de^ 
scribed, it will pass (S. 29, 1. cor. 2.) through the 
point D, because {hyp.) the z ADC is a right Z. ; 

and (E, 10. S. cor.) it will touch AB in A, because 

the z CAB is a right Z; .-. (E. 36, 3.) CB X BD 

= AB\ 

And, in the same manner, it maybe shewn 

that BC X CD zz AC\ 



Prop- LXXXIV. 

109. Theorem. To draw a tangent to a circle^ sucky 
^lat the part of it intercepted between two straight 

' UneSy given in position^ but of indefinite lengthy 
shall be equal to a given Jinite straight lirie :. 
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1st,. TVken the indefinile straight lines both pass 
through the centre of the circle. 

Sdly, When they are parallel to one another. 

Sdly, When they are not parallel, but are eqm- 
distant Jrom the centre. 



Let AB be a given circle, and CD a given 




straight line ; and first let KQ and KR be two 
given straight lines, of indefinite length, passing 
through the centre K of the circle : It is required 
to draw a straight line, touching the circle AB, 
so that the part of it intercepted between KQ and 
KR, shall be equal to CD. 

Upon CD describe (S. 61. 3.) a A CED, having . 
its vertical /. CED equal to the given z QKR, 
and its altitude EH = KB, the semi-diaraeter of 
the given circle ; from KQ cut off KE — EC; 
and from F draw (E. 1 7. S.) the tangent EBG to the 
given circle : Then, the tangent EG = CD. 
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For let FG touch the circle in B, and join K, B : 
And since (E. 18. 3.) the L KBF is a right t , as 
is also (consir.) the L EHC, and that {constr^- 
EC = KF, and EH = KB, .-. (S. 73. 1.) the l i 
ECH =: L KFB ; but {consii:) the L CED = i. ' 
FKG; and the side EC of the A ECD, is equal J 
to the side KF, of the A KFG; .*. (E. 26. 1.)*' 
FG = CD. 

Secondly, let AB be the given circle, and PQ, 





Sf two inde6nite but parallel straight lines : It < 
is required to draw a tangent to the circle AB, 
such that the part of it intercepted between PQ 
and RS shall be equal to the given straight line 
CD. 

Take any point E in either of the two parallel 
straight lines, as PQ, and from the centre E, at a 
distance equal to CD, describe a circle cutting RS 
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in F ; join E, F ; .-. EF = CD ; lastly, draw (S. 
8. S.) the straight line GH, touching the circle 
AB, and parallel to EF ; since, -•., EGHF is a □, 
GH (E. 34. ] = EF; and EF was made equal to 
CD ; .-. the tangent GH = CD. 

Thirdly, let the two indefinite straight lines PQ, 




PR, which meet in P, be equi-distant from the 
centre K, of the circle AB : It is required to draw 
a straight line touching the circle AB, so that the I 
part of it intercepted between PQ and PR shall "I 
be equal to the given straight line CD. 

Join P, K i upon CD describe (E. 33. 3.) a seg- 
ment of a circle CED, capable of containing an . 
L equal to the given L QPR, and complete the I 
circle CEDG; from D draw (E. U. 1.) DH i to 1 
CD, and make DH=:KB the semi-diameter of J 
the given circle AB ; through H draw (E. 31. 1.) J 

HTF parallel to DC ; bisect (E. 30. 3.) ^G\ in Gj j 



d 



ELEMENTS OF EUCLID. 



217 



from G Anvf (S. 75. 3.) GLE, so tliat LE = KP ; 

join E, C and E, D j from PQ cut off PM = EC ; 

and from M draw (E. 1 7. 3.) MBN touching the 

circle in B : The tangent MN = CD. . 

For join C, L, and D, L, and K, M, arid K,N, and 

K,Bj and draw (E. J2. 1.) LT ± toCDj .-. LTDH 

is a D, and (E. 34. 1 .) LT= HD ; and HD (constr.) 

3= KB; .*. LT=:KB: Again, because (cowsft*. and 

S. 35. 3.) CG=DG, .-. (E. 27. 3.) the z CEG 
= A DEG; . •. the z. CEL is the half of the z CED ; 

and because (hi/p.) PQ and PR are equi-distant 
from the centre K of the circle AB, .*. the z. QPK, 
or MPK, is the half of the z QPR, which (constr.) 
is equal to the. z CED ; .-. the z MPK = z CEL, 
and the. two sides MP, PK, of the A PKM, are 
equal {constr.') to the two sides CE, EL of the A 
ELC, each to each ; .-. (E. 4. l'.) KM = LC, and 
the Z PMK, = z ECL; and because in the two 
right-angled ^ KBM, LTC, KM :? LC, and KB = 
LT, .-. (S. 74. 1 .) the z KMB = z LCT; and it has 
been shewn that the z PMK = z ECL ; .-.. th6 
whole Z iPMN is equal to the whole z ECD ; also 
(constr.) the z MPN= z CED, and the side PM, 
of the A PMN, is equal to the side EC, of the A 

ECD; .-. (E.26. 1.) MN=CD. 
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Prop. LXXXV. 

110. Theorem. If from the intersection of any two 
tangents to a circle^ any straight line be drawn, 
cutting the chord tiMch joins the two points of con- 
tact and again meeting tlie circumference, it shall 
be divided by the circumference and the chord into 
three segments, such, that the rectangle contained 
by the whole line and the middle part, shall be 
equal to the rectangle contained by the extreme 
parts. 

From the intersection A of two straight lines 

A, 




AB and AC which touch the circle BCR in the 
points B and C, let there be drawn any straight 
line APR, cutting the circumference of the circle 
in P and R, and BC in Q: Then AR X PQ = 
APXQR. 
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Forsince(S.i9.3.C(»-.l.)AB = AC,theAABC 
is isosceles, and .-. (S. 3. 2.) AQ' + BQ X QC = 
AB'; and (E. 35. 3.) BQXQC = PQXQRj 
also (E. 36. 3.) AB' = AP X AR : 

.-. AQ' + FQXQR = APX AR; 

i.e. (E. 1.2.) AQX AP+ AQ X PQ+ PQX 

QR = APX AQ + AP X OR ; 

From these, equals take away the common rectan- 
gle AQ X AP, and there remains AQ X PQ"+ 

qrxpq=apx_qk:j 

i. e, (E. 1. 2.) AR X PQ= AF X QR. 

Prop. LXXXVI. 

111. Problem. To make a rectanglt -which shall 

be equal to a given square, and Iiave the difference 

between its two adjacent sides equal to a given 

straight line. 



Let AC be the side of a given square, and let L 
be a given finite straight line : It ia required to 
describe a rectangle which shall be equal to the 
square of AC, and shall have the difference between 
its two adjacent sides equal to 1.. 
■ Describe auy circle CBGF capable of contain- 
ing a straight line equal to L, and having its centre 
in a X to AC at the point C ; the circle CBGF is, 
.-. (E. 16. 3.) touched by AC in C ; from the cen- 
tre C, at a distance = 1^ describe a circle cutting 
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L 



the circumference of CBGF in B, and draw CBj 

.-. CB = 17;. from the centre of K of the circle 

CBGF, draw (E. 12; 1.) KD i to BC"; and from 
K, as a centre, at the distance KD, describe the 
circle DEH, which ••., (E. 16. 8.) touches BC in 
D ; lastly, from A draw (E. 17. 3.) a straight line " 
AFG touching the circle DEH in E, arid let AG 
cut the circumference of CBFG in F and G: 

Then is the rectangle contained by GA and AF/ 
that which was to be described. 

t'or join K, E.; .•. (constr. and E. 18, 3.) the ^ 

at E are right £L ; .•• GF, which is the difference 
of GA and AF, k (E. 14. 3.) equal to BC, which 

was made equal to L ; .•• GF = L ; Also, since 
AC touches^ the circle CBGF, .-. (E. 36. 3.) GA 

XAF=AC\ 

112. Cor. Hence, and from E. 14. 2. a rect- 
angle may be found which shall be equal to a 



N 
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given rectangle, and which shall have the diflFer- 
ence between its two adjacent sides equal to a 
given straight line. 



Prop. LXXXVII. 

118. Problem. From a given point without a circle; 
. to draw a straight line cutting the circle^ so that 
\ the rectangle contained by the part of it without, 
. and the part within, the circle, shall be equal to a 
given square. 

Let ABC be a given circle, D a given point 




Without the circle, and L a given finite straight 
line : It is required to draw, from D, a straight 
Kne cutting the circle ABC, so that the rectangle 
contained by the part of it without, and the part 
* of it within, the circle, shall be equal to the square 
of L. 



• 
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Find {E. 1 . 3.) the centre K of the circle ABC ; 
take any diameter AKB, and produce it (S. 67. S.) 
to E, so that AB X BE =the square of L j from 
the centre K, at the distance KE, describe the 
circle EFG ; from D draw (E. 17. 3.) the straight 
line DF touching the circle EFG in F; join K, F, 
and let KF cut the circumference of ABC in C ; 
lastly, draw DC, and produce it to meet the cir- 
cumference of ABC again in M : Then shall 
DC X C M be equal to the square of L. 

For, produce CK to meet the circumferenc e of 
ABC again in H ; then (E. 15. def. 1.) HC = AB, 
and CF = BEj .-. HCXCF = ABXBE; but 
(S. 69. 3.) DC X CM = He X CF, and (constr.) 
ABX BE = the square of L ; .-. DC X CM = 
the square of L. 

Prop. LXXXVIII. 

1 14. Problem. To describe a circle •which shall 
touch a given straight line, and pass through two 
given points, both on the same side of the given 
line, and in the same plane with it. 

Let CD be a given straight line, and A, B, two 
given points without it, both on the same side of 
CD J it is required to draw a circle through A 
and B, which shall touch CD. 

Join A, B ; and first, let AB be parallel to CD : 
Bisect (E. 10. J.) AB in L; though L draw (E. 




C T H J> 

\\. 1.) LH perpendicular to AB or CD ; join A, 
H i at the point A, in HA, make (E. 23. 1 .) the 
angle HAK equal to the angle AHK, and join 
K,B; then(E. 6. 1.) KH is equal to KA, and 
E. 4. 1.) KA is equal to KB ; from the centre K, 
at the distance KA, or KB, or KH, describe the 
circle AHB ; it shall pass through the three points 
A, H, and B, and (E. 16. 3. cor.) shall touch CD 
inH. 

But if AB be not parallel to CD, let AB, pro- 




P duced, meet CD in the point D. Upon AB as a 
I diameter describe the circle ABE, and from D 
draw (E. n. 3.) the straight line DE touching it 
in E ; from DC cut ofi" DH (E. 3. 1.) equal to 
DE, and describe (E. 5. 4.) the circle AHB pass- 
ing through the three points A, H, and B. The 
circle AHB, which passes through A and B, 
touches CD in H. 
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For (E. 36. 3.) the rectangle contained by AD 
and DB is equal to the square of DE, and,- there- 
fore, is equal also to the square of DH, because 
DH was' made equal to DE j wherefore (E. 37. 3.) 
the circle AHB touches CD in H. 

] 15. Cor. AB subtends a greater angle at the 
point H, in the straight line CD, than at any 
other point whatever in CD. 

For, let P be any other point in CD ; P is with- 
out the circle AHB ; join A, P^ and B, F ; letBP 
cut the circle in Q; also join A, Q. The angle 
AHB is equal (E. 21. 3.) to the angle AQB; but 
the exterior angle AQB is greater (E. 16. 1.) than 
the interior opposite angle APB j wherefore, also, 
AHB is greater than APB. 



Prop. LXXXIX. 

116. Problem. To describe a circle which shall 
hax'e its centre in a given straight line, which 
shall pass through a given point, and shall, also, 
touch another given straight line. 



Let A be a given point, between two given 
straight lines ; and first let the two given straight 
lines PQ, RS, between which A is posited, be 
parallel to one another : It is required to describe 
a circle, which shall have its centre in RS, which 
shall pass through the given point A, and touch 

pq; 
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Through A draw (E. 12. I.) BAG i to PQ^, 
from A, as a centre, at a distance equal to CB^ 

describe a circle, and let it cut RS in K ; from K 
draw KE (E. 31. 1.) parallel to CB; ••• the figure 

EC is a n,aTid, ••. (E, 34, !• and E. 29. 1.) KE=: 

CB, and the z KEB is a right angle ; also, since 

{constr.) KA = CB, and that CB, as hath been 

shewn, is equal to KE, ••• KE=KA; and .*. a 
circle described from K as a centre, at the di- 
stance KE, will pass through E and A ; and, 
because the L KEB is a right L , it will (E. 16. 3.) 
touch PQ in E. 

Secondly, let K be a given point in the given 
straight line RQ which meets another given 
straight line PQ in Q ; and let it be required to 

describe a circle which, having its centre in HQ» 

shall pass through K, and which shall touch.^PQ. 

From K draw (E. 12. 1.) KC i toPQ; bisect 

Q 



L.,.»«-^^°"" 
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,ts ce" 



touch 
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jproduce AN to I, so that NI=:NA; describe 
(S. 88. S») a circle which shall pass through A and 

I and touch PQ ; and since RQ bisects AI 
right iLf the centre of the circle will (E. 1. 3. 

eorO be in RQ. 



Prop. XC. 

■ 

117. Problem*. To describe a circle which ^hail 
touch two given straight lines ^ and pass through 
a given point between them. 

Let A be a given point, between two given 




itraight lines PQ. TV, and, first, let PQ be parallel 

q2 
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to TV: It is required to describe a circle, which 

shall pass through A and touch both PQ and TV. 

Through A draw (E. 12- 1.) BAD ± to P^ 
and therefore (£• 29. 1.) also i. to TVj bisect 
(E. 10.. 1.) BD in C, and through C draw (E. 81. 

1.) RCS parallel to PQ, and .-. (E. 30. i.) also 

' parallel to TV ; lastly, describe (S. 90. 3.) a cir- 

^e. which shall pass through A and touch PQ: It 

.^ill ^Iso, since its semi-diameter is equal to CB or 

CD, touch TVT 

• Secondly, let the given point A be between two 
given straight lines TQ, and P^ which me^ 




in Q: Bisect (E. 9. 1.) the z TQP by RQ, and 
rince (£. 26. 1 .) the perpendicular distances df 
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any point in RQ, from 1 Q, and PQ, are equal to 
one another, it is manifest, that, if (S.89.S.) a 
circle be described having its centre in RQ, pass- 
ing through A, and touching either of the two 
lines TQ, PQ, it will touch the other also. 



Prop. XCI. 

Li 8. Problem. To describe a circle which shaU 
touch two given straight lines^ and also touch a 
given circle^ which does not lie wholly without the 
two given straight lines. 



Let PB and TD be two given straight lines, 
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and let HG be -a circle, which does not lie 
wholly without PB andTD: It if^ required to 
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describe a circle which shall touch both PB and 

TD, and which shall also touch the circle GH. 
Find (E. 1. 3.) the centre L of the circle GH ; 

from D draw (E. 11. 1.) DX i to TUand make 
it equal to the semi-diameter of HG ; through X 

draw (E. 31. 1.) XW parallel to TD ; also, as in 

S. 90. 3f draw RK, equi-distant from PB and TD; 
describe (S. 89. 3.) a circle which shall have 

its centre in RK, which shall pass through L» and 
touch WX J let K be the centre of the circle, so 
described, and let it touch WX in X ; join K, M 
and k, L ; and let KM and KL cut 'ITf, ahd the 
effcumference of GH, F and G, respectively : 
TheOj dnce (E. 18. S.) the z KMW is a right Li 
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and that {constr.) WX is parallel to TD, .•. the 
Z KFT is also a right L ; and, because (constr.y 
MD is an, (E. 54. 1.) Ml' = XD j but (constr.) 
XD = LG^ •••MF = L5; and (consir. and E, 

15. def. 1.) KM = tLi .-. KF = ICG, and a cir- 
-cle described from the centre K, at the distance 
KF, will (E- 16. S.^or.) touch TD in F, will pass 
through G, and (S. 6. 3.) will touch: the circle 
HG in G. 



Piiop. XCII. 

119. Problem. To describe a circle w?iich shdl 
touch both a given circkf and a given straight 
Une, and which shall, also, pasSy Jirst, through a 
given point without tfie given circle ; 'and, se- 
fondly y through a given point within the circle. 

Let BCH be the given circle, PQ the given 




straight line, and first let the given point A be 
without the circle : It is required to describe a 



1. 
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circle which shall pass through A, and which shall 
touch both PQ and the circle BCH. 

Find (E. 1. 3.) the centre K of the circle BCH, 
and draw (E. 12. 1.) the diameter BDKC j_ to 
PQ; join C, A,* and produce CA to E (S. 67. 3. 
cor.) or divide it (S. 71. 3. cor. 3.) so that EC X 
CA = BCXCD; describe (S. 88. 3.) a circle 
AEF, which shall |)ass through A and E, and 
touch PQ : It shall also touch the circle BCH. 

For, let the circle AEF touch VQ in F ; find its 
centre G; and draw the diameter FGL, which 
{constr. E. 18. 3. and E. 28. 1.) is parallel to BC; 
join, B, F, and C, F ; and let CF cut the circum- 
ference of BCH in H ; join, also, B, H and F, H 
and K, H ; and let KH meet FL in G ; upon BF 
as a diameter, describe the circle BDHF, which, 
because the IL BDF, BHl' (constr. and E. 31, 3.) 
are right IL , will pass (S. 29. ] . cor. 2.) through D 
andH; .-. (E. 36. 5. cor.) BC X CDzsi-XTx CHj 
but (constr.) BU X CD=: EC'X CA ; .-. FcTx 
CH^EC X CA, and, .-., the point H is in the 
circumference of the circle AEF} otherwise (E. 

• If AU*>BC X CD, then CA" must be divided into two 
parts, Eo that the rectangle contained by AC and the segment 
toward C shall be equal to KIJ x CD. i\Jbo, in this applica- 
tion of S,67..1, CA must first be produced, so that the rectangle 
contained by CA and the part produced, shall he of the given 
magnitude ; anJ then from the whole line, CE must be cut off 
equal to tlie pari produced- 
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36. 3. cor.) the greater of two rectangles would be 
equal to the less. The point is, .•., common to 
both the circles AEF, BCH. 

And, since (conslr.) FL is parallel to BC, .■. 
(E. 2». 1.) the z GFH = A HCB; but, since 
(constr. and E. 31. 3.) the ^ BHC is a right z, , 
the A HCB+ A CBH=:(E. 32. l.) a right z ; .-. the 
ZGFH+ z KBH = aright z. ; that is (E. 1.5. 
def. 1. and E. 5. 1.) the z GFH + z KHB = a 
right Z; and {coitsl7\ and E. 31. 3.) the z BHF 
is a rights; .-.(E. 13. I.) thez KHB + z GHF = 
arightz; .-., the zGFH = z GHF, and (E. 6. 
1.) GF — GH : But G is in the diameter of the 
circle AEF; .-. (E. 7. 3.) G is the centre of the 
circle AEF, which .*. (S. 6. 3.) touches the circle 
BCH in H. 

And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the given 
point be within the given circle : It is manifest, 
however, that, in this latter case, the given straight 
'line which is to be touched cannot lie wholly 
without the given circle. 

Prop. XCHI. 



120. Problem. In a straight line of indefinite 

length, but given in position, which cuts a given 

circle, to Jind a point, from "which if a straight 

line be drawn to touch the circle, it shall be equal 

■ io a given Jinile straight line. 
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Let LrM be a giv^eii finite straight line, PA6 M 




Ml 



straight line given in position, but indefinite in 
length, cutting the given circle ABC in A and B: 
It is required to find a point in PB, from which, 
if a tangent be drawn to the circle ABC, it shall 
be equal to L. 

Produce (S.7S. 3.) AB to D so that Al5 X 06= 



LM ; and from the centre D, at a distance = LM, 
describe a circle cutting the circumference of the 

circle of ABC in C; draw DC; .-. DC=LMl 

.^ but {constr.) AD X DB = CM' ; .-. AD X DB 

=: DC* ; .•. (E 37. S.) DC touches the circle 
ABC, in C ; and (constr.) it is equal to LM, and 
is drawn from a point D in the given indefinite 
straight line PAB. 
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Peop. XCIV. 

121. Problem. To describe a circle Omt shall touch 
a given straight line, and that shall also touch 
two given circles. 

Let AB and CD be the two given circles, and 




PQ a given straight line ; and first, let neither of 

the two given circles lie within the other : It' 

I is required to describe a circle which shall 

I "touch both the given circles AB and CD, and 

1 which shall also touch PQ. 

!Find (E. I. 3.) the centres K and L of the cir- 
cles AB and CD ; and if the circles be unequal, 
^ let CD be the greater; from any semi-diame- ' 
\ ter, as LC, of the greater, cut off CF equal to s 
I semi-diameter of the less circle ; from the centre" 
[ L, at the distance LF describe the circle FGEj 
B from any point P, in PQ, draw (E. 11. 1.) PR j.' 
[ to PQ, and make PR also equal to the semi-di- 
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araeter of the less circle AB ; through R draw 
(E. 31. 1.) RS parallel to PQ ; describe (S. 92. 3.) 
a circle KHG, passing through the point K, 
touching K.S, in H, and touching the circle EGF, 
in G ; let I be the centre of the circle KHG ; 
join K, I, and L, I, and I, H ; .-. (E, 18. 3.) the 
L IHR ia a right L , and .*. (constr. and E. 29. 1.) 
the exterior A IMP is, also, a right Z. ; and the 
figure PH is a □ ; .-. (E. 34. 1.) MH = PR j and 
{constr.) FR = KB or DG; .-. MH =XB or 
DG; .-. IB, mandlD are all equaU and (E. 16. 
3. cor. and S. 6. 3). a circle described from the 
centre I, at the distance IM, will touch PQ in M, 
the circle AB in B, and the circle CD in C. 

But if the two circles AB, CD, be equal to one 
another, find, as before, their centres K, and L, 
and draw IIS at a perpendicular distance from PQ 
equal to the semi-diameter of AB or CD : Then, 
if (S. 88. 3.) a circle be described passing through 
K and L, and touching RS, it is evident, that its 
centre will be the centre of the circle which is 
to be descrihed, and Its semi-diameter will be 
found, as in the former case, by joining that 
centre and the centre of either of the two equal 
and given circles. 

And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the two 
given circles do not lie without one another. 

It'- . I y) '*■*•)•- 
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Prop. XCV. 

122. Problem. To describe a circle which shall 
toiich a given circle^ and pass through two given 
pointSy either both without the circle, or both with- 
in it. 



Let A, B, be two given points, and CD£ a given 




^cle : It is required to describe a circle which 
<riiall pass through A and B, and which shall also 
;tmich the circle CDE. . 

First, let the two given points, A and B, be 
without the circle CDE: And if A and B be 
equally distant from the centre of CDE, it is 
manifest (S. 6. 3.) that a circle described (S. 5. 1. 
i^orJ) so as to pass through the two given points, and 
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through tile extremity of a diameter of the given 
circle drawn perpendicular to the straight line 
joining those points, will touch the given circle. 

Uiit if the points, A and B, be not equally di- 
stant from the centre of the circle CDE, take any 
point F, without the circumference of CDE, and 
through A, B and F, describe (S. 5. 2. cor.) the 
circle AFB; draw {S. 79. 3.) HX, so that the 
straight lines which are drawn from any point of it, 
touching the two circles CDE, AGB, shall be equal 
to one another, and let BA, produced, meet HX 
in H; from H draw (E. 17. 3.) HC and HD. 
touching the circle CDE in C and D ; lastly, de- 
scribe (S. 5. 1. cor.) two circles, the one passing 
through B, A, and C, and the other through B, 
A, D ; the circles so described shall touch the 
given circle CDE, in the points C and D, re- 
1- spectively. 

For, from H draw (E. 17. 3.) HG, touching the 
[circle AGB in G: Then (E. 36. 3.)BHx"HA = 
,HG'; butCco«5^.) HG=HC; .-. BH X HA=: 
J- He'; .-. (E. 37. 3.) HC touches the circle de- 
I Scribed through B, A and C ; and [constr.) it also 
lAouches the circle CDE; .-. (E. S. def. 3.) the 
I circle BAC which passes through A and B, touches 
|*he circle CDE in C. 

In the same manner it may be shewn, that the 
circle described so as to pass through A, B and 
D, touches the circle CDE in D : And by a like 
construction may the problem be solved, when 
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the two given points are both within the given 
circle. 



Prop. XCVI. 

12S. Problem. To find a point in a straight line^ 
given in position,J'rom which iftzvo straight lines 
be dtawn to two given points^ without the given 
line^ they shall have, first, their difference^ andy 
. secondly, their aggregate, equal to a given finite 
straight line. 

Let A, B be two given points, XY a straight 




line of indefinite length, but given in position; 
and let C be a given finite straight line : It is re- 

iquired to find a point in XY, from which if two 
straight lines be drawn to A and B, thiey shall 
have, first, their difierence equal to C. 

From A draw (E. 11. 1.) AD ± to XY; pro- 
duce 5D to E, arid make DE = AU; from the 
centre B, at a distance equal to C, describe the 
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circle l'"G j also, describe (S. 95. 3.") a circle 
EAF, which shall pass throiig'fi E and A, and 
which shall touch the circle GI", in F; let K be the 
centre of the circle EAF, which centre (E. 1. 3. 
cor.) is in XY : Then is K the point which was to 
be found. 

For join K, A and K, B ; .-. (E. 11. 3. or E. I?. 
3.) KB passes through the point of contact F; 
and (E. 15. def. 1.) KA=KF; .-. K¥-"KA — 
BF; and(co7is/r.)BF=C; .-.¥8- KA = C;. 

And, by a like construction, may a point be 
found in XY, from which if two straight lines be 
drawn, to A and B, their aggregate shall be equal 
to a given straight line. 

But, in this case, the two points A and E must 
fall within the circle described from the centre B, 
at a distance equal to that given line ; otherwise, 
the problem is impossible. 

124. Con. 1. Let ABbe(E. 10. 1.) bisected in 
I, let (E. 12. 1.) KM be drawn ± to AB, and 
let the circumference EAF cut AB in A and R, 
and BK produced in H : Then It is manifest, 
{constr. and E. 3. 3.) that 2lM=:BR; and (E. 
36. 3. cor.) AB X Br =liB XJW; i. e. SAB X 
lM=HBXBF;or"HF x'BF + BF' (E. 3. 2.) 

Let now IN be taken in IM (S. 67. 3.) so that 
2AB X IN= BF' i .-., if 2AB X IN" be taken 
from 2'AB X iU, and if BF' be taken from HF X 
BF + BF\ there will remain 2AB x'NM^^'HFX 



J 
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SForsAKxW; .-. Ai3"xNM= AKXBF. . 

125. Cor. 2. There is only one point K, in ' 
YX, from which if straight lines be drawn to A 
and B, their difference shall be equal to the given 
line C. 



Prop. XCVII. 

126. Problem. The base and the altUude of a tri- 
angle being given, togetfier with the aggregate or 
the difference, of the two remaining sides, to coH' 
struct the triangle. 

Let BC be the given base of a A, and BE, drawn 
A 




B C 

1 to BC, equal to its given altitude : It is required 
to construct a A, which shall have BC for its 
base, its altitude equal to BE, and, first, the ag- 
gregate of its two remaining sides of a given 
length. 

Through E draw (E. 31. l.)EF parallel toBC"; 
find (S. 96. 3.) a point A from which, if AB and 
AC be drawn, their aggregate shall be equal to; 
the given aggregate; if, ,-., A,B and A, C be' 
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joined, it is manifest that ABC is the A, which 
was to be described. 

And, in the same manner, by the help of S. 
96- 3., may the problem be solved if the dif- 
ference, instead of the aggregate of the two sides 
of the A , be given. 



Prop. XCVIU. 

127. Problem. Three points being given, to JiTid a 
Jburth, Jrom which if straight lines be drawn to 
the other three, two of them shall be eqital, and 
the difference between either of these and the third 
shall be equal to a given straight line. 

Let A, B and L be three given points, and M 



battn 



' oyyi^ 




itjflnt hilii,: 

a givai fhiite straight line : It is required to find 
a fourth point, from which, if three straight lines 
he^d^wn to L, A, and & two of them sh^ tt^ 
— " ~y^ 
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equal, and the diff'erence between eitlier of these i 
and the third shall be equal to M. 

From L as a centre, at a distance equal to M, 
describe the circle CDE j describe (S. 95. 3.) a 
circle CAB, which sliall pass through A and B, 
and which shall touch the circle CDE i and let K 
be the centre of the circle CAB : Then is K the , 
point which was to be found. 

For join K, L j .-., (E. 1 1. 3. or E, 12. 3.) KD, 
produced, passes through the point C, in which 
the two circles CDE, CAB touch one another; 
join, also, K, A and K,B; .-. (E. 15. def. I.) KA", 
KB and KC are equal to one another; and KL— , ' 
KC— LC; hut {constr.) L(J=M; .-. KLisequa!^ j 
to the difference between KC and M, that is, toj | 
the difference between KA, or KB and M. 



Prop. XCIX. ;, 

128. Problem. To describe a circle tltat $had 
touch three given circles, of which two are.equv 
to one anol/ier. 



Let AB, CD, EF be three given circles, of , 
which the two AB and CD are equal to one an- ' 
other : It is required to describe a circle which 
shall touch the three given circles AB, CD, and 
EF. 
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Find 




and I of T 



e centres I 

three given circles; find,' also, (S. 98. 3.) a point 
K, the distances of which from G and H, shall 
be equal to one another, and shall either of them 
- -differ from the distance between the points K and 
1, by the semi-diameter of the given circle EFj 
if, then, GK, HK and IK be drawn, it is manifest 
that KB, KD, and KF, are all equal to one another, 
and, .■., that a circle, BDF, described from the 
centre K at the distance KB, will pass through 
B, D and F, and (S. 6. 3.) will touch the circle* 
AB, CD, and EF in the points B, D and F, re- 
Bpectively. 



129. Problem. To Jind a pointy in the circunu 
fertnce of a given circle^ from which if ftw» 
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straight lines be drawn to two given points, with- 
out the circle, the chord joining the intersectiont 
qf the lines so drawn and the circumference, shall 
be parallel to the straight line joining the two 
given points. 

Let CDE be a given circle, and A, B» two 




given points without it: It is required to find a 
point in the circumference of CDE, from which if 
two straight lines be drawn to A and B, the chord 
joining their intersections with the circumference 
of CDE shall be parallel to AB. 

Find (E. ] . 3.) the centre K of the circle CDE j 
find, also, (S. 98. 3.) a point L, the distances of 
which from A and B, shall be equal to one an- 
other, and shall, either of them, differ from the 
distance between L and K, by the semi-diameter 
of the given circle CDE j join L, A and L, B 
and L, K, and produce LK to meet the circum- 
ference of CDE, in D: Then is D the point 
which was to be found. 

For (constr.) LD is equal to LA or LB; and 
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a circle, ADB described from L, as a centre, 
afthe distance LA, will (S. 6. 3.) touch CDE 
in D, and will pass through B; draw DA and 
DB, cutting the circumference of CDE in C 
and E ; join, likewise, C, E, and K, C and K, 
E : And since (constr.') the z CKE is an Z. at 
the centre, and the z CDE is an Z at the cir- 
cumference of the circle CDE, the zCKE is 
( E. 20. 3.) the double of the z CDE ; in the same 
manner, it may be shewn that the Z ALB is the 
double of the zADBorCDE; .-.thezCKE^ 
Z ALBj .-. (E. 32. 1. and E. 5. 1.) the ZtKEC, 
LBA, at the bases of the isosceles ^ CKE, ALB, 
are equal to one another; Again, since (E. 15. 
def. 1.) the ^EKD, BLD are isosceles, the Z 
KDE = zKED, and the z LDB or KDE=z 
XBD ; .-. the z KED = Z LBD ; and it has been 
shewn that the zKEC=zLBA; .'. the whole 
Z CED = the whole z ABD ; .-. (E. 28. 1.) "Cl 
is parallel to AB. 



SUPPLEMENT 



TO THE 
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BOOK IV. 



. ' Prop. 1. 

1> Tiii^oRiBst ^ an icquil^Lteral UHmgk be <fe^ 
scribed about a given circle^ the ^flight tifies ; 
( Joining the points of contact shall contain another 
' equilateral triangle; and the side of the circum^ 
seriSed triangle is the double ^ the side efjth^- 
,mscribed triangle so coMtrnied* ; 

t ■ : * ■ ' . 

t ^ •. . ^ • ■ ■ ■:•■•■ :■■ . • v---; 

X rliiejt ABC b^ fi gjiven circle : Ab^t it describe 
(E, l.;l. andE.S. 4.) tbe equilateral A DEF, the 
$ides of which touch the circle ia the points A> B 

and C, respectively; draw AB, BC and CA: 

Thea is A^BC an equilateral A^ and any si4e, as 
£E, of the^ A PEF, is the double of any side,, as. 
ACi of the A ABC. 
¥or (constr. E 5. I. car. E. 32. 1.) each of the 




^D, E,F,is the third of two right^S .-.(5.19. I. 
E. 5. ] . E. 32. ] .) each of the a, of the ^ DAC, 
EAB, FBC, is the third of two right IL , and they 
are all equal to one another; ,■. (E. 32. 3.) the 
A ABC is equiangular ; and, .*., (E. 6. 1. cor.) it 
is also equilateral. 

Again, since it has been shewn that AB= AC, 
.'. (E. 28. S.) 'AB = ■^i .-. (S. 60. 3.) DE is 
parallel to CB ; and in the same manner it may 
be shewn, that EF is parallel to AC, and UF 
parallel to AB; .*. the figures ACBE; ACFB 
are ID; .-. (E. 34, I.) AC =EB; also AC = 
BF; .-. EB + BF, that is EF, is the double of 
AC. 

2. CoR. 1. If K be the centre of the circle, 
and if K, and any angular point of the circum- 
scribed equilateral A^ as D, be joined, DX,i8 
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bisected in G, by the arch AGC, and KG is bi- 
sected in H, by the side AC of the inscribed equi- 
lateral A. 

For draw AG, AR, ^G, CK, and produce DK 
to meet EF: Then since (S. 19. ». cor. 1.) UA 
= DC, and {E. 15. def. 1.) AK=CK, .-. (S. 1. 3. 
cor.) DK and AC bisect one another at right /t 
in H ; and the z. ADK = /. CDK ; also ED = 
FD; .-. (E.4. 1.) Die produced bisects W, and 
.■. passes through the point of contact B, 

Again (E. 32. 3.) the ^ EAB = ^ AGB or 
AGK, andCE.5. 1.) the iKAG = zAGK; .-. 
(E. 52. 1 .) the i of the A AKG are equal to the 
H of the A ABE, which in the proposition was 
shewn to be equilateral and .*. equiangular; .-. 
(E. 6. I. cor.) the A AKG is equilateral ; .-. AG 
= AK ; and in the same manner, it may be shewn 
that CG = OC ; .-. (S. 1 . 3. cor.) HG = HK ; and 
it has been shewn that HD = HB ; from these 
equals take the equals HG and HK, and there 
remains GD equal to KB or KG ; . ■. AGC bisects 
DK in G, and AC bisects KG in H.* 

3. CoR. 2. A straight line which touches a 
circle, at the extremity of a diameter drawn from 



* From this corollary may be derived an easy practical me- 
thod of inscribing an equilateral triangle in a given circle, and 
of describing an eijuilatera] tnangle about a given circle. 
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the point of contact of any side of an equilateral 
A described about the circle, and which is ter- 
minated by the two remaining sides, is the side of 
I OQ equilateral and equiangular hexagon described 
[ about the circle. 

For, from the point B, in which the side EF, 
of the equilateral A DEF, touches the circle 
L ABC, let the diameter BG be drawn, which, as 
hath been shewn, passes through D, and draw 
I (E. 17. 1.) LM touching the circle in G ; draw, 
I also, AG and CG : Then, since it has been proved 
r {cor. 1.) that AG and CG are each of them equal 
[ to the semi-diameter of the circle, .■. (E. \3. 4.) 
they are the sides of an equilateral and equiangu- 
lar hexagon inscribed in the circle : And if two 
other tangents be drawn at the extremities of the 
' diameters which pass through the two points A 
and C, the remaining points of contact may, in 
tthe same manner, be shewn to be the remaining 
I angular points of the inscribed hexagon of whicb 
I AG and GC are sides: And in the same manner 
I as the pentagon described about a circle is proved, 
E. 12.4. to be equilateral and equiangular, 
[ may tlie hexagon thus described about the circle 
^BC be shewn to be equilateral and equiangular. 
4. Cor. 3. An equilateral triangle inscribed 
liin a given circle is a fourth part of the equilateral 
I triangle described about that circle. 
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Prop. II. 
■5. Theorem. If a triangle be described about a 
given circle, the rectangle contained by the peri- 
meter of the triangle and the semi-diameter qf 
the circle shall be double of the triangle. 

'"Let FEG be a given circle : Describe (E. 9. 4.) 



t,'.. 




J) 



any A, ABC, the sides of which touch the circle 
in the points F, E, G ; The rectangle contained 
by the semi-diameter of the circle, and the peri- 
meter of the A ABC, is double of the A ABC. 

For take D the centre of the circle FEG, and 
draw Di; DG, UE, DA, DB and DC: Then 
(E. 41. 1 .) the rectangle contained by DF and AB 
is double of the A ADB, the rectangle contained 
by DE and BC is double of the A BDC, and the 
rectangle contained by UG and AC is double of 
the A ADC ; but (E. 15. def 1.} DF, IJE and 
DG are equal to one another ; if, . '., AB, BC, and 
CA, be supposed to be placed in the same straight 
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line, the rectangle contained by their aggregate 
andasemi-diameter of the circle FEG, is(E. 1. 3.) 
double of the three /is, ADB,BDC, CDA, that is, 
of the whole A ABC. 

6. Cor. 1. If any number of /ii. be described 
about a given circle they shall be equal to one 
another. 

7. Cob. 2. In the same manner it may be shewn 
that the rectangle contained hy the perimeter of 
any rectilineal figure described about a given cir- 
cle and the semi-diameter of the circle is double 
of the rectilineal figure : And, therefore, all rec- 
tilineal figures described about the same circle 
that have equal perimeters, are equal to one 
another. 



Prop. III. 

I. PiioBCEM. Three straight lines being giverit 
which, wkett produced, do not all three meet in 
the same point, and of •which the middle line is 
not parallel to either of the others, to describe 
a circle •which shall touch each of them. 

\\ 

Let PQ, RS, TV, be three given straight lines, 
vhich, when produced, do not all meet in the same 
point : It is required to describe a circle which 
shaU touch PQ, KS and TV; 

Let PQ and RS cut TV in A, andB; bisect 
(E. 9. 1.) the s. PAB, ABR, QAB» ABS, by 



J 
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AC, BC, AD and BD, and let AC and BC meet 
in C, and AD and BD in D ; from C and D draw 
(E. 12. I .) CF and DF j. to AB : Then shall a 
circle described from the centre C at the distance 
CE, touch AB and AP and BR ; and a circle 
descnbed from the centre D, at the distance 
DF, shall touch AB and AQand BS^ 

For draw (E. 12. |.) from C, CG x to Al*. and 
CH J. to BRT, and join C, A and C, B : And 
because (constr.') the /. EAC = /. GAC, and the 
^ at E and G are right # , and that AC is com- 
mon to the two triangles AEC, AGC, .*. (E, 26. 
1.) CG = CEj and in the same manner it may 
be shewn that CE=CH} .-. CE, CG, and CH 
are equal to one another ; and .*. a circle described 
from the centre C at the distance CE will pass 
through G and H, and (constr. and E. 16. 3. cor.) 
will touch AB in E, AP in G, and BR in H. 

In the same manner it may be proved that a 
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circle described from the centre D. at the distance 

i5F, will touch AB, AQ and BS. 

• 9. CoR. The four poiuts A, G, B and D are 
in the circumference of a circle. ' 

For join C, t> : The two IL CAE, DAE, to- 
gether, are {constr.) the half of the two a PAB, 
QAB taken together ; that is the whole L .CAD 
is (E, 13. 1.) the half of two right iLy ••• the L 
CAD is a right L : In the same ihanner it may- 
be shewn that the L CBD is a right z, ; .*. (S. 29. 

1. cor. 2.) a circle described tipon iCD ad' a di% 
ameterj, will pass through A and B. 



1 ; 



Pbop. IV. 

10. Theorem. T^^ three straight lines, which 
bisect the three angles of a triangle, wfiet in 
the same point. * 

Let ABC be a given fxiangle: The three 



I ■ 



.•:... I .' ■ ' 




straight line* which bisect its IL > meet : in tb« 
same point « . 



•I 
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For (E. 9. 1.) bisect the a. ABC, ACB, by BI> 

and CD, which meet in D, and join A, D ; alsa 

from D draw (E. 12. 1.) DE i to BC, DF i to 

AB, and DG i to AC": Then it may be shewn 

as in the next preceding proposition, that DF =: 

IXj ; and t)A is common to the two right-angled 
It^ AFD, AGD ; .% (S. 74. 1.) the L FAD=: L 

GAD ; .•• AD bisects the L B AC, and the three 
straight lines which bisect the three it of the A' 
ABC meet in the same point D. 



■ ' . ■ 

1 1 . Theorem. If a circle he inscribed in a fi^ht- 
angled triangle ^ the eaxxss <yf the two sides j con'' 
taining the right angUy above the third side^ isl 
equal to the diameter of the inscribed circle. 

Let ABC be a A having one of its u. BAC, a 




right L } and let (E. 4. 2.) the circle FEG, of 



i 

I 
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I ■which D is the centre, be inscribed in it. Tlie 
f excess of AB + AC above BC is equal to the dj- 
[ Emeter of the circle FEG. 

For join the centre D, and the points of contact 
E. F, andGj join, also, D, A : Then since (S. 1», 
3. cor. 1.) BE = TiF, and CK:='CG, it is evident 
that AF + AG^ or 2 AF, is the excess of AB + AC 
above BC : Again, since AF = AG, and FD = 
GD, and AD is common to the two ^ AFD, 
AGD, .'. (E. 8. 1.) the z. FAD = ^GAD; but 
(hffp.) the Z FAG is a right z. ; .-. the z FAD 
is half of a right z. ; also (const}-, and E. 18. 3.) 
the /L AFD is a right /. ; .-. (E. 32. 1.) the z 
FDA is half of a right z ; .-. the z FAD=: z 
FDA; .-. (E. 6. 1.) AF = FD, a semi-diameter 
of the circle FEG; .*. 2AF, which was shewn to be 
the excess of AB + AC above BC, is equal to the 
diameter of FEG. 



Prop. VI. 

12. Theorem. Tlie straight line bisecting any 
angle of a triangle, incribed in a given circle, cuts 
the circuTn/erence, in a point which is eqvi-distant 
from the extremities of the side opposite to the 
bisected angle, and from the centre qf a circle in- 
scribed in the triangle^ 
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Let KEF be a A inscribed in the circle KEGF, 
and let KG, wliich bisects the Z.EKF, meet the 
circumference in G : The point G is equi-distant 
from E and F, and from the centre of the circle 
inscribed in the A KEF. 

For, join G, E, and G, F ; draw (E. 9. 1.) EI 
bisecting the L KEF ; .*. (E. 4. 4.) I is the centre 
of the circle inscribed in the A KEF: And since 



(%?.) the L EKG =i FKG, . 
GF, and .-. (E. 29. 3.) GE = 



CE.26.3.)GE= 
: GF : Again, be- 



cause (E. 2 1 . 3.) the L GEF= L GKF, .-. (consfr.) 
the two ^GEH, HEI, that is, the L GEI, are 
equal to half of the two a. EKF, FEK ; also the 
exterior zEIG, of the A EIK, is (E. 32, 1.) equal 
to the two u. IKE, KEI, that is (constr.) to half of 
the two £ FKE, KEF ; ,-. the ^ EIG = z GEI ; 
.'■. (E. 6. 1.) GE = Gr} and it has been shewn 
thatGE=:GF; .-. G is equi-distant from E, and 
F, and from the centre I of the circle inscribed 
in the A KEF. 
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Prop. VII. 

1 3. Problem. In a given circle, to inscribe three 
equal circles, touching each other and the given 
circle. 

Let ABC be the given circle : It is required to 




■;A 



inscribe in it three equal circles, touching each 
other, and also touching ABC. 

About the circle ABC describe (E. 1. 1. and E. 
S. 4.) the equilateral A DEF, the sides of which 
touch the circle in the points A, B and C : Take 
the centre K, and draw KD, KE"and KF: It is 
manifest, from the demonstration of E. 4. 4., and 
of S. 1. 4. cor. ]., that, if a circle be inscribed 
in each of the equal ^ DKE, EKF, FKD, these 
inscribed circles will be equal, and will touch one 
another. 



i 
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Peop. VIII. 



14; Feoblem. To inscribe threp circles in an imt* 
odes triangle, touching each other, and each <^ 
them touching two of the three sides of the tri^ 
angle. 

Let ABC be an isosceles A* having the aide 
A 




AB equal to the side AC : It ii required to in- 
scribe in the A ABC, three circles that touch one 
aqother. 

:, Bisect(E.9,l.) the vertical /.BAG by AD', .'. 
{%. 4. 1.) the two lb. ADB, ADC, are right-angled 
at D ; in the A ADB inscribe (E. 4. 4.) the circle 
lO; and in the A ADC inscribe the circle IH : 
Then, it is manifest, from the demonstration of 
E. 4. 4, that the two circles IG and IH touch 
AD in the same point I, and .■. touch one anpther 
in that point, and that they are equal to one an- 
other; take their centres % and F, and draw £F, 
s 2 



I 
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which (E. 12, S.) passes through I ; and siace the 
two circles arc equal, EF is bisected in I; join, also, 
E, G, and F, H j EG is (E. 18. 3. and E. 28. 1.) 
parallel to "FH"; and EG = FH, .-. (E. 33. 1.) EF 
is parallel to BC, and (E. 29. 1.) the ^AIE, 
AIF, are right IL ; if» ."., from the centre E, at 
the distance EF, a circle be described, cutting AI 
in K, and if K, F be joined, KF (E. 4. 1 .) = KE, 
and the A KEF is equilateral \ and its vertical L 
EKF, which (E. 32. i .) is equal to the L BAC, is 
bisected by AKT; .-. the /:EKI=zBADj .-. 
(E.28. 1.) KE is parallel to AB; join E, N, and 
draw (E. 12. 1.) KL j. to AB and .-. (E. 28. 1.) 
parallel to EN; .-. KLNE is a □, and (E. 34. 1.) 
KL = EN, or EI, or the half of EK ; and if KM 
be drawn i to AC, it is equal (constr. and E. 26, 
1.) to KL. It is evident, .-., that a circle, LM, 
described from the centre K, at the distance K.L, 
or KM, will (E. 16. 3. cor. and S. 6. 3.) touch XB 
and AC, and each of the circles GI, and HI : 
And thus will three circles have been inscribed in 
the isosceles A ABC touching one another, and 
each of them touching two sides of the triangle. 



Paop. IX. 

IS. Theorem. TJte square, inscribed in a circle, 
is equitl to the half of the square upon its dig- 
meter. 
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Let ABCD be a circle : Inscribe in it (E. 6. ♦.) by 



A. I 



drawing the diameters AC, and BD x to one an- ■ 
other, the square ABCD, and describe about it (E. 
7.4.) the square EFGH: And since (E. 41. I.) the 
A BAD is half'ofthe □ EBDH, and the A BCD 
is half of the □ BFGD, the two ^ BAD, BCD 
are, together, half of thetwomEBDH, BFGD ; 
that is, the inscribed square ABCD is half of the 
circumscribed square EFGH, which is equal to 
the square upon the diameter, because (E. 34. 1.) I 
its side FG= the diameter BD of the circle. 



Prop. X. 

\6. Problem. In a given circle, to inscribe a rect- 
angle equal to a given rectilineal Jigure, not ex- 
ceeding the half of the square upon the diameter. 

Let A be the given rectilineal figure, and BCD 
the given circle ; It is required to inscribe, in the 
circle BCD, a rectangle equal to ■the figure A. 



A SUPPLEMENT TO THE 




; 



Draw any diameter CD of the given circle; 
find (S. 55. 1. cor.) a A equal to A ; and to CD 
apply (E. 44. 1.) a aCDEF, equal to that A, 
and, .'., equal to the given figure A ; let the side 
EF of the aCDEF cut the circumference of the 
given circle CBD in B ; draw the diameter BKG, 
and join C, B, and B, D, and C, G and D, G : 
And, since (E. 31. 3.) each of the ^CBD, BDG, 
DGC, GCB, are right /L, .: (S. 36. 1.) BDGC is 
a rectangular o ; and .-. (E, 34. 1.) it is double 
of the A CBD; also (E. 41. I.) the O EDCF is 
double of the A CBD; .-. the rectangle CBDG 
:=LilEFCD, which has been shewn to be equal 
to A; .-. the rectangle CBDG = A. 

Paop. XL 

17. Theorem. Ifjrom any point, in the circum- 
Jerence of a given circle, straight lines he drawn 
to the four angular points of an inscribed square, 
the aggregate of tlie squares of the four lines, so 
dratvn, shall be the double of the square of the 
diameter. 



Let ABCD be a given circle; inscribe in it (E. 



J 
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6. 4.) the square BADC, and from any point P, 
in the circumference, let there be drawn to the 
angular points A, B, C, D, PA, PB, PC and PD": 
Then PA' + PB' + PC' + PD' shall be double of 
the square of the diameter. 

For let K be centre of the circle, and AKC, 
DKB the two diameters perpendicular to one an- 
other, by joining the extremities of which (E. 6.4.) 
the square was inscribed in the circle : Then since 
(E. 31. 3.) the ^ APC, BPD are right ^, .-. (E. 
47. 1.) PA' -f PC'= AC", and PB' + PD'= DB' 
or AC'; .-. PA*+ PB'-)- PC' -(- PD* = 2AC'. 



Prop. XII. 

18. Problem. In a given circle, to inscribe /our 
circles equal to eaek other, and in mutual contact 
with each other and the giv&i. circle. 



Let ABCD be the given circle : It is required 
to inscribe in it four equal circles touching one 
another, and the circle ABCD. 
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About the circle ABCD describe (E. 7. 4.) the 
square EFGH, and draw its diagonals EG, HF, 
which cut one another in the centre K, ao that 
(E.26. 1.) the fouri^EKF, FKG, GKH, HKE» 
Save their sides and £ respectively equal to one 
another: It is manifest, .*., from the demonstra- 
tion of E. 4. 4., that if a circle be inscribed in 
each of the four equal ^, the circles so described, 
will be equal, and will touch one another, and the 
given circle ABCD. 

19. Cos. In the same manner, four equal 
circles may be inscribed in a given square, touch- 
ing each other and the sides of the square. 



Pkop. XI II. 

20. Problem. To inscribe a circk in a giVen Irape- 
zium, of which two opposite sides are, togelhert 
cqtial to the other two sides taken together. 

Let ABCD be the given trapezium, having the 
two sides AD and BC equal, together, to the two 
remaining opposite sides AB and DC : It is re- 
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quired to inscribe a circle in the trapezium 
ABCD. 

Bisect(E.9. l.)eachofthe ^ BAD, ADC, by 
AK and DK, which meet in K ; from K draw 
(E. 12. 1.) KEi to AD, KF 1 to Ai; iCE X to 
BC,andKN l to'CD : Then [demonstr. of S. 3. i.) 
KE, KF, and KN are equal to one another j as 
are, also, AF and AE, and DE and DN ; and KL 
is equal to KF or KN : For if TTL be not equal to 
KF or KN, it is either greater or less ; if it be 
possible, let KL > KF or KN ; and join K, A, and 
K, D, and K, C, and K, B : Then \conslr. and E. 
47. 1.) KB' = KF'+ BF'i and, likewise, KB'= 
KL'+BL'; .■.Kf'+BF="KL'+"BL'; butKL' 
> KF", .-. K' < BF', and Sr< BF : In the same 
manner it may be shewn that LC < CN ; .". BL+ 
LC, orBC, < BF+CN ; add AD to BC, and AF 
+ Dij, which = AD, to BF + CN i .-. AD + SC < 



S66 



A SUPPLEMENT TO THE 



AB + DC, which is contrary to the supposition; 
.". KL is not > K.F; and in a similar manner it 
may be shewn that K.Lisnot<KF; .". KL=:KF, 
or KN, or KE : From K, .■., as a centre, at the 
distance KF, describe a circle EFLN, and it will 
pass through the points L, G, and E, and (E. 16. 
3. cor.) will touch AB, BC, CO and DA, respec- 
tively, in the points F, L, N, and E. 

21. CoR. If two opposite sides of a trapezium 
be together equal to the other two sides, taken 
together, the four straight lines, which bisect the 
fout £ of the figure, all of them meet in the same 
point. 



Prop. XIV. 
as. Problem. Upon a given Jinile straight Uiie, 
to describe an equilateral and equiangular de- 
cagon. 

Let AB be the given straight line: It is re- 
P 
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quired to describe upon it an equilateral and equi- 
angular decagon. 

Describe (E. 10.4.) the A PQR, having each 
of the IL PQR, PRQ, double of the z P j at the 
points A and B, in AF, make (E. 23. 1.) the IL 
BAK, ABK, each of them equal to the l PQR, 
orPRQj .-. (S. 26. 1.) the i:AKB = z.QPR, 
and the £ KAB, KBA, are each of them the 
double of the zlAKB, which L is, .*., the fifth 
part of two right IL \ from the centre K, at the 
distance KA or KB, describe the circle ABCD, 
cutting AK and BK, produced, in C and D ; bisect 
(E. 9. 1.) the zDKA by'EKE7 which (E. 15. 1.) 
also bisects the L CKB ; again bisect the it DKE, 
EKA, by GKH, LKM, which also bisect the U, 
FKB.CKF} lastly,drawBH,HF,FM,MC,CD, 
DG, GK, EL and LA: The ten-sided figure 
ABHFMCDGEL is an equilateral and equi- 
angular decagon. 

For the z AKB has been shewn to be the fifth 
part of two right. ^; .-.(£. 13.1.) it is the fifth 
part of the IL AKB, AKD ; .-. the L AKD = 4 / 
AKB; .-. {constr.) the ^ BKA, AKL, LKE, 
EKG, GKD, and (E. 15. 1.) their vertical u. are 
equal to one another; .-. (E. 26. 3. and E. 29. 3.) 
the ten-sided figure is equilateral; and since 
(constr. and E. 32. 1.) the isosceles ^, into which 
it is divided by the straight lines drawn from K to 
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its angular points, have the u. at their bases all 
equal, the figure 13 also equiangular. 

23. Cob. 1. It is manifest from this proposi- 
tion, and from E. 10. 4., that if the semi-diameter 
of a circle be divided into two parts, so that the 
rectangle contained by the whole and the lesser 
part may be equal to the square of the greater 
part, the greater segment shall be equal to the 
side of an equilateral and equiangular decagon in- 
scribed in the circle ; and thus may such a de- 
cagon be inscribed in a given circle. 

S4. Cob. 2. In the solution of the proposition, 
is shewn the method of describing, upon a given 
finite straight line as a base, an isosceles A, hav- 
ing each of the U. at the base double of the third 
angle. 

25. CoR. 3. The figure ABHFMCDGEL 
being an equilateral and equiangular decagon, if 
the points A, H, and H, M, and M, D, and D,E, 
and E, A, be joined, it may be shewn, from E. 4. 
1., that the figure AHMDE is an equilateral and 
equiangular pentagon. 

In the same manner, if an equilateral and equi- 
angular rectilineal figure of any even number of 
sides be given, a similar figure, having half that 
number of sides, maybe constructed: Also, if a 
circle be described about the given figure, which 
can always be done by the method used in E. 14. 
4., and, each of the equal n of the figure having 
(E. 9. 1.) been bisected^ if the points in which the 
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Circumference is met by the bisecting Itnea, and 
the angular points of the given figure be joined, a 
figure of twice as many sides as the given figure 
will have been constructed, which (E. 26. S,, and 
E. 29. 3.), is equilateral, and, -•., equiangular : 
For in the same manner, that an equilateral penta- 
gon, inscribed in a circle, is shewn (E, 11.8.) to be 
equiangular, may any other equilateral rectilineal 
figure, inscribed in a circle, be shewn to be equi- 
angular. 

Thus, by the help of E. 9. 1, E. 2, 4, E. 6. 4, 
E. 11.4, and E. ] 6. 4., equilateral and equiangular 
figures maybe inscribed in a given circle, of three, 
six, twelve, &c., equal sides ; of four, eight, six- 
teen. Sec. equal sides ; of five, ten, twenty, &c. 
equal sides; and of fifleen, thirty, sixty, &c. equal 
sides. 



Prop. XV. 
26. Problem. Upon a given Jinite straight Une, 
to describe an equilateral and equiangular pen- 
tagon. 

If upon the given finite straight line an isos- 
celes A be described (S. 14. 4. cor, 2.) having 
each of the IL at the base double of the third z., 
and if, also, a circle be described (E. 5. 4.) about 
that A, it will be manifest, that the equilateral 
and equiangular pentagon inscribed in the circle, 
according to the method used in E. 11.4., is the 
figure which was to be constructed. 
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Prop. XVI. 

37. Theorem. The angle of a regular pentagon 
exceeds a right angle by one-jifth fart of a right 
angle ; and is three times as great as the angle con- 
tained by any two sides ofthefgure, -which are not 
adjacent to each other, produced so as to meet. 

Let ABDCE be the given equilateral and equi- 




angular pentagon, and let any two of its sides, as 
EA, DB, be produced, so as to meet in H : Any 
of its ii exceeds a right-angle by one-fifth part of 
a right z , and is three times as great as the L 
AHB. 

About the pentagon ABDCE describe (E. 14. 

4.) the circle AECDB ; bisect (E. 30. 3.) AB, in G, 
and join C, A and C, B, and C, G and E, G and E, B : 
And since Qiyp. and E. 28. 3.) the circumference? 
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CE, EA, CD, DB, are equal, 6^ = 60^^ .: 

CEG is the seinl-circumference of the circle, and 
(E. S1.3.) the ^ CEG is a right ^; also (E.21. 
3.) the £ AEG ^ /. ACG ; and it is manifest from 
the demonstiation of E. 11. 4. E. 32. I., that the 
/. ACI3 is the fifth part of two right £, and .-. 
that its half, namely the Z. AEG, is the fifth part 
of a right Z. ; .'.the z. AEG, which is the excess 
of the L CEA above a right z. , is the fifth part of 
a right Z. . 

Again, the two opposite £ AEC, CBA, of the 
trapezium AECB are (E. 22. 3.) together equal to 
two right /L ; and (E. 27. 3.) the / CBA = 
zBCE; .-.the ^ AEC + /iECB= two rights, 
and .-. (E.28. 1 .) CB is parallel to EA or KH ; .-. 
(E. 29. 1 the z EHD = Z. CBD, which, since (E. 
27. S.) the threes CBD, CBE, and EBA, are equal 
to one another, is a third part of the Z. ABD of 
the pentagon ABDCE. 

28. CoR. It is manifest from the demonstra- 
tion, that the straight line joining the extremities 
of the first and second side of an equilateral and 
equiangular pentagon is parallel to the fourth ' 
side of the figure ; the sides being taken in order 
from any one of them assumed as the first, 



29. Tmeobem. The square of the side of a regular 
pentagon, inscribed in a y;iven circle, is equal lo 
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the square of the tide of a regular decagon^ to- 
gether tcith the square of the side of the regular 
hexagon, both inscribed in that given circle. 

Let AECB be the given circle, of which K is 




the centre, and AB the side of a regular decagon 
inscribed (S. 14. 4. cor. 1.) iruit: Place, in the 
circle, BC = AB, and join A, C j .*. (S. 14. 4. 
cor. S.) AC is the side of a regular pentagon in- 
scribed in the circle, and if K A, KB, and KC be 
drawn, any one of these lines, as KA, is (E. 15. 4.) 
the side of a regular hexagon inscribed in the 
eircle: Then AC' ="0;' + AB'. 

For, in KA take KD='AB, draw BD and pro- 
duce it to meet the circumference in E;,al80, 
draw KE, KC", CFand CD : Then, it is mani- 
fest from S. 14. 4. cor. I. and E. 10.4., that the 
^ KBD = /L AKB; but (conslr. and E. 8. 1.) 
the i AKB= z BKC; ■•. the z DBK or EBK 
= zBKC; .-. (E.27. 1.) ED is parallel to KC: 



i 
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Again, ( E. 20. 3. ) the l EKA or EKD = 
2 L EBA i but (E. 32. 1.) the exterior t. 
EDK is equal to the i DKB + i KBD, that is, 
(conifr.) to twice the L KBE, or to twice the 
L EBA ; .-. the L EKD = L EDK, .-. JiD^EK"; 
and (E. 1 5. def. I .; EK = KC i .-.IT) =: KC, and 
it has been shewn that ED is parallel to KC ; .*. 
(E. 33. I.) EK is equal and parallel to DC, and 
the figure EKCD is a rhombus ; .-. (S. 45. 1.) KD 
is bisected at right IL in H, by CE ; And since 
KD is bisected in H and produced to A, 
.-. (E. 6. 2.) 

KAXAD + DH' = AH' 
.^ KAX AD + 1Th'+HC'= AH'+HC' i 
but {constr. and S. 14. 4. cor. 1.) KAX AD=AB'j 
and (E.47. 1.) DH'+H(j'=DC',orKC',orKA"i 
and AH'+~C' = AC'; 
.-. AC"=KA' + AB'. 
30. Coa. Hence, if ABC be a given circle. 
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and AC, BK two diameters drawn (E. 11, 1.) at 
right IL to one another, if KC be (E. 10. 1.) 
bisected in D, and if from DA there be cut off 
DE=:DB, EK is the side of a regular decagon 
inscribed in the circle ABC, KB is the side of a 
regular hexagon inscribed in it, and EB is the side 
of a regular pentagon inscribed in it. 

ror(E. 1 1. 2.) EK is equal to that part of KB, the 
square of which equals the rectangle contained by 
KB and the remaining part of KB; .■'. (S. 14. 4. 
cor. 1 .) EK is the side of a regular decagon ; and 
SB (E. 15. 4.) is the side of the regular hexagon, 
inscribed in the circle ABC ; since, .'., (constr. 
and E. 47. 1.) EB'=EK'+KD\ EB is (S. 17.4.) 
the side of a regular pentagon inscribed in the 
circle ABC 



Phop. XVIII. 

31. Problem. Upon a given Jinite straight line, 
to describe an equilateral and equiangular hexa- 



Upon the given straight line, as a base, describe 



* This corollary furnishes the best practical method of deter- 
L' ninin^ the sides of a regular pentsgoo, and of a. regular de- 
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(E. 1. I.) an equilateral A ; from its vertex as a 
centre, at the distance of either of its sides, de- 
scribe a circle ; Then, if a regular hexagon be 
inscribed in the circle by the method used in E. 15. 
4., taking either extremity of the base of the equi- 
lateral A, for the centre of the circle to be next 
described, it is manifest that the given straight 
line will be one of its sides. 



Prop. XIX. 

32. Problem. A circle being giveji, to describe 
six other circles, each of ihevi equal to it, and in 
contact with each other and with the given circle. 

Let IGH be the given circle : It is required to 
describe six other circles, equal each of them to 
the circle IGH, and touching that circle and each 
other. 

Find (E. 1.3.) the centre li, of the circle IGH; 
take any of its semi-diameters, as KG ; produce 
KG to A, and make GA = GK ; from the centre 
K, at the distance KA, describe the circle ABCD; 
and in the circle ABCD inscribe (E. 15. 4.) the 
equilateral and equiangular hexagon ABFCDEj 
bisect (E. 10. 1.) the side A3 of the hexagon in 



cagon, to be inscriljed in a given circle; and thus makes it 
* easier to describe a regular pentagon, or a regular decagon, on 
a given finite straight lioe. 

T 2 
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L : Then since (E. 15. 4.) AB = KX or KB, and 
(constr.) AG and BH are, each of them, the half of 

^amm^mma^m mm^^^^^^m ^^mm^ma^^ ^Ba^^i^^^ 

K A or KB ; •*• AG and BH are each of them 

equal to ALor BL: If, .'., from the centres A 

and B, at the distance AG, or BH, two circles be 
described, they will be equal to one another and 
to the given circle, and they will touch (S. 6. S.) 
the given circle in G and H, and will, also, touch 
one another in L. In the same manner, from the 
points E, Dr C, F, as centres, may four other 
circles be described, each equal to the given circle 
and in contact with it, and touching also each 
other. 

SS. Cor. No more than six circles can be de- 
scribed touching one another and a given circle, 
and each of them equal to the given circle. 
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Prop. XX. 

34* Probljsjm. In a given circle to inscribe six 
circles eqihal to one another ^ touching^ each qf 
them^ the given circle, and touching^ also, one aw- 
other. 

Inscribe (E. 15. 4.) an equilateral and equi- 
angular hexagon in the given circle, and through 
the pointSy-in which are its ti^ draw^ (E. 17. 3.) 
straight lines touching the circle ; and it may be 
shewn, by the method used in E. 12. 4., that 
the figure contained by these tangents is an equi- 
lateral and equiangular hexagon ; from the centre 
of the circle draw straight lines to the several IL 
of the circumscribed hexagon, thus^ dividing it 
into six equal equilateral ^ ; and if (E- 4. 4.) a 
circle be inscribed in each of these ^, it will be 
manifest from the demonstration of E. 4. 4 , that 
the circles, so inscribed, will be equal, and that 
they will touch one another in common poinjts of 
the sides of the ^, and will, also, touch the given 
circle, each of them in one of the {Joints of con- 
tact of the circumscribed hexagon. 



/ 
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BOOK V. 



Prop. I. 

1. Theorem. If the first of four proportional mag- 
nitudes be greater than the second^ the third is 
also greater than the fourth; if equal, equal; 
and if less, less. 

Xet A: B :: C : D ; and first, let A>Bj then 
C>D. 

Take the doubles of the four magnitudes ; and 
since (%jp.) A > B, twice A > twice B j .*. {hyp. 
and 5 def. 5.) twice C >^ twice D j .•. C > D. 

In like manner it can be shewn, if A = B, that 
C:±=Dj andif A<B, thatC<D, 



Prop. II. 
2. Theorem. If four magnitudes are propor* 
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Honals^ they are proportionals also -when taken 
inverse!!/. 

LetA:B::C:Dj then B:A::D:C. 

Let there be taken of A and C any equi-multi- 
plespA, pC, and of B and D any equi-multiples 
qB. qD : Then (Jiyp.) A : B : ; C : D. .-. (5. def. 5.) 
if pA > qB, pC > qD ; if pA = qB, pC = qD j if 
p A < qB, pC < qD ; .•. accordingly as qB is greater 
than, equal to, or less than p A, qD is greater than, , 
equal to, or less than pC ^ 

.-. (5. def. 50B: A::D:C. 



Pkop. III. 

3. Theorem. Ifthejirst of four magnitudes be 
the same multiple of the second, or the same part 
of it, that the third is of the fourth, the first is 
to the second, as the third is to the fourth. 

First, let A = pB, and C = pD ; then A : B : : 
C:D. 

Let there be taken of A and C any equi-multi- 
ples qA, qC, and of B and D any equi-multiples 
rB, rD. And since A = pB, accordingly as qA 
>, ^, or < rB, will q times pB be >, =, or < 
rB, i. e. q times p will be > , =, or < r ; and .*. 
q times pD will also be > , ^, or < rD j i. e. {hyp.') 
qC will be >, =, or < rD ; .*. (5. def. 5.) 
A:B::C:D. 



I 

1 
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Secondly, let p A = 8^ and pC = D j then, also, 

A:B::C:D. 
For in that case, as hath been shewn, 

B:A::D:C; 
.-. (S. 2. 5.) A:B::C:D. 



Prop. IV. ' 

4. Theorem. If the first of four proportional 
magnitudes be a multiple j or a part, of the ie- 
condj the third is the same multiple, or the same 
part, of the fourth. 

If A:B::C: D, andlf A=pB, thenC = pD. 
Fot (Aj(p. and S. 8. i.) A : B : : pD ; D } 

and {hyp^) A : B :: C : D j 

.-. (E. 11. 5.) C:D;:pD:D; 

.-. (E.9.5.)C=pD. 

Again, if A : B : : C : D, and if pA = B, then 
pC = D. 

For(%).) A:B::C:Dj 
.•.(S.2.5.)B:A::D:C; 
and (%p.) B = pA } .*., s& in the former case, 
B = pC ; i. €. C is the same part of D, that A is 
«f B. • 
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Prop. V. 

5. Theorem. If any number of equal ratios be 
each greater than a given ratio^ the ratio of the 
sum of their antecedents to the sum of their 
consequents^ shall be greater than that given 
ratio. 

Let the ratios (A : B), (C : D), (E : F), &c. be 
equal to one another, and let each of "them be 
greater than the ratio (P : Q) ; then (A + C + E 
:B+D+F)>(P:Q.) 
For (E. 12. 5.) A+C+E : B+D+F : : A : B ; 
and(A3(pO(A:B)>(P:Q); 
.-.(A+C+E: B+D+F)>P:Q. 



Prop. VI. 



.• 



6. Theorem:. If the first of four magnitudes have 
a greater ratio to the second than the third has to 
the fourth^ the second shall have to the first a less 
ratio than the fourth has to the third. 

If(A:B)>(C:D), then is (B:A)<(D:G). 
For, let £ be a magnitude such that 

(E:B)::(C:D)j 
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and since (kyp,^ 

( A : B) > (C : D) .-., ( A : B) > (E : B) ; 
.'. (E. 10. 5.) E < A ; 
.-. (E, 8. 5.) (B : E) > (B : A) ; 
' But {hyp, and S. 2. 5.) (D : C) : : (B : E) j 
.-. (E. 1S.5.)(D:C)>(B:A): 
Or, (B : A) < (b : C). 



Peop. VII. 

7. Theorem. If ihe first of four magnitudeSi of 
the same kind, have a greater ratio to the second 
than the third has to the fourth, the first shall 
have to the third a greater ratio than the second 
has to the fourth. ' 

If (A : B) be greater than (C : D), then is 
(A:C)>(B:D). 

For, let E be a magnitude such that 

(E:B)::(C:D): 
' ••• Q^yp* and E. 10. 5.) A > E 

.-. (E. 8. 5.) (A : C) > (E : C) ; 

But (E. 1 6. 5. and hyp.) (E i C) : : (B : D) 
.-. (A:C)>(B:D). 
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Prop. VIII. 

8. Theorem. If four magnitudes of the same kind 
be proportionals, and if the frst of them be the 
greatest, the fourth shall be the least ; but if the 
Jirst of them be the least, the fourth sliall be the 
greatest. 

Let A, B, C, D, be four magnitudes of the same 
kind, which are proportionals j and, first, let A be 
the greatest ; then D shall be the least of them. 

For, since (hyp.) A > C, .-. (E. 14. 5.) B > D ; 

Again, since (Jiyp-) A : B : : C : D, 
.-. (E. 16.5.) A:C:;B:D: 
But {hyp.) A>Bi .-. (E. 14. 5.) C>D: And it 
has been shewn that B > D j .*. D is in this case 
the least of the four proportionals. And, if A be 
the least of the four proportionals, it may, in like 
manner, be proved that D will be the greatest of 
them. 

9. CoR. If four magnitudes, of the same kind, 
be proportionals, the difference between the two 
extremes is greater than the difference between 
the two means. 



Prop. IX. 

10. Theorem. If thefrsf, together -mith the se- 
cond, of four magnitudes, have a greater ratio 



i 



^ 
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to the second, than the thirds together with the 
fourth^ has to tfie fourth^ the first shall hceve a 
. greater ratio to the second than the third has 
' to the fourth. 

If {A + B : B) be greater than (C + D : D), 
then is (A : B) > (C : D) 

For, let E be a magnitude such that(E+B :JB) 
::(C+D:D); 

.% (E. 10. 5.) A+B > E+B J 

.-. A>E; 
.-. (E. 8. 5.) (A : B) > (E : B) : 

But (W- and E. 17. 5.) (E : B) = (C : D) ; 

.-. ( A : B) > (C : D). 



Paot. X. 

1 1 . Theorem. J(f the Jirst of four magnitudes 
have a greater ratio to the second than the third 
has to the fourth, the firsts together with the 
second, shall have to the second, a greater ratio 
than the third, together mth the fourth, has to 
the fourth. 

If ( A : B) be greater than (C : D), then is (A + 
B:B)>(C+D:D). 

For, let £ be a magnitude such that (E : B) : : 
(G:D); 
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.-. (E. 10.5.) A>E; 

.♦. A+B>E+B; 
.-. (E. S. 5.) (A+B : B) > (E+B : B) : 
But(E. 18.5. and ht/p.)(E+B : B.)::(C+D: D) j 

.-. (A+B : B) > (C+D : D). 



Prop. XI. 

/ 
I 

12. Th£OR£M. If ihejirst term of a ratio be less 
thdn the second^ the ratio shall be increased by 
adding the same quantitt/ to both terms ; but if 
the first term be greater than the second^ the 
ratio ' shall be diminished by adding the same 
quantity to both. 

Let A be less than B, and let C be any other 
magnitude : 
Then is (A+C : B+C) >(A : B). 
For, (E. 8. 5. and hyp.), (C : A) > (C : B) ; 
.-.(S. 10. 5.), (A+C: A) > (B+C: B); 
.-. (S. 7. 5.) (A+C : B+C) > (A : B). 
And, if A be greater than B, it may, in the 
same manner, be shewn that (A+C: B+C) < 
(A:B.) 



Prop. XII. 

• 

13. Th£OR£M. If the first of four magnitudes, 
qf the same kind, have a greater ratio to the se- 
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cond than th£ third has to the fourth^ the Jirst, 
together -with the thirds shall have to the second, 
together with the fourth, a greater ratio than the 
third has to the fourth, and a hss ratio tlian the 
first has to the second. 

If (A:B) be greater than {C:D), then is 
(A+C;B + D;>{C:D); and (A + e:B+D)< 
(A:B). 
For, (S. 7. 5. and hyp.) (A;C) >(B:D) ; 
.-. (S. 10.5.), (A+C;C)>(B+D;D); 
.-. (S. 7. 5.), (A+C:B + D)>(C:D): 
Again, since (%p.andS. 6. 5.), {B;A)<(D:C), 
or (D:C) >(B; A), it may be shewn, in the same 
manner, that 

(A+C;B+D)<A:B. 



Prop. XIII. 
14. Theorem. If the first, together Teith the 
second, have to tlie second, a greater ratio than 
the third, together with the fourth, has to t/ie 
fourth, then shall the first, togetlter with the second, 
have to the first, a less ratio than the third, to. 
gelher with tlie fourth, lias to the third. 

If (A + B:B) be greater than (C+D;D),then 
is(A+B;A)<CC+D:C). 

For (S. 9. 5. and hyp.) (A : B) > (C : D) ; 



(S. 6. 5.) 



(B 



.-. (S. 10.5.) CA + B 



A)<(C:D) 
A)<(C+D 



C)., 
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Prop. XIV. 

15. Theorem. If the Jirstj together with the, 
secondf have to the third, together with the fourth^ 
a greater ratio than the Jirst has to the thirds 
then shall the second have to the fourth a greater 
ratio J than the Jirsty together with the second, has 
to the third, together with the fourth. 

If (A+B:C+D) be greater than {A:C), then 
is(B:D)>(A+B:C+D). 

For (hyP' and S. 7. 5.) 

(A+B:A)>(C+D:C); 
.-. (S.13.5.) (A+B:B)<(C+D:C); 
.-. (S. 7.5.) (A+B:C+D)<(B:D);, 
Or, (B:D)>(A+B:C+D). 



Prop. XV. 

16* Theorem. J(f antf nwmher qf magnitudes be 
continual proportionals, their differences shaU^ 
also, be proportionals. 

Lei A:B::B:C::C:D, &C., then shall A— B: 
B— C::B— C:C— D, and so on. 
For {Jiyp» and £. 19, 5.) 

A:B::A-B:B-C; 
andB:C::B-C:C-D; 
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•*• (%^* ^^^ E- 1 1 • 'S. cor.) 

A-.B:B-C::B-C:C-D, 

1 Ti Cor. From the demonstration it is manifest, 
that, if three magnitudes, A, B, C, are propor- 
tionals, the excess of th^ greatest^ A, above 
the mean B, is greater than. the excess of the mean 
B above the least, C. 

For it has been shewn that A: B :: A— B:B— C; 
Aiid {ht/p.) A>B; .-. (S. 1. 5.) A-B>B-C. 



Peop. XVL 

18. Theorem. If Jour magnitudes he propoT' 

tionalSf 'they are also proportionals by convert 

sion : thai is, the Jirst is to its excess above the 

second^ as the third to its excess above the 

fourth. 

Let A+B:B:: C + D: D; then A+B:A:: 
C+D:C. 

For (dividendo) A:B::C:Dj 
.•• (invertendo) B : A : : D : C j 
.•. (componendo) A+B : A : : C+D : C, 
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Pnop. XVII. 



19. Theorem. If there be three magnitudes, and 
other three, and ifthejirst have a greater ratio to 
the second, in the Jhrmei- set, than the Jirst has to 
the second, in the latter ; and if, also, the second 
have to the third, in the former set, a greater ratio 
than the second has to t/ie third, in the latter; 
then shall the frst have a greater ratio to the 
third, in the former set, than the first has to the 
third, in the latter. 



Let A, B, C, be three magnitudes, and D, E, F, 
three other magniSudes : If (A : B) be greater than 
(D:E), and {B:C) greater than {E;F), then is 
(A:C)>(D:F). 

For let G be a magnitude such that {G:C) :: 
(EiF); 

.-. (hi/p. and E. 10. 5.) B > G ; 
.-.(E.g. 5.), {A;G) > (A:B). 
Again, let H be a magnitude such that (H:G) 
:: (D:E); 

.•. {Iiyp. and E. 1 3. s.) (H : G) < ( A : B) : 

Much more then is (H:G)<(A;G)i 

.-. (E. 10.5.), A>H; 

.-. (E. 8. 5), (A:C)>(H:C): 

But {hyp. and E. 22. 5.), (H : C) : : (D ; F) j 

.-. tA:C)>(D:F). 
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Prop. XVIII. 



20. Theorem. If there be iki-ee magnitudes, and 
other three, and if ihejirsl have to the second, in 
thejbrmer set, a greater ratio than the second has 
to the third, in the latter ; and if, also, the second 
have to the third, in the former set, a greater 
ratio than ikejirstkas to the second, in the latter; 
then shall the first have to the third, in the for- 
mer set, a greater ratio, than the first has to the 
third, in the latter. 

Let A, B, C, be three magnitudes, and D, E, F, 
I three other magnitudes : If (A:B) be greaterthan 
I (E:F), and (B:C) greater than (I>:E), then is 
[(A:C)>(D:F). 

For let G be a magnitude such that (G:C) :: 
|(D:E), 

.'. {hyp. and E. 10. 5.) B > G ; 
.-. (E. 8.5.), (A:G)>(A:B): 
Again, let H be a magnitude such that (H:G) 
-.(EtF); 

.■. (%). and E. 13. 5.), (H:G) < (A:G) ; 
.-. (E. 10.5.), A>Hi 
.-. (E. 8. J.), (A:C)>{H:C); 
But (»OT- and E. 23.5.) (H:C):;(D:F); 
.-. (A:C)>(D:F). 
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Prop. XIX. 



21. Theorem. If three magnkvdes be propor- 
tionals, the i-wo extremes are, together, greater 
than the double of the mean. 

Let A, B, C, be three magnitudes which are pro- 
portionals: ThenA+C>2B. 
■ For {hi/p. and E.S.def. B. 5.), (A:B):;{B:C] ; 
/. (E. 25.5.) A+C>B+B 
I. e. A+C>2B. 
22. Cor. An arithmetic mean proportional, 
between two given magnitudes, is greater than a 
geometric mean proportional between the same 
two magnitudes. 



Prop. XX. 

J3. Theorem. If there be two sets of magnitudes, 
the one geometiic, and tfie other arithmetic, pro- 
portionals, and if the two Jirst magnitudes be tie 
same in both, any other magnitude in the former 
set, shall he greater than the correspondi?ig mag- 
nitude in the latter. 



Let the magnitudes A, B, C, D, E, kc be gefr. 
metric proportional b, and let the ihagmtudes A> 

u 2 , 
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B, c, d, e, &c. be arithmetic proportionals ; then 
13 C > c, D > d, E > e, and so on . 

For, first, let A be the least magnitude, in each 
I series ; 

.-. (S. 15. 5. cor.) C— B>B-A: 
But, from the property of arithmetic propor- 
' Hot, 

B-A=c-B; 
.-. C-B>c-B; 
.-. C>c. 
Again, {S. 15, 5. cor.) D — C>C — B, and 
as hath been shewn, C— B >c— B ord — c; 
.•.D-C>d-Ci and C>c; .■- D>d. In the 
same manner it may be shewn that E > c, and so on. 
' Secondly, let A be the greatest magnitude in 
each series: 

Then (S. 15. 5. cor.) A-B > B-C ; 
But, from the property of arithmetic propor- 
tion, 

A-B=B~c; 
.'. B-c >B— C 
.•.C>c. 
Again, (S. 15. 5. cor.) B-C >C-D; and it'has 
been shewn thatC>c ; much more then is B— c 
>C-D: 

ButB-c=c — dj 
.-. c-d>C-D; 
.•.D>d: 
And, in the same manner, it may be shewn 
' that, in this case, also, E > e, and so on. 

24. CoE. The two first magnitudes, in both 
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the 3et3, being the same, if the second of the geo- 
metric proportionals be greater than the second of 
the arithmetic proportionals, then, much more, 
will every other magnitude, in the former set, be . 
greater than th? corresponding magnitude in the 
latter. 



Prop. XXI. 

25. Theorem. If there be two series of magni- 
tudes, the one aritliTnetically proportional, the 
other geometrically proportional^ but each having 
tlie same magnitude for its first term, and if the 
last term of the arithmetic series be not less than 
the last term of the geometric series, any other 
term of the former series, shall be greater than the < 
corresponding term in the latter. 

Let the magnitudes A, B, C, D, E, &c. Q, be 
geometric proportionals j and let the magnitudes 

A, b, Cj d, e, &c. q, be arithmetic proportionals j 
then if q be not less than Q, b > B, c> C, d > D, 
and so on. 

For (S. 20. 5. and cor.) if B be equal to b, or ! 
greater than b, Q>q; which is contrary to the 
hypothesis; .-. b>B: 

Again, in the two series B, C, D, Sec. Q, b, c, d, &c. 
q, let b, which has been shewn to be greater than j 

B, be supposed to become equal to B, and q to re- 1 
main of a magnitude not less than Q; then it is 
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fiKtuifedt, from the mature of arithmetic propor* 
tion, that the intermediate termd C, d, &c. must 
each, also, become less than they are in the given 
arithmetic series ; and yet, as hath been shewn, 
die second of them will be greater than C ; much 
more, then, is the term c, in that given series, 
greater than C : And, in the same manner, it may 
be proved that d > D j and so on. 



I ■ . ' 
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BOOK VI. 



f t V I J<" i»«»^* ' I I I ■ I . Hi 



Prop. L 

!• Theorem. If the bases of four rectangks he 
proportionals^ and their altitudes be also pro^ 
portionals^ the rectangles {themselves shall like^ 
wise be proportionals. 

tiCt the Four rectangles AC, DP, GU KM^Iiave 



c 



K 



6 




1 4 





r-t 



their bases AB, D£, GH, KL proportionals, and 
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let their altitudes BC, EF, HI, LM, also, be pro- 
portionals : Then AC:DF::GI:KM. 

For, in EF and LM, produced if necessary, 
take EN= BC, and LP = HI, and complete the 
rectangles DN and KP. 

Then since {hyp.) AB : DE : : GH : KT, 
.-. (constr. E. 1. 6. and E. II. 5.) 

AC:DN::GI:KP: 

Also, (hyp. and constr.) EN : EF:: LP : LW, 

.-. (E. 1 .6. and E. 1 1 . 5.) DN : DF : : KP : KM. 

.-. (E. 22. 5.) AC : DF : : GI : LM. 

2. CoR. 1, If four straight lines be proportion- 
als, their squares shall also be proportionals. 

3. Cob. 2. Conversely, if four squares be pro- 
portionals, their sides shall likewise be propor- 
tionals. 



V Prop. IL ^ 

pi. Theorem. If the outward angle of a triangle, 
made by producing one of its sides, be divided into 
fwo equal angles, by a straight line ichick also 
cuts the base produced, the segments bet-ween the 
dividing line and the extremities of the base have 
the same ratio, -which the other sides of the tri- 
angle have to one another : And if the segments 
of the base, produced, have the same ratio which 
the other sides of the tiiangle hare^ the straight 
line, drawn from the vertex to the point of section. 



^ 
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divides the outward angle of tJie triangle into two 
equal angles. 

First, let the outward A CAE, of any A ABC, 




be divided into two equal Z£. , by AD, which cuts the 
base BC, produced, in D : Then BD ; DC :: BA 
;AC. 

Through C draw (E. 31. 1.) CT parallel to AD; 
.•.(E.29. 1.) the iACr= iCADj but (^ht/p.) 
the,iCAD = zDAE;.-. the i ACF= Z.DAE. 
Again (consfr. and E. 29. ).) the i DAE= ^ CFAj 
and it has been shewn that the i ACF = £ DAE; 
.-. the L ACF= / CFA, and (E. 6. 1.) AF = AC. 
Also (COM/;-, and E. 2. 6.) BD :DC:: BA : AF; 
i. e. BD 1 DC : : BA : AC, because AF = AC. 

I Secondly, let ED ; DC : : BA : AC, and let AD 

I be drawn ; then the i CAD = jL DAE. 

I The same construction having been made, since 

I (;ot.)BD:DC:;BA: AC, 

i and (consfr. and E. 2. 6.) BD : DC : : BA : AF, 

I .-.(E. 11.5.) BA: AC::BA:Ar; 
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2U8 

Wherefore (E. S. 1.) the zArC=/LACr; 
but [mmlr. and E. 29. 1.) the z.EAD=:i AFC, 
and the ^CAD = /LACFi .-. the ^EAD = .! 
CAD. 

5. CoE. 1. Hence a given finite straight line 
may be cut in harmonic proportion. 

For let BD be the given finite straight line: 
Take any point A, out of BD, and through A 
draw BAE ; join A, D ; at the point A, in DA, 
make (E. 23. 1.) the /. DAC = L DAE, and 
bisect (E. 9. 1.) the /. BAC by AG : Then is BD 
cut harmonically in the points G and C. 
For (mnslr. and E. S. 6.) BG : GC : : BA : AC ; 
And (constr. and S. 2. 6.) BA ; AC : ; BD : DC; 
.-.(E. lI.5.)BG:GC::BD:DCi 
.-. (E. 16. J.) BG : BD : ; GC : DC i 
tliat is, BG ; BD : ; BC-BG : BD-BC ; 
which is the property of harmonic proportion. 

6. CoR. 2. If any straight line be drawn be- 
tween BE and BD, it may, in the same manner, 
be shewn to be cut harmonically by the straight 
lines AG, AC, and AD. 



1 



Phop. III. 

7. Theorem. Either of the equal sides of an iso' 
^eks triangle^ is a mean proportional between 
the base, and the halfofthesegvientofthebase, 
produced if necessaiy, ichich is cut off' by a 
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straight line drawn from the vertex at right 

angles to the equal side. 

Let ABC be an isosceles A, having the side 
A 




AB = AC, and let AD, drawn x to AB, meet BC, 
produced, if it be necessary, in D; also, let BD 
be bisected in E : Then BC:AB;; AB:BE. 

For draw AE; and (S. 29. 1.) EA=EB; .•. ' 
(E. 5. 1.) the / EAB= i ABE = /. ACB; .: 
(E. 32. 1.) the z.AEB=zBAC; .-. (E. 4. 6.) 
CB:BA::BA:BE. 



L 



Prop. IV. 
S. Theorem. The diameter of a circle is a mean 
proportioTial between the sides of an eqtdlateral 
triangle and hexagon described about the circle. 

Let DEF be an equilateral A, described about 
the circle ABC, of which the centre is K ; let the 
sides of the A DEF touch the circle in the points 
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A, B, C; let D, B be joined, cutting the circum- 
ference in G9 and let LM be drawn touching the 
circle in G; so that (S. 1 . 4. cor. 2.) LMisthe 
side of a regular hexagon described about the cir- 
cle ABC, and GB passes through the centre K; 

Then,lJE : GB :: GlB : Of. 

For join A, K; .-. (E. 18. 1.) the IL DAK, 
DGL, are right IL^ and the i^ ADK is commoti |;o 
the two22N>,DAK, DGL, which (S. 26. 1.) are, .*., 
equiangular ; 

.-. (E. 4. 6.)DA;AK::DG:GL: 
But (S. 1. 4. and cor. 1. 2.) DE is double of DA; 
the diameter GB is double of AK, or of DG, which 
(S. I • 4. cor. 1 .) is equal to AK ; and LMis double 
of IS; _^ 

/. (E. 15.5.) DE:GB::GB:LM. 
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Peop. V. 

9. Theorem, Equiangular parallelograms Itave to 
one another the same ratio as the rectangles con- 
tained by the sides about equal angles in each. ■ 

Let AC, DF, be two equiangular parallelograms, 
H G, 

MJ- 

- J 




A E D E 

having the ^ ABC = -: DEF : Then AC : DF : : , 
ABxBC:I5EXEF. 

Fo.-draw (E. 11. 1.) BG and ET x to AB and 
Be, respectively i make BG = BC, and ET=EF j 
and complete the rectangles ABGH and DEIK; ] 
and produce the sides of the given nj, that are j 
opposie to AB and DE, to meet AH and DK, \ 
in M End P, respectively. 

And, since (ht/p.) the Z ABC = ^ DEF, ancj! 
(cmstr.) the L ABL = L DEN, .-. the i LBC = 
i NEF; also (lii/p.) the / LCB = i NEE ; .-. (S. 26. J 
1.) the :wo^ LBC, NEF, are equiangular : 



.•.(E.4. l.)BL;BCorBG::EN 

But (L 1.6.) BL;BG::AL:AG 

Mso, EN:EI::DN:DI 

.-.(ElM.) AL;AG::DN:DI 

'. (E, 1 6, 5.) AL ; DN : : AG : Dl 



EForEI: 
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But (E. 35. 1.) □ AL = □ AC; and □ DN = 

□ DF: _ 

..•. AC : DF : : AG or AB X BC : DI or DE X EF. 
10. CoH. Triangles, having equal vertical 
angles, are to one another as the rectangles con- 
tained by the sides about those equal angles. 



Prop. VI. 
11. Theorem. The straight lines, draimfrom the 
bisectioiis of the three sides of a triangle tc the 
opposite angles, meet in the same point. 



I 



Let the sides AB, AC, of the A ABC, te bi- 




sected (E. 10. I .) in E and F ; and let BF ind CE 
cut one another in the point R: The straight line 
which is drawn from A, to the bisection of BC, 
shall also pass through R. 

For join A, R, and produce AR to rae^t BC in 
D ; join, also, E, Fj and through R drav (E. 31. 
1.) FRQ parallel to BC. And, since (cmstr. and 
E. 2. 6.)EF is parallel to BC, .-. (E. 2J. 1.) the 
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two &>. BFE, BRP, are equiangular ; as are, also, 
the^CEF, CRQ. 

.-. (E. 3. 6.) BF : BR : : CE : CR : 

Also (E. 4. 1.) BF : BR : : EF : PR ; 
And CE:CR::EF:RQ; 
.-, (E. U . S.) EF : PR : : EF : RQ J 
.-. (E.9. 5.)PR=RQi 
.-. (S.61.10 BD=DC; 
.*., D is the bisection of BC; and there cannot be 
two straight lines joining the same two points A 
and D, which do not coincide; .■. the straight 
line, drawn from A to the bisection of BC, passes 
through the point R. 



Prof. VII. 

12. Problem. To Jind, •within a given reciiUneai 
angle, Jirst, the locus of all the points, from eack ' 
qf which, if two straight lines be drawn, to thelinet 
containing the given angle, so as always to be 
parallel to tico straight lines given in position, . 
they shall be to one another in a given ratio: 
And secondly, to Jind the locus of all tfie points^ 
from each of which if two straight lines be drawn 
in like manner, they shall cut off from two given 
parts qf the straight lines containing the given 
angle, segments that shall be to one anotlier in a 
given ratio, ui i.; !oi .,-j , .' 
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LetCABbethegivenijletAK,AL,betIietwo 




straight linea given in position ; and let AL be to 
AK in the given ratio : It is required, first, to find, 
within the L CAB, the hcus of all the points, from 
which, if straight lines be drawn to AC and AB, 
parallel to AL and AK, respectiveiy, they shall be 
to one another as AL to AK. 

Through K and L draw (E. 31. 1.) KM", and 
LM, parallel to AB and AC, respectively, and 
meeting in M ; draw AM, and produce it, inde- 
finitely, toward X j AX is the locus which was to 
be found. 

For take any point P in AX, and from P draw 
PQ parallel to AL, and 1^ parallel to AK : And, 
I since {constr. and E. 29. 1.) the O:^ APH, KAM 

I are equiangular, as are, likewise, the ^ APQ, 

\ MAL. 

I .-. (E. 4. 6.) PR : AK : : AP : AM : : PQ ; AL 

I .•.(£. 11.5.) PR: AK::FQ: AL 

1 .-. {E. 16. 5.) PR : PQ : : AK : AL. 
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Secondly, let B and C be two given points in 
AB and AC : It is required to find the lociis of 




all the points, from which if straight lines be 
drawn parallel to AK and AL, they shall cut off 
from CA and IJA two segments, which are always 
to one another in the same ratio as the given 
' finite straight lines AK and AL. 

From CA cut off CE=; AK, and from BA cut 
off BF=AL; from C and B, draw (E. 31. 1.) 
CD parallel to AL, and BD parallel to AK, and 
let CD and BD meet in D; likewise from E and 
F draw EG parallel to AL or CD, and FG parallel 
to AK or BD, and let EG and FG meet in G : 
Through D and G draw the straight line DGX : 
Then is DGX the locus which, in this case, was to 
be found. 

For take any point in it, as P, and draw PH 
parallel to DC, and PI parallel to DB : Then it is 
manifest from the demonstration of E. 10. 6. that 
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HC:EC::PD:GD::IB:FB; 

.-. (E. 16. 5.) HC : IB : : EC : FB : 

That is {conslr.) HC is to IB in the given ratio : 
And it is easily shewn, ej^ absurdo, that no point 
which is out of the locus so determined, has the 
property described in the proposition, 

13. Cor. The intersection of the one locus 
with the other, determines a point, from which if 
two straight lines be drawn to ABand AC, in the 
given directions, they shall be to one another in 
\, the same given ratio as the segments are, which 
fliey cut off from CA and BA. 

Prop. VIII. 

14. Theorem. Jfa circle he touched, in tJie same 
point, both externally and internally, by two other 
circles, and through the point qf contact two 
straight lines be drawn, the parts of them inter- 
cepted between the circumference of the given 
circle, and that of the circle which touches it in- 
ternally, shall have to one another the same ratio 
as the part^ which are chords of the other circle. 

Let the given circle ABC be touched in the 
same point A, internally by the circle DAE, and 
externally by the circle FAG ; and through A let 
there be drawn any two straight lines, BAG, CAP, 
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H 




each cutting the three circles ABC, DAE, FAG : 
ThenBD:CEr;AG:AF. 

For, draw BC, DE, and FG ; and through A 
draw (E. 17. I .) HAL touching the circle BAG, 
in A, and .-. touching the two circles DAE, FAG : 
And since (E. 15. 1.) the L DAH = L LAG, and 
that (E. 32. 3.) the iDAH = iDEA, and the 
iLAG=/lAFG, .-.the iDEF = iEFG, and 
.■. (E. 27. I.) FG is parallel to DE : Also, ilince 
(E. S2. S.) the i DAH or BAH, is equal to each 
of the IL DEA, BCA, they are equal to one an- 
other, and .-. (E. 28. 1.) BC is parallel to DE; 
.-. (E.2. 6.) BD:CE::AG:Ar. 



Prop. IX. , 

15. PaoBLEM. Friym the centre of a gh'en circUi 
to draw a straight line to meet a given tangent to 
circle, so that the segment of the tine between 
X 2 



i Ihec 
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the circle and the tangent sliall he any required 
part of the tangent. 

Let ABC be a given circle, of which K is the 




centre, arid let BD touch the circle in B : It is re- 
quired to draw a straight line from K to BD, so 
that the segment of it, between the circle and BD 
shall be any required part of the segment BD. 

Draw KB; divide (S. 49. 1.) KB into a number 
of equal parts, equal to the number of times 

which the segment of BD is to contain the seg- 
ment of the straight line to be drawn from K to 

BD } and from BD cut off BF equal to one of 

them J from F draw (E. 17. 3.) FC touching the 

chrcle ABC in C j through C draw KCD : Then 

shall CD be the required part of BD. 

For {cmstr. and S. 26. 1.) the two [t^ KBD, 
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0CF, are equiangular; a\s6(consfy', andS. 19. S. 

cor. 1,) FB="FC ; 

.-.(E. 4. 1.) KB:BD::CForBF:CD; 

.-. (E. 16. 5.) KB: BF :: BD:CD J 

.*. (constr, and S. 4. 5.) CD is tbe required part 

ofBD, 



Prop. X. 

I 

16. Problem. From a given triangle to cut off a 
rhombus ; the base of the rhombus being part of 
4he base of the triangle ^ and having its ea^tremitif 
in a given point of that ba^e. 



Let ABC be the given A>and D the given 
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point in its base BC : It is required to cut off from 

file A ABC a rhombus, having its base in BC, and 
terminated by the given point D. 
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Draw AD, and produce it ; from the centre B, 
at the distance BC, describe a circle, cutting AD 
produced in E, and join B, E; .-. BE=BCi 
through D draw (E. 31. 1.) DF parallel to EB; 
also through F draw FG parallel to BC, and 
through G draw GH parallel toFDor BEj .-. 
the figure FDHG is a O : And since (constr. and 
E. 28. 1.) the ^BAC, FAG, are equiangular, as 
are, also, the o^ ABE, AFD, 

.-. (E. 4. 6.) AB:BCorBE;:AF:FG: 
And AB:BE:: AF:FD; 

.•.{E.11.5.) AF:FG::AF:FD; 

.-. (E. 9. 5.) FG = FD; 
But (E. ii^. 1.) FG = DH, and FD = GH ; ,-. 
the figure FDHG, having its base DH in BC, and 
terminated by the given point D, is a rhombus. 



Pkop. XI. 

17. Theorem. If two triangles have one angle of 
the one, equal to ons aitgle of the other, and also 
another angle of the one, together with another 
angle of the other^ equal to two right angles, ike 
sides about the iltio remaining angles shall be prO' 
portionals. 



Let the two /fcv ABC, DEF, have the i BAG a 
L EDF, and another l , as ACB, of the one A» 
together with another L , as DEFj of the other. 
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equal to two right angles : Then AB : BC ; : DF : 

FE. 

From F draw (S. 25. 1.) FG making with DE 
an iFGE = zFEGi .-. (E. 6. I.) FG = rE: 
And since (hyp.) the z. ACB + z DEF = two 
right tL, and that (E. 13. 1.) the zDGF+i 
rGE=two right IL, .-.the iACB + zDEr= 
i DGF + .!L FOE ; but (comb:) the z FGE = 
iFEGj .-. the iACB= /DGF; and {hyp.) 
the aBAC = £GDF; .-. (S. 26. I.) the two ji^ 
ACB, DBF, are equiangular ; .-. (E. 4. 1.) AB : 
BC::DF:FGor FE. 



Prop. XII. 



18. Theorem. Jf^ from the extremities of the base 
of a given triangle, there be drawn two straight 
lines, both on the same side of the base, and each 
equal to the adjacent side, and making with that 
side an angle equal to the vertical angle of the 
triangle, then the straight lines which Join the ex- 
tremities of the Urns so drawn, and the further 
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extremities of the base, shall cut off, from tlie 
sides, equal segments towards the vertex ; and 
each of those segToents sJiall he a mean propor- 
tional between the other segments, that are to- 
wards the base. 



From the extremities B ami C of the base BC, 




^of the A ABC, let BU be drawn (E. 31. l.) 
parallel to AC, and made equal to AB; and let 
CE be drawn parallel to AB, and made equal to 
AC; so that (E. 29. 1.) each of the £ ABD, 
ACE, is equal to the vertical /. BAC ; also, let 

, DC and EB be drawn, cutting AB and AC in L 
"trnd M, respectively : Then AL =: AM ; and 
BL:LA::AM orLA:MC. 

^ For [constr. and E. 15. 1.) tlie^DLB.ALC, 
r*re equiangular, as are, also, the it^. EMC, AMB ; 

. (E. 4.. 6.) DBorAB:AC::BL:LA; 

. (E. 18.5.) AB + AC:AC::AB:AL: 
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Again (E. 4. 6.) CEor AC: AB::CM:MA 
.-. (E. 18.5.) AC+AB:AB::AC:AM 
.-. (E. 16.5.) AC+ AB:AC::AB:AM 
.-. (E. 9. 5.) aL=AW. 
Also, since it has been shewn, that 
AB:AC:: BL:LA, 
and AC:AB::CM:MA, 
,..-. (S. 2. 5.) AB:AC::AM:CMi 
I, .-. (E.11.5.)BL:LA ::AMorLA:MC. 



Phop. XIII. 

19. Theorem. Ifal the extremkies of the hypote- , 
nuse of a right-angled triangle two straight lines 
be drawn, on the same side of the hypotenme as 
the right angle, each equal to, and each perpen- 
dicular to, the adjacent side, the two straight lines 
joining each of their extremities and the furtfier 
extremity of the hypotenuse, shall cut each other 
in the same point of the perpendicular drawn to 
the hypotenuse from the right angle. 



From the extremities A and B, of the hypo- 




tenuse BC of the right-angled A ABC, let BD 
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and CE be drawn i to AB and AC, and equal to 
AB and AC, respectively, and let AK be drawn 
X to BC : Then if D, C and E, B be joined, DC 
and EB shall cut one another in the same point 
of AK. 

For, if it be possible, let DC cut AK in P, and 
let EB cut AK in H ; and from D and E .draw 
(E. 12. I.) DF and EG J. to BC produced both 
ways; .-. (S. S8. 1.) FB = GC, and .-. FC = BG: 
And, since (constr.) the n PKC, DEC, are right 
IL , and that the t PCK is common to the two 
;KPCK, DCF, .-. (S. 26. I.) the two ^ PCK, 
DCF are equiangular ; and, in the same manner, 
the two ^ HKB, EGB may be shewn to be equi- 
angular j .-. (E. 4. 6.) CF:FD:;CK:KP. 

But (S. 88. l.cor.)FD = BK, andCK = GEi 
and it has been shewn tbat CF=BG; 

.. BG:BK::GE:KP: 
But (E. 4. 6.) BG:BK::GE:KH; 

.-. (E.9.5.) KH = KPj which ia absurd; .-. 
DC and EB cannot cut the perpendicular drawn 
from A to BC, in two different points. 

Prop. XIV. 

■20. Theorem. The semi-circumference of a circle 
having been divided into any number of equal 
partSt and chords having been dt^(mn,froni cither 
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extremty of the diameter^ to the several points of 
division, thejint chord has to the second, the same 
ratio-ivhich ike second has to tJic aggregate of the 
Jirst and third ; or the same ratio which any other 
chord has to the aggregate of tJie two chords that 
are next to it. 

Let the semi-circuraference AEL of a circle, 




be divided into any number of equal parts, in the 
points B, C, D, E, F, &c. ; and let AB] AC, AD, 
AE, AF, &c., be drawn : Then 
AB : AC :: AC : AB + AD :: AD : AC + AE,and 
so on. 

For, from C, as a centre, at the distance CA, 
describe a circle cutting AD, produced, in M, 
and join B, C, and C, D, and C, M ; and since 

(hyp.) ABsBC", .-. fE. 39. S.) ^AB= BC; also 
(E. 27. 3.) the iBAC=z.CADi .-. (E. 5, i. 
and S. 26. 1 .) the isosceles ^ABC, ACM, are 
equiangular ; 
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.•.(E.4.6.) AB:AC::AC:AM, orDM+AD: 
But (E. 22. S.) since ABCD is a quadrilateral 
figure inscribed in a circle, the Z ABC+ Z. ADC= 
two right Ki also (E. 13. 1.) the ^ ADC+ ^ 
CDM= two right £; .-.the Z.CDM = iABC; 
and the ^ BAG = ^ CAD, or {constr. and E. 5. 1 .) 
/, CMD ; and the side CM, of the ACDM, is 
equal to the side CA, of the A ABC ; .-. (E. 26. 
1.) DM=AB ; and it has been shewn that 
AB:AC::AC:BM+AD; 
.-. AB:AC;:AC: AB + AD: 
And, by a similar construction, and a similar me- 
thod of proof, the remaining part of the proposi- 
tion may be demonstrated. 



Prop. XV. 

21. Problem. From a given point, either within 
or "without a given rectilineal atigk^ La draw a 
straight line cutting offjrom the lines which con- 
tain the angle, segments, towards the summit of 
the angle, which shall be to one another in a given 
ratio. 

Let FAQ be the given z. , and first let B be a 
given point without it : It is required to draw, 
from B, a straight line which shall cut off' from 
AP and AQ, two segments, towards A, which 
shall be to one another in a given ratio. 

rrora AT and AQ cut off" AC and AD, equal 
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to the two straight lines wliicli exhibit the given 
ratio, each to each; join D, C ; and through B 
draw (E. 31.1.) BEF parallel to DC: Then, since 
{constr. and E. 29. ].) the two ct^ ADC, AEF are 
equiangular, 

.•.(E.4.60 AF:AE:;AC:AD; 

.*. (constr.) AF is to AE in the given ratio. 
And the problem may be solved in the same 
manner, when the given point is within the given 
angle. 



Prop. XVI. 

82. Problem. To draw ihrough a given point a 
straight line cutting the lines •which contain a 
given rectiiineal angle, so that the segment of if, 
between those lines, shall be divided by the straight 
line thai bisects the given angle, into txco parts, 
•which are to one another in a given ratio. 
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LetPAQbetliegiven.!; let AR be drawn (E. 9. 




J? X 

1 .) bisecting it ; and let B be tbe given pomt : It is 
required to draw, from B, a straight line cutting AP 
and AQ, so that the segment of it, between AP 
and AQ, shall be divided by AR, into two parts, 
which are to one another in a given ratio. 

Draw (S. 15. 6.) BEF, so that AF shall be to 
AE in the given ratio, and let BF cut AR in H ; 
then, (E. 3. 6.) since AH bisects the/. FAE, FH 
:HE::AFiAE; that is, FG is to GE in the 
given ratio. 



Peop. XVII. 

S3. Theorem. If two trapeziums fiave an angle 
of iJie one equal to an angle of the oilier^ and if, 
also, the sides of the two figures, about each of 
their angles, be proportionals, tlie remaini7ig angles 
of Ike one shall be equal to the remaining angles 
if the other. 
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Let the two trapeziums ABCD, EFGH, which 
A 



^A 



B CFG 

have the sides about each of their u. proportionals, 
have the i. ABC equal to the L EFG : The two 
figures shall be equiangular. 

For draw AC and EG : Then (%». and E. 6. 6.) 
the tt^ ABC, EFG, are equiaagular, and have 
their equal angles opposite to the homologous 
sides. 

.-. (E. 4. 6.) BA:AC::FE :EG; 
and{/«/pODA:BA::HE:FE; 

.-.(E. 22.5.)DA:AC::HE:EG: 
And in the same manner it may be shewn, that 

DC:CA::HG:GE: 
And (%.,) AD:DC::EH :HG; 
.*. (E.5. 6.) the ^ ADC, EHG, are equiangular, 
and have their equal IL opposite to the homolo- 
gous sides; and it has been shewn, that the ^ 
ABC, EFG, are likewise equiangular ; .■. the tra- 
peziums ABCD, EFGH are equiangular. 



Prop. XVIII. 

24. Theorem, Jf i-wo straight lines touch a circle 
at opposite extremities of its diameter, any other 



A 



320 



A SUPPLEMENT TO THE 



tangent of the circle^ terminated by them^ is so 
divided in its point of contact ^ that the radius of 
the circle is a mean proportional between its seg^ 
ments. 

For (S, 20. 3. cor.) the tangent, so terminated^ 
subtends at the centre of the circle a right ^ , and 
(E. 18. 3.) the straight line drawn from the centrfe 
to the point of contact, meets that tangeiit at 
right IL 9 and is, .\r (E. 8. 6. cor.) a mean propor- 
tional between the segments of the tangent. 



Prop. XIX. 

25. Theorem. If two given circles touch each 
other J and also touch a given straight line^ the 
part of the line between the points of contact^ is a 
Tnean proportional between the diameters of the 
circles. 



Let the two circles ABC, EBD, which touch 
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one another in B, be each of them touclied by CD 
I in the points C and D : Then is CD a mean pro- 
l portional between the diameters of the two circles 
' ABC, EBP. 

For draw the diameters CA and DE, which (E. 
} 18. 3,) are x to CD ; also draw {E. 17. 3.) BF 
' touching each of the circles in B, and join A, B, 
! and C, B, and E, B, and D, B: Then, since (S. 
I 19. 3. cor. 2.) ¥B = FC^ and FB'=rD, a circle 
I described from the centre F, at the distance FB, 
y would pass through C and D ; .•. (E. 31. 3.) the 
1. ^ CBD is a right z. , as is, also, the /. EBD ; .-. 
' (E. 14, 1.) CB and BE are in the same straight 
^ line ; and, in the same manner, it may be shewn 
I that AB and BD are in the same straight line i 
; but (E. 8. 6.) the £ CAD = i DCB or DCE ; .-, 
(S. 26. I.) the two right-angled /t^ EDC, DCA, 
are equiangukri .-. (E. 4.6.J ED;DC::DC:CA. 



Prop. XX. 

26. Problem. Two straight lines being given, 
ivhich are the twojirst of a series qfproportiojmls, 
tojind the rest; and, if the series decrease, tojind 
a line which shall be greater than the aggregate 
of any number, -whatever, qfits terms, but to which 
the aggregate may approximate indejinitdy. 

Let A, B be the two first of a decreasing series 
of proportionals ; II is required to find a line 



I 
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which shall be the limit of the aggregate of the 
proportionals. 

Make CD = A, and EF=B ; and let EF be 
drawn (E. 31. I.) parallel to CD; join C, E and 
D, F, and let CE and DF be produced, so as to 
meet, in G ; join E, D, and through G draw GL 
parallel to ED, and let it meet CD, produced, in 
L : Then is CL the line which was to be found. 

For, through F draw HFQ parallel to ED ; and 
through H draw HI parallel to EF or CD: 

Then (comtr. and E. 34. 1.) nQ=EFj also, 
(constr. and 71. 2. 6.) 

CD:DQ;:CE:EH::DF:FI: 

But since (constr. and E. 27- 28. 1.) the ^EFD, 
HIF are equiangular. 
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.^(E. 4. 6.^ DF:FI:: EF : HI; 
.-. CE.U.5.) CD:DQorEF".EF:HI: 
So that HI is the next of the proportionals to 
EF; and, by a similar construction, the next of 
them NF, may be found ; and so on : But CL = 
CD + DQ-f QR, + &c. ; and, by the construction, 
DQ, QR, &c. are equal to the several proportionals: 
It is manifest, .■., that CL is their limit. 

27. Cor. The first term of a decreasing series 
of proportionals is a mean between the excess of 
the first terra above the second, and the line which 
is the limit of all the terms. 

For draw EV parallel to DG ; then since (E. 
29. !.■) the /t^ CVE, CDG are equiangular, as are, 
also, the iZ^CED, CGL, 

.-. (E. 4. 6.)CV:CD::CE:CG::CD:CL; 
.'. (E. ll.l.)CV:CD"CD:CL. 
And, since (E. 34. 1.) VD = EF, .-. CV = 
CD-EF. 



28. PitOBLEM. To desnibe a square which shdU 
have a given ratio to a given rectilineal figure. 

Find (E. 14. 2.) a square that shall be equal to 
the given rectilineal figure, and from its side, pro- 
duced if it be necessary, cut oiF (E. 10. 6.) a part, 
whiph shall be to the side itself in the given ratio: 
The rectangle, conLiined by the side of the square 
y 2 



■ I 

1 
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and the part so cnt off, will (E. 1. 6.) have to the 
given square the given ratio : If, ."., lastly, a square 
be found (E. 14. 2.) that is equal to the rectangle, 
it will have to the given square the given ratio. 
. 29. CoR. Hence a square may be cut off from 
a given square, which shall be any required part 
of it. 



Prop. XXII. 

SO. Problem. To divide a given finite straight 
line into two parts, the squares of which shall be 
to one another in a given ratio. 

Let AB be the given finite straight line : It is 
E 




required to divide it into two parts, the squares of 
■ which shall be to one another in a given ratio. 
* Draw(E. 11. 1.) AX i to AB; find (S. 21.6.) 
the sides of two squares, which shall be to one an- 
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other in the given ratio, and from AX cut off AC 
equal to one of them, and CD equal to the other f '1 
join D, B; and from C draw (E. 31. 1.) CEparallet I 
to DB : Then is AB divided in E, so that the j 
squares of AE and EB are to one another in thej 
given ratio. 

For (coni/r. and E. 2. 6.) AE :EB ::AC:CD; 
.-. (S. 1. 6. cor. 1.) AE':EB*::AC':CD': 

But (constr.) AC* is to CD* in the given ratioj j 
.*. AE' is to EB' in the given ratio. 



Prop. XXIII. 
31. Problem. To Jind two points, situated in two , 
adjacent sides of a given oblong, at equal distances. { 
from two opposite angles, from which, if two j 
straight lines be drawn parallel to the sides of the - 
figure, they shall cut off from it any part re- ' 
quired. 



Let ABCD be a given oblong : It is required to 
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' find in two of Its adjacent sides, as in AB and BC, 
two points equidistant fiom the IL A and C, fiom 

' which if straight lines be drawn parallel to BC and 

*BA, they shall cut off a given part of the oblong 
ABCD. 

From AB"cut off AE'= BC ; produce CB ; find 
(S. 21. 6.) a square which shall be the same part. of 
the given oblong, as that which is to be cut off, 

_ and in CB, produced, make BF equal to the side 
of that square; bisect EB in G; from the centre 
G, at the distance GF, describe the circle HFL, 
cutting AB produced in L, and AB in H ; from 
CB cut off CM = AH : Then are H and M the 
points which were to be found. 

For, since (constr.) AE = BC, and AH = CM, 
.*.,HE = BM: Again, since (cor<sir.) HG=GL 
andEG=GB, .-. HE=BL; and it has been 
shewn that HE ="bM; .-."BL^BM; hut (constr. 
and E. 35. 3.) HB X BL=BF' ; .-. HBXBM = 
BF' } .*. {constr.) HBX BM is the required part of 
ABXBC; and the points H and M are equi- 
distant from A and C. 



Pitop. XXIV. 

33. Problem. Within a given vblojig, to describe 
another oblong which shall he any required part of 
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*7, and shall have its four sides all equally distant 
Jrom the four sides qfthegiven rectangle. 

Let ABCD be a given oblong ; It is required 




to describe within it another oblong, which shall 
be a given part of ABCD, and have its sides 
equally distant from the sides of ABCD^ each 
from each. 

From ABCD cut off (S. 23. 6.) the oblong 
HBMV, the same part of it as that which is to be 
described, is required to be, and having the ex- 
tremities H and M, of its sides BH and BM, 
equally distant from A and C ; let HV, pro- 
duced, meet DC in I; bisect (E. JO. 1.) DI in K, 
and CM in N ; .-. DK = CN ; from K draw (E. 
31. 1.) KQ parallel to BC, and from N draw NR 
parallel to AB ; from IjC and NR cut off"BP and 
NS^ each equal to DK Or CN"; through P draw 



^BiKJ 
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PQ parallel to Ali, and tlirougli S draw ST pa- 
rallel to BC ; -•. the figure QRST is an oblong : 
And it is manifest, from the construction, that 
RS=HB and RQ=BM, and that, .-., the gno- 
mon QRW is equal to the gnomon HBW, for the 
one may evidently be applied to the other so as to 
coincide with it ; add to these equals the rectangle 
VT, and it is plain that the oblong QRST is equal 
to the oblong HM, which was made the required 
part of the given oblong ABCD. 



Prop. XXV. 

33. Problem. The base, the vertical angle, and 
Die ratio of the two sides of a triangle being given, 
to constnict it. 



Let EF be a given straight line : Upon EF, as 




a base, it is required to construct a A, haviqg it» 
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vertical L equal to a given L , and its two re- 
maining sides in a given ratio to one another. 

Upon EF describe (E. 33. 3.) a segment of a 
circle EKF, capable of containing an L equal to 
the given l , and complete the circle EKFG ; 
divide (E. 10. 6.) EF in H, so that EH is to IlF 
in the given ratio ; bisect (E. 30. 3.) EGF in G j 
draw GH, and produce it to meet the circumfe- 
rence in K ; lastly, join E, K, and F, K : Then is 
EKF the A wliich was to be constructed. 

For since {constr,) EG = FG, .■- (E. 27. 3.) the 
Z. EK.G = L FKG, so that the L EKF is bisected 
by KH; 

.-. (E. 3. 6.)KE:KF::EH:HF: 
That is (coM5ft-.) KE is to KF in the given ratio, 
and the vertical L EKF is equal to the given 
angle. 



Prop. XXVI. 

34. Problkm. a given finite straight line being 
divided into any two given parts, to divide it 
again, so that the rectangle contained hy the two 
former given parts shall have a given ratio to the 
rectangle contained by the fwo latter parts. 

Describe (S. 21. 6.) a square which shall be to 
the rectangle, contained by the given parts of the 
given line, in the given ratio j and divide {S, 7 1 . 3.) 



i 
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the given line into two parts, so that the rectangle 
contained by them shall be equal to the square so 
described : It is manifest that tbis rectangle will 
be to the rectangle, contained by the two given 
parts, in the given ratio. 

Prop. XXVII. 

35. Problem. To drazv a straight line to touch a 
given arch of a circle, so that being terminated by 
the serni-diameters, produced, which bound the 
arch J it shall be divided by the point of contact, 
into two parts that are to one another in a given 
ratio. 

Let LBM be a given arch of the circle ALBM, 
E A/ 




terminated by the two semi-diameters KL and 
KM : It is required to draw a tangent to the circle, 
so that, being terminated by KL and KM, pro. 
duced, it shall be divided, by the point of its 
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contact, into two segments, tiiat are to one an- 
other in a given ratio. 

Take any straight line CD, and divide it (E. 10. 
6.) in H in the given ratio ; draw (E. 1 1. 1.) 
HE J. to CD, and let HE be cut in E, by a eeg- 
ment of a ciixrle described (E. 33. 3.) upon CD, 
capable of containing an L equal to the given 
L LKM ; and join C, E, and D, E ; .'. the L 
CED = I LK.M; lastly, draw (S, 8. 3. cqt:) FBG 
touching the circle ALBM, and making with KL, 
produced, an L KFG = L ECD : Then is the 
tangent FG divided in B, so that FB is to BG in 
the given ratio. 

For join K, B; .*. (constr. and E. 18. 3.) the H 
at B are right H i as are, also, the ^ at H ; and 
iconstr.) the ^ ECH = ^ KFB ; .-. (S. 26. 1.) the 
jK ECH, KFB are equiangular j and since the 
Z CER=z. FKB, and that (constr.) the whole /. 
CED = whole/. FKG, .-. the L MED = zBKG, 
and (S. 26. 1 .) the ^ EHD, KBG are equiangular, 
as are, likewise, the ^ CED, FKG ; 

.■.(E.4.6.) CH:HE::FB:BK; 
and HE: HD::BK:BG; 
.-. (E. 22. 5.) CH : HD : : FB : BG : 
But (coitstr.) CH is to HD in the given ratio } 
.*. FB is to BG in the given ratio. 
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■ ■'">• Phop. XXVIII. 

■■|*i-.'l .' 

36. Problem. Two points being given, one it^ 
each of two parallel straight lines, and a tlurd 
point being also given, without them, to draw, 
from that tJiird point, a straight line so to cut tlie 
parallels, as that the segments of the parallels, be- 
tween it and the two Jirst points, sliall be to one 
afwther in a given ratio. 

Let PQ and RS be the two given parallel 




m 



F E S 

Straight lines ; A and B the two given points in 
them; and C a given point without them : It ia 
required to draw from C a straight line cutting 
PQ and RS, so that the segments of PQ and RS, 
between the cutting line and the given points A 
and B, shall be to one another in a given ratio. 

Join A, B ; and divide (E. 10. 6.) AB in D, so 
that AD is to DB in the given ratio ; through D 
draw CEF, cutting PQ and RS^ in E and F : Then 
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13 CEF the straight line which was to be drawn. 
For, since PQ is {hyp.") parallel to RS, .-. (E. 2D. 
l.)the /. AEF = iEFBi and the z. EAB=^ 
ABF; also (E. 15. i.) the £ ADE = L FDB; 
so that the ^ ADE, BDF are equiangular; 

.-. (E. 4. 6.) AE : BF : : AD : DB : 
But (constr.') AD is to DB in the given ratio ; 
.'. AE is to BF in the given ratio. 



Prop. XXIX. 
37. Problem. To find a point within a given 
triangle, from which if three straight lines be 
drawn to the three angles of the triangle, it shall 
thereby be divided into three parts that are each 
to each in given ratios. 



Let ABC be the given A, and let PQ, QR, RS, 

D, ^ E 
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placed in the same straiglit line, be three given 
straight lines: It is required to find a point within 
the A ABC, from which if straight lines be drawn 
to A, B and C, the A shall thereby be divided 
into three parts that are to one another as PQ, 
QR^ and RS. 

Through A draw (E. 31. 1.) DAE parallel to 
BCi and from B and C draw (E. 11. 1.) "DD and 
CE X to BC ; in like manner, describe upon AB 
another rectangle ABGF, about the A ABC j 
divide (E. 10. 6.) UB in H, so that PS:PQ:: 
DB : BH J divide, also, BG in K, so that PS : 
QR : : BG : BK ; through H draw HI parallel to 
BC, and through K draw KL parallel to BA, and 
let HI and KL cut one another in M : Then 
is M the point which was to be found. 
' For draw MA, MB,andMC: And since (E, 41. 
1.) each of the rectangles DBCE, ABGF, is 
double of the A ABC, they are equal to one 
another; also (E. 41. 1.) AK is double of the A 
AMP, and HC is double of the A BMC: 
But (E. 1.6.) 

HBCI:DBCE::HB:DB::PQ:PS; 

and ABGF : ABKL : : KB : GB : : PS : QR ; 

.-. (E. 22. 5.) HBCI : ABKL : : PQ : QR 5 

.*. (E. 41.1. andE. IS. 5,) 

A BMC: A AMB::PQ:QR: 
Whence it follows, also, that the A AMB : 
A AMC::QR:R5. 
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Prop. XXX. 

38. Problem. To divide a given circular arch 
into two parts, so that the chords of those parts 
shall be to each other in a given ratio. 

Let EKF be the given circular arch : It is re- 




quired to divide it into two parts, the chords of 
which shall be to one another in a given ratio. 

Join E, F; and describe (E. 25. 3.) the circle 
KEGF, of which EKF is a given segment s bisect 

(E. SO. 3.) EG^ in G ; divide (E. 10. 6.) EF in 
H, so that KH shall be to HF in the given ratio; 
draw GH, and produce it to meet the circumfe- 
rence in K ; lastly join E, K and F, K, 

Then, since {constr. and E. 27. S.) the ^ EKF 
i3 bisected by KHG, .-. (E. 3. 6.) XE : KF : : 
EH : HF 5 that is, {constr.) KE : KH in the given 
ratio. ■ -■_:'• ^i- *'', ^ 
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Prop. XXXI. 

39. Problem. To inscribe a square in a given 
trapezium, whick has ifie two sides about any 
angle equal to one another, and the two sides 
about the opposite angle also equal to one 
another. 

Let AKCL be a trapezium having tlie side 




i 



KA:=KC, and also the side LA = LC : It is 
required to inscribe in AKCL a square. 

Draw the diameters of the figure, AC and KL ; 
divide (E. 10.6.) AK in F, so that AF:FK:: 
AC: KLi draw (E.31. 1.) FG parallel to AC; 
and GI and FH parallel to KL j and join H, I : 
Then is the inscribed figure FHIG a square. 

For (S. ]. S. cor.) KL bisects AC at right £ ; 
.: (constr. and E. 34. I.) the £ at F and G are 
right H. : Again the jj::. AFH, AKL (E. 29. L) 
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are equiangular, as are, also, the /b.. KFG, KAC ; 

.-. (E.4.6.) AK:KL:: AF:FH: 

And (constr.) KL : AC : : KF : AF ; 

.-. (E. 23. 5.) AK : AC : : KF : FH : 

But {E.4.6.) AK:AC:: KF:FG; 

.-. (E. 9. 5.) FG = FH : 

And since (E. 2. 6.) CG : GK : ; AF ; FK, it may, 

in like manner, be shewn that GI^GF; and 

(conslr.) GT is parallel to FH ; .-. (E. 33. 1.) IH 

is equal and parallel to GF ; .". the figure FHIG 

is an equilateral □ ; and its ^ GFH, FGI, have 

been shewn to be right a ; .: (E. 34. 1.) all its 

^ are right ^; .■- (E. 30. def. 1.) FHIG is a 

square. 



Prop. XXXII. 

40. Problem. To inscribe a square in a given 
trapezium. 

Let ABCD be the given trapezium : It is re- 
quired to inscribe in it a square. 

Since (E. 34. def. 1.) ABCD is not a a, one 
pair, at least, of its opposite sides must meet if 
they be far enough produced; let, .■., DA and CB 
be produced so as to meet in T : Take any straight 
line^' and upon it describe (E. 46. 1.) the square 
fghi\ ]oiaf, h; and upon hf^ kg, and hi describe 
(E. 33. 3.) segments of circles, ich, fth, and gbli, 
capable of containing u. equal, respectively, to 
the JL T, B, and C, and let fc, I, and m, be the se- 
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veral centres of the circles ; draw km, and divide 
it (E. 10. 6i) in p^ so that wp i pk ■.-.C^'.WX ; 
also join p, I; through h draw (E. 12. 1.) chq i 
to pi produced, and meeting it in y ; also let cj, 
produced, meet the chcumference fth in r, 
the circumference ghh in b, and the circumfe- 
rence ich in c : Again, divide (E. 10. 6.) BC in H, 
so that BH : HC : : bh : he ; make (E. 23. 1.) at 
the point H, in BH, the z BHG = c bhg, the 
ZBHF= A bhf,anAthe t CHI =: zcAi; lastly, 
join F, G- and F, I : Then is the inscribed figure 
FGHI a square. 

For draw (E. 12. 1.) kr&uAfq, x to"fc; Then, 

since (constr. and E. 3. 3.) hh = 2qh, and he 

= 9^5, it is manifest that be = Zqs ; and, in the 

same manner, it may be shewn that tb — 2ry j 

.-. (E. 15.5.) th:bc::rq:qs: 

But (coTislr. and E. 10. 6.) 

ry : js : : ^■;? : pm : : TB : BC ; 
.■,CE.ll.,5,) tb:bc::TB.:BC.. 
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Again [constr. and S. 26. 1.) the O^gbh, GBH 
are equiangular, as are, also, the n^ ich, ICH ; 
.-. (E.4. 6.)Jig:hb::liCj:nn: 
And [constr.) hb : he : : HB : HC : 
Also (E. 4. 6.) Ac : At : ; HC : HI ; 
.-. (E.22.5.)%:A(:: KG: HI: 
But (constr.') 'hg=^}u; .-. HG=H1; and it i» j 
manifest, also, from the construction, that thef 
z. GHI = z gki, of the square ^/«"; .-. the J 
L GHI is a right L . 

Again, since {constr.) bh -.he: : BH : HC, 
.-. {comp. and div.) th : M : : TH : BH : 
Lastly, {constr. and S. 26. l.) the two ^ ^/i, 
TFH, are equiangular, as are, also, the two ^ bhgi 
BHG; 

.-. (E. 4. 6.) /;i : fA : : FH : TH : 

And /A:M::TH:BH; 

Also {E. 4. 6.) M : A^ : : BH : HG; 

.-. (E. 22. 5.)fk : /-^^ : : FH : HG : 

Wherefore, the two ^ ffig, FHG, having thei^ * 

sides about the equal H fhg, FHG, proportionals, 

are (E. 4. 6.) equiangular ; .*. the £ FGH is a 

right angle ; and (E. 4. 6.) EG = GH, because 

(constr.) fg = gh: And, as hath been shewn, the 

IL FGH, GHI, are right it ; .: (E. S8. 1.) GF is 

parallel to HI. 

It has been shewn, also, that HI r: HG ; .*. 
(E. S3. 1. and E, 34. I.) the figure FGHI is equi- 
lateral and rectangular : That is (E. 30. def. 1.) it 
is a square. 
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Prop. XXXIII. 

41. Problem. To determine the locus of the 
summits of all the triangles which can be described 
I on a given basct so that each of them shall liave its 

I two sides in a given ratio. 

I 



Let AB be a given finite straight line : It is re- 




quired to determine the locus of the summits of 
all the ^ which can be described upon AB, as a 
base, having their two remaining sides, in each, 
in a given ratio to one another. 

Divide (E. 10. 6.) AB in C, so that AC shall be 
to CB in tlie given ratio ; from the greater seg- 
ment AC, cut off CD = CB ; find (E. Ji. 6.) a 
third proportional to AD and CB, and in AB, pro. 
duced, make BK equal to it; from the centre K, 
at the distance KC, describe the circle CPE : The 
circumference CPE is the locus which was to be 
determined. 
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For, take any point P, in the circumference 
CPE, and draw PA, PB, PC, and PK : Then 
since, 

(comtr.) AD:CB::CB:BK, 
.-. (E. 18. 5.) AD + CB or AC : CB : : CK : BK ; 

.-. (E. 16.5.) AC:CK::CB:BK; 

.-. (E. 18. 5.) AK : CK : : CK : BK J 
/. e. (E. 15. def. 1.) AK : KP : : KP: KB; 
;-. {E. 6.6.) the two ^ APK, BPK, are equiangular: 

.-. (E.4. 6.)PA:PB::AK:PKorCK: 
And it has been shewn that 

AK:CK::CK: BK:: AC:CBj 

.-. (E. 11. 5.) PA:PB:: AC:CB: 
And (const}:) AC is to CB in the given ratio; .'. 
PA is to PB in the given ratio, wherever, in the 
circumference CPE, the point P is taken.* 



Prop. XXXIV. 
42. Problem. The base, the perpendicular di- 
stance of the ver-te^Jrom the base, and the ratio 
of the two sides of a triangle being given^ to con- 
strtict it. 

Draw (E. 31. 1. and E. 11. 1.) a straight 
line parallel to the given base, and at a per- 
pendicular distance from it equal to the given 
perpendicular distance; draw, (S. 33. 6.) the 

* If the given ratio be a ratio of equality, the locus to be de- 
termined is, manifeatly, the straight line drawn at right angles 
to AD, through the point which divides AB into two equal parts. 
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locus of the summits of ali the /h. which can 
be described on the given base, having their 
sides to one another in the given ratio j and it 
is manifest that the point, in which this locus 
meets the line drawn parallel to the base, will 
be the summit of the A which was to be de- 
scribed. 



Phop, XXXV. 

43. pROBLEia. Tfie segments into 'which tfie per- 
pendicular, drawn Jrom the vertex to the base of 
a triangle, divides the base, and the ratio of the 
two remaining sides being given, to construct 
the triangle. 

The segments being placed in the same straight 
line, upon their aggregate draw (S. 83. 6.) the 
locus of the summits of all the £^., which can be 
described on that line» as a base, so as to have 
their remaining sides in the given ratio : And it 
is evident that a perpendicular drawn (E. 11, 1.) 
to this base, from the point, which is common to 
the two segments, will cut the locus in a point, 
which is the vertex of the A that was to be 
'i^escribed. 



Prop. XXXVI. 

44. Problem. To Jind a poi?tt, Jrom which if 
three straight lines be drawn to titree given poinis, 
th^ shall be each to each in given ratios. 
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Upon the straight line joining two of the given 
points, describe (S. 33. 6.) the locus of the sum- 
mits of all ^ having that line for a base, and ^^ 
having their sides to one another in one of the |l 
given ratios ; upon the straight line, also, joining 
, the third given point, and either of the other two, 
describe the locus of the summits of all ,2^ having ' 
that line for a base, and having their sides in an- 
other of the given ratios : Then it is manifest, 
that the point, in which the one locus cuts the 
other, is the point which was to be found. 



Prop. XXXVII. 

45. pROBLEai. A straight line being divided into ^ 
three given parts, to Jind a point without it, atj 
which the three parts shall subtend equal angles. 



Upon the aggregate of the first and second of 
the given parts, describe (S. 33. 6.) the loctis of 
the summits of all zK having that line for a base, 
and having their sides to one another, as the first ' 
is to the second of the given parts ; Again, upon i 
the aggregate of the second and third of the given < 
parts, describe the locus of the summits of all ^ < 
having that line for a base, and having their sideg 'i 
to one another as the second of the given parts is , 
to the third : Then it is manifest, from E. 3. 6., 
that the point, in which the one locus cuts the j 
other, is the point which was to be found. 
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Prop. XXXVIII. 

46. Problem. To find a point in a given line, 

Jrom which, if two straight lines be drami to ttiio 

given points, both on the same side of the given 

Jim, they shall be to each other in a given ratio. 

Upon the straight liae joining the two given 
points, describe {S. 33. 6.) the locus of the sum- 
mits of all ^ having that line for a base, anA 
having their sides in the given ratio ; and it is 
evident, that the point, in which the locus, so de- 
scribed, cuts the given line, is the point which 
was to be found. 



Peop. XXXIX. 
' 47. Problem. In a given parallelogram to in- 
scribe a parallelogram that shall have its two 
adjacent sides in a given ratio to one another, 
and thai shall be the half of the given parallelo- 
gram. 

Let ABCD be the given □ : It is required to 
inscribe in it a □, which shall be the half of 
_AI3CD, and which shall have two adjacent sides 
in a given ratio to one another. 

Bisect (E. 10. 1.) AB in E, and through E draw 
(E.3]. ].) EF parallel to AD or JiC: And, first. 
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if the given ratio be a ratio of equality, bisect, 
also, EF in K ; through K draw (E. 11. 1.) LKM 
i to EF ; and draw EL, LF, FM, and"ME : 
Then ELFM is an equilateral □, and it is the 
half of the □ ABCD. 

For (E. 10. 6.) LM is divided, in K, in the same 
manner as AB is divided in E; •■. KL=KM; 
.•. (conslr. and E. 4. ].) EL, and LF, and FM, and 
ME, are equal to one another ; and -•. (S. 18. 1.) 
the figure LEMF is a O: And since (E. 4. 1.) 
the A ELF is the half of the □ AEFD, and the 
A EMF is the half of the □ EBCF, .-. the whole 
figure ELFM is the half of the given n ABCD. 

But, secondly, let the given ratio be not a ratio 
of equality : In this case, upon EF describe (S. S3. 
6.) the locus of all the ^ having EF for a base, 
and having their sides in the given ratio, and let 
it cut AD in G ; join E, G, and F, G ; from CB 
cut off CH = AG, and join E, H and F, H : Then 
is EGFH the □ which was to be described. 

For {constr. and S. 43. 1.) EGFH is a Oj and 
it may be shewn to be the half of the given a 



i 
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ABCD, in the same maHiner as ELFM was shewn 
to be the half of ABCD ; and (consir.) the adjacent 
sides ECr and GF, are to one another in the given 
ratio. 



Prop. XL. 

«8. Probl£m« From a given pointy either within 
or without a groeru rectilineal angle, to drecw a 
straight tine cutting the two lines which contain 
the anglcj so that the distances of the two inter* 
sections jrom the given pointy shall he to one 
another in a given ratio. 

Let PAQ be the given rectilineal z i and, first. 




let B be a given point without it : It is required 

to draw from B a straight line cutting AF and AQ, 

so that the distances of its intersections with AP 

and AQ, from B, shall be to one another in a 
given ratio* 
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Through B draw BC to any point C in AP; 
find (E. 12. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and 
to BC J and from BC cut off BG equal to that 
fourth proportional ; through G draw {E. 31. 1.) 
GE parallel to AC, and meeting AQ in E ; join 
B, E and produce it to F: Then shall FB be to 
EB in the given ratio. 

For (comtr. and E. 29. I.) the two /t^ BFC, 
BEG, are equiangular : 

.-. (E. 4. 6.)FB:EB::CB:GBi 

But (const)'.) CB is to GB in the given ratio; 
,". FB is to EB in the given ratio. 

And, by the same method of construction, the 
problem may be solved, when the given point is 
within the given angle. 

49. Coit. It is manifest that the problem 
admits of the same method of solution if one of 
the given lines, as AP, be a straight line of inde- 
finite length, and if the other AQ be a line of 
any kind, in the same plane with AP, 



Pbop. XLI. 

O. Problem. To Jind, between Pwo given paral- 
lel straight I'mcs, the locus of all Ike points, Jrom 
each of which if two straight lines be drawn to the 
irco given parallels, so as always to make with 
them, towards the same parts, given angles, they 
shall be to one another in a given ratio. 



': 
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Let V Wand XY be the two given parallels; 




I .Jet AB and AC, drawn from any point A in XY, 
be in the two given directions : It is required to 
I "find, between VW and XY, a locus, from any 
"points of which if two straight lines be drawn to 
I VW and XY, the one parallel to AC and the other 
l-_parallel to AB, they shall be to one another in a 
given ratio. 

Find (E. 12. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and to 
AB ; and from CA, produced, cutoff ADequal to 
that fourth proportional; join B, D; through A 
[ draw (E. 31. 1.) AE parallel to DB, and through E 
>-'di-aw EF parallel to CA, and let it meet AB in F ; 
lastly, through F draw SFT parallel to VW or to 
XY: Then is ST the locus which was to be 
found. 

For take any point P, in ST, and from P draw 
PQ parallel to AB, and PR parallel to ACT 
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And since {cofistr. and E. 29. 1.) the ^ AEF, 
ABD are equiangular, 

.-. (E. 4. 60 FA : FE : : AB : AD : 
But (constr. and E. 34. i.) FA = P^ and FE"= 
PR i also (constr.) AB is to AD in the given 
ratio i .'. PQ is to PR in the given ratio. 



Prop. XLII. 

■ l. Problem. To divide a given straight line ' 
into two parts, such, that the rectangk contained 
by the whole line and one of its parts, shall have 
a given ratio to the square of the other part. 

Let AB be the given straight line : It is re- 



quired to divide it into two parts, such that the 
rectangle contained by AB and one of the parts t 
shall have to the square of the other part a given, 
ratio. 

Find (E. 12. 6.) a fourth proportional, L, to the I 

two straight lines, which exhibit the given ratiot, 

and to AB; and divide {S. 81. 3.) AB into twof 

parts, in C, so that AC X L = CB* : And since, "i 

(E. 1.6.) ACXAB: ACXLorCB*::AB:L, 
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it it manifest that AB has been divided in C^so 
that AC X AB is to ^* in the given ratio. 



Prop. XLIIL 

52. Problem. One given circle lying within an^ 
other J tojind a point from which, if two tangents 
be drawn, one to each of the given circles, they 
shall he to^ each other in a given raiio^ 

Let ABC, DEF, be two given circles, of which 




DEP lies within ABC : It is required to find « 
point from which if tangents be drawn to touch 
the two circles ABC, DEF, they shall be to oner 
another in a given ratio. 

Draw (E. 17# S.) XL touching the lesser circle 
DEF in any point E, and let AL meet the circum- 
ference of ABC in A and B; bisect (E. 10. 1.) 

AB in G, and from E draw (E. 1 1. 1.) IH ± tot 
AB i find (E. 12. 6.) a fourth proportional to the 
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two straight lines, which exhibit the given ratio, 
and to AG ; and make EH equal to it; from the 
centre G, at the distance GAorGB, describe the 
circle AKB ; from H draw (E. 17. 3.) HK touch- 
ing the circle AKB in K ; and produce HK to 
meet AB, produced, in L : Then is L the point 
which was to be found. 

For, from L draw LC touching the circle ABC 
in C ; and join G, K ; .•. [constr. and E. 18. 3.) 
the i GKL is a right /., as is, also, (constr.) the 
L LEH ; .-. (S. 26. 1.) the ^ LKG, LEH, are 
equiangular ; 

.-. (E. 4. 6.) LE : LK : : EH^: GK or G A : 
But, since (E. 36. 3.) aX X LB is equal to LK*» 
and also to LC, .•. LK z: LC ; and {constr^ EH 
is to GA in the given ratio ; .•- the tangent LE is 
to the tangent LC in the given ratio. 



Pbop. XLIV. 

.53. Problem. Frvm a given point, to draw a 
straight line to cut a given circle, so that the di~ 
stances qf llie two intersections Jrom the given 
point, shall be to each other in a given ratio. 

Let CFE be the given circle, and A the given 
point without it : It is required to draw from A 
a straight line cutting CFE, so that the distances 
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of its two intersections from A shall be to one 
another in a given ratio. 

From A draw (E. 1 7. S») AF^touching the cir- 
cle CFE in F; find (S. 21. 6.) a square, which 
shall be to the square of AF, in the given ratio ; 
from the centre A» at a distance equal to the side 
of the square thus found, describe a circle cut- 
ting, the circumference of CFE in Q; and draw 

AQ, which is, •*., equal to the side of that square; 
produce AQ to meet the circumference of CFE 
again in P : Then shall AP be to AQ in the given 
ratio. 



For(E. 1. 6.) AP:AQ:: AP X AQ: AQ : 

But (E. 36. 3.) AP X AQ = AF* ; and (constr.) 

AF* is to AQ* in the given ratio; .% AP is to AQ 
in the given ratio. 



r \ 
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54. Problem. Two given circles lying whoUy 
•wit/iout one another, through a given pointy which 
is between the two circles, and which is posited in , 
the straight line joining their centres, to draw a 
straight line that shall be terminated by the convex 
circwnferences, and divided, ly the given point, 
into two parts, that are to one another in a given 
ratio. 

Let Bl) and EF be two given circles, and A a 




given point in CK, Which joins the two centres 
C and K : It is required to draw, through A, ft 
straight line, which being terminated hy the con- 
vex circumferences of the circles BD and EF, 
shall be divided by A into two parts, that are to 
one another in a given ratio. 

Produce CK indefinitely toward X: Find (E. 

12. 6) a fourth proportional to the two lines, 

which exhibit the given ratio, and to CA, and 

2 A 
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from AX cut off AH equal to it; 6nd^ also, a 
fourth proportional to the same two given lines 
and any semi-diameter, CD, of the circle BDj 

^and from HX cut off HI equal to it; from the 
centre H, at the distance HI, describe a circle, 
and let it cut the circumference of EF in G j draw 
HG, which ,*. is equal to HI ; draw (E. 31. I.) 
"CB parallel to HG ; and join B, A, and G, A: 

' Then shall BA and AG be in the same straight 

■ line J 

for (cons/r. and E. ll.5.)CA: AH::CB:GH; 
.-. (E. 16. 5.) CA : CB : : AH : GH i 
and (constr. and E. 29. 1 .) the a BC A = /. AHG, 
and two remaining ^ BAG, HAG, of the ^CBA, 
AGH, are of the same species, each of them being, 
necessarily, less than a right z. ; .■. (E. 7. 6.) the 
>;BAC= iGAH; .-. BA and AG are in the 
same straight line; otherwise (E. 15. 1.) the 
greater of two /l would be equal to the less : 
And since (E. 7. 6.) the two ^ CBA, AGH, are 
equiangular, 

.-. (E.4.6.) BA:AG::CA: AH; 
that i% (constr.) BA is to AG in the given ratio. 



Prop. XLVI. 

ffiS. Pkoblem. To find a point, Jrom •which if 

three straight lines be drawn to meet as many 

f t..f 'J^, s^oight ii)ies, which cut one another, so as 



\ 
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to make, each with the line on which it /alls, an 
angle equal to a given angle, the lines so drawn 
shall be, each to each, in given ratios. 

Let AB, BC, and CA. be the three given 




straight lines, and D the given z. : It is required 
to find a point from which if three straight lines 
be drawn to AB, BC, and CA, each making with 
each an Z. equal to the z D, they shall be to one 
another in given ratios. 

Straight lines being supposed to be drawn at 
the point B making, with AB and BC, angles each 
equal to the z. D, draw (S. 7. 6.) the locus BK 
of all the points from which if parallels be drawn 
to them meeting AB and BC, these parallels shall 
be to one another in the first of the given ratioi ; 
then (E. 29. 1.) shall the parallels so drawn make 
with AB and BC, angles each equal to the given' 



i D. 



I 
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■ In like manner draw the locus CK of all the 
points from which if straight lines be drawn to 
AC and CB, making with them angles equal each 
to the given z. D, they shall be to one another 
in the second of the given ratios : And let BK 
and CK meet in K. It is manifest that K is the 
point which was to be found. 



Pnop. XLVir. 

56. Problem. To make an isosceles triangle^ 
which shall be equal to a scalene triangle^ and 
shall also liave an equal vertical angle with it. 

Let ABC be the given scalene triangle: It is 




required to make an equal isosceles A, which 
shall have the z, BAG for its vertical angle, 
i Find (E. 13.6.) a mean proportional between 
the two unequal sides AB and AC, of the given 
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A ABC, and from AB, the greater side, cut off 
AD equal to the mean proportional so found ; also 
produce AC to E, so that AE = AD, and join D, 
E: Then is ADE the A which was to be de- 
scribed. 

For (constr.) BA : AE : : AD : AC j .-. (E. 15. 6.) 
the isosceles A ADE ii equal to the given A 
ABC. 



Prop. XLVIII. 

57- Theorem. If a straight Une, drawn Jrom the 
vertex of an isosceles triangle cutting the base, be 
produced to meet the circumference of a circle 
described about the triangle, the rectangle con- 
tained by the whole line so produced, and the part 
qf it between the vertex and the base, shall he 
equal to the square of either of the equal sides qf 
the triangle. 

Let AD drawn from the vertex, A, of the 
isosceles A ABC, inscribed in the circle ABDC, 
cut the base of the A in E, and the circumference 
of the circle in D : Then IJA X AE= AB\ 

For join B, D, and since (hi/p.) AB=:AC, .-. 
(E. 28. 3.) AB = AC, and .; {E. 27. 3.) the L 



i 
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BDA, of the A ABD, is equal to the L ABE, of 

the A AEB j and the z BAD is common to the 

two fls. ; .". (S. 26. 1 .) they are equiangular j 

.-.(£. 4.6.) DA:AB:: AB: AEj 

,'. (E. 17. 6.)DAX AE=AB\ 



Prof. XLIX. 

58. Theorem, If from a given point, •without a 

circle, two straight lines be drawn to the concave 

■ circwn^erence, they shall be reciprocally pro- 

. portiojial to the parts of them between the given 

point and the convex chrcwrtference. 



For (E. 36.3. cor.) the rectangle contained by the 
one of the lines, so drawn, and the part of it with- 
out the circle, is equal to the rectangle contained 
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by the other line and the part of it without the 
circle i .'. (E. 16. 6.) the two straight lines so 
drawn are veciprocally proportional to the part* 
of them, between the given point and the convex 
circumference. 



Peop. t- 

59. PttOBLEM. To divide a given finite straight 
line into two parts, suck, that another given 
straight line, not greater than the half qf the 
former, shall be a mean proportional between 
them. 



Let AC be the given straight line which is to 





be divided into two parts, and let CG, placed at 
right IL to AC, be the line which is to be a mean 
proportional between the parts of ACD. 

Upon AC, as a diameter, describe the circle 
ACB; through G draw (E. 31. J.) GF parallel 



3$a 
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to CAy and let GF meet the circumference of 
AECF : in F; through F draw the chord FDE 

{>arallel to GG, anid .«. (E. 29. 1 .) x to AC ; .♦. 

(E. 8. 3.) FE is bisected in D j .•. (E. 35. 3.) KB 

X DG = DF* ; but (constr. and E. 34. lO fe = 

5F; .-. ad X DC = CG* J .♦. (E. 17. 6.) the 
given straight line GG is a niean proportional 

Jbetween AD and DCl 



Prop. LI. 

# • • ■ 

I ■ -I 

jBO. Problem^ Of four strafgfit lines "which '^e 
continual proportionals^ the two extremes being 

i givetif and al^o a line which is equal to the 
difference of the other two^ tq Jind those two 
lines. 

\uei AB and BC, placed in the same straight 




i 
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line, be the two given extremes, and L the given 
difference of the two mean terms, of four propor- 
tionals: It is required to determine the two mean 
terms. 

Bisect (E. 10. 1.) AC in D, and from the centre 
D, at the distance DA or DC, describe the circle 
AECF; likewise, upon DB, as a diameter, de- 
scribe the circle DGB ; and, since (S. 4. .5. cor. 
and hyf^ DB is greater than L, in the circle 
DGB place (E. 1. 4.) BG equal to the half of L j 
and produce GB both ways to meet the circumfe- 
rence in E and F : Then are BE and BF the two 
mean proportionals, which were to be found. 

For join D, G ; and because the l DGB is in 
a semicircle, it is (E. 31. 3.) a right L ; .-. (E. 3. 
3.) GF = GE ; whence it is manifest that BG, 
which was made equal to the half of L, is the 
difference between BF and BE ; also (E. Z5. 3.) 
;ABXBC = BFXBE; 

.'. (E. 16. 6.) AB : BF : : BE : BC.» 



Phof. LII. 

61. Peoblem. Ta make a triangle, ichtch shall 
have its two sides equal to two given straight 
lines, each to each^ and shall have its Base equal 



• The method used in this propoaition furnishes another, am 
perhaps a neater, mode of solving the problems contained i 
' IS. 8fi. 3. and its corollary. 
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to the perpendicular distance of the vertex from 
the base. 

Let AC and CB be two given straight lines : It 

B 




is required to dtscribe a A which shall have its 
base equal to the x drawn to it from the vertex, 
and shall have its two remaining sides equal to 
AC and CB, each to each. 

Let AC and CB be placed in the same straight 
line ; and from the centre C, at the distances CA 
and CB, describe the circles ADE, BFG ; from 
the centre A, at the distance CB, describe a cir- 
cle cutting the circumference BFG in F; and 
join A, F; so that AF=CB; produce FA to 
meet the circumference BFG again in G ; upon 
AC as a diameter describe the circle AHC, and 
in it place AH = AG ; draw CH and produce it 
to meet the circumference BFG in I ; lastly, join 
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J, A, and produce lA to meet the circumference 
BFG in K : Then is CAK the A which was to be 
described. 

For, draw {E. 12. 1.) CL i to AKj .-. (E.3I. 
3. and S. 26. 1.) the zK CLI, AHI, are equian- 
gular ; and since (E. 35. 3.) AI X AK = AG X 
AF, i.e. {constr.) ATx AK = AHX CK, 
.-. {E. 1 6. 6.) AI : AH : : CK : AK : 
But (E. 4. 6.) AI : AH : : CI or CK : CL ; 
.-. (E. 9. 5.) AK = CL: 
And the given straight line AC is one of the sides 
of the A CAK ; and CK, which {E. 15. def. 1.) is 
equal to CB, is the remaining side. 



Phop. LIII. 

62. Theorem. If from any point in the diavieler, 
or ike diameter produced, of a given parallelo- 
granit perpendiculars be letfallon the two adjacent 
sides, produced, if necessary, which meet the di- 
ameter, the perpendiculars shall he reciprocally 
proportional to the sides on -which they fall. 

Let AB be the diameter of the □ ABCD •, 
let P be any point in AB, and Q any point in AB 
produced ; and let PK and QM be x to AB, and 
PL and QN i to BC : Then 

AB:BC::PL:PK::QM:QN. 




For dra* AC, and AP, and PC ; and let AC 
cut BD in E; 

.-. (S. 42. 1.) AE=EC. 
.-. (E. 38. 1.) 

A ABE = ACBE ; and A APE = A CPE ; 
.-. A APB = A CPB ; 
.-. (E. 41. 1.) AB X PK = BCXPLi 
.-. (E. 16. 6.) AB : BC : : PL ; PK. 
Again, since (consir. E. 15. 1. E. 32. 1.) the /K 
BKP, BNQ, are equiangular, as are, also, the ^ 
BLP, BMQ, 

.-. (E. 4. 6.) QM : BQ: : PL ; PB; 
andBQ:QN::PB:PK, 
.-. (E, 22. 5.) QIVI : QN : : PL : PK : 
And it has been proved that AB : BC : : PL : PK ; 
.-. (E. 11. 5.) AB ; BC : ; QN : QM. 
In the same manner, also, the proposition may 
be shewn to be true, if perpendiculars be let fall 
from Q on the sides DA, and DC, produced. 
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Prop. LIV. 

63. Problem. From a given point, in the base of 
a scalene triangle, to draw a straight line, "whick 
shall cut off equal segments Jrom the two remain- 
ing sides, the less of those sides having been pro- 
duced. 

Let D be a given point in the base BC of tHe 




B D 



I 



scalene A ABC : It is required to draw from D a 
straight line which shall cut off from the greater 
side AC, and from the less side AB, produced, 
equal segments. 

From AC cut off ( E. 3. 1 .) CE = AB } through 
D draw (E. 31. 1.) DF parallel to AB, and DG 
parallel to AC ; and, accordingly as the point F 
falls between E and C, or between E and A, take 
in AG, or in GA produced, .AH = EF ; produce 
HG, or GH, (S. 73. 3. cor.) to K, so that GK X 
KR = GA X AF ; lastly, join D, K : Then shall 
DK cut off from AC a segjment CL equal to the 
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segment BK, which it cuts off from AB produced. 
For, since (co/ist?-.) GK X KH is equal to GA 
X AF, or (constr. and E. 34. 1.) to DF X GD, 
: .-. (E. 16. 6.)GK:GD::DF:KH: 

But (constr. E. 29. 1. and S. 26. 1.) the two ^ 
KGD, LFD, are equiangular ; 

.-. (E. 4. 6.) GK:GD::DF:FL: 
.-.(£. 9.5.) KH = FL: 
But [constr.) BH^CFj to these equals add 
the equals HK, and EL, and it is manifest, that 
the segment CL is equal to the segment BK. 



Prop. LV. 

64. Theorem. If an angle of a triangle be bi- 
sected by a straight line, ifhick also cuts the base, 
the rectangle, contained by the sides of tfie tri- 
angle, is equal to the rectangle contained by the 
segments of the base, together with the square of 
ike straight line bisecting the angle. 



Let ABC_be a A, and let the z BAG he bi- 
sected by AD; then JBA X AC = BDX DC + 
AD\ 

Describe (E. 5. 4.) the circle ACB about the 
triangle ; produce AD to the circumference in E, 
and draw EC. And, because (E. 21. 3.) the z 
ABC = Z AEC, and (hyp.) the z BAD = Z 
CAE, .*. (E. 32. I.) the /K ABD, AEC, are equi- 
angular ; 
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.-. (E. 4. 6.) BA : AD : ; EA : AC; 
.-. (E. 16. 6.) BA X AC = EA X AD ; i. e. (E. 
S. 2.) BA X AC = ED X DA + ADS But (E. 
35. 3.) ED X DA = BDXDC; .-. BAXAC 
= BDXDC"+ AS'. 



Paop. LVr. 

65. Theorem. Ifjrom any angle of a triangle a 
straight line be drawn perpendicular to the hascy 
the rectangle contained by the sides of the triangle, 
is equal to the rectangle contained by the perpen- 
dicular and the diameter of the circle described 
about the triangle. 

Let ABC be a A , and AD the x from the jL BAG 
to the base BC; then is BA X AC equal to the 
rectangle contained by AD, and the diameter of 
Ac circle described about the A ABC. 

Describe (E. .5. 4.) the circle ACB about the 



^ 



M 



A 'supplement to the 




triangle ; draw its diameter AE, and join E, C : 
Because the L EGA in a semi-circle is equal (E. 
31. 3.) to the right i. BDA, and that (E.21. 3-) 
the L AEC ~ L ABC, .-. (E. 32. 1 .) the fl^ ABD, 
AEC are equiangular, 

.-. (E.4.6.)BA: AD::EA:AC; 
.-. (E. 16.6.)BAX AC = EA X AD. 

Prop. LVII. 

66. Theorem. The rectangle contained 

diagonals of a quadrilateral rectilineal JtgurCf 

, inscribed in a circle, is equal to both the rectan- 
gles contained by its opposite sides. 



Let A BCD be any quadrilateral rectilineal 
figure, inscribed in a circle ACB, and let AC, 
BD, be its diagonals ; then AC X BD = AB X 
CD + ADXBC: 

Make (E. 23. 1.) the z. ABE= l DBCj add 
to each the common ^ EBD ; .-. the z, ABD = 
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iEBC; and(E. 2i. s.) the L BDA= L BCE ; 
.•. (E. 33. 1.) the a~, ABD, BCE, are equiangular; 

.-. (E. 4^) BC:CE::BD:DA; 
.-. (E. 16. 6.) BCXAD = BDXCE: Again, 
because (constr.) the z ABE = z DBC, and 
(E. 21. 3.) the i BAE = z. BDC, the !t^ ABE, 
BCD, are equiangular ; 

.-. (E. 4^) BAjAE uJD : DC ; 
.-. (E. 16. 6.) BA X DC = BDX AEj_ And it 
has been shewnJhat_JC X^D = BD X^E ; 
.-. (E. 1. 2.) AC X BD = AB X CD + AD X 

m. 



Pnop. LVIII. 
67. Theorem. If,Jrom the centre of the circle, 
described about a given triangle, perpendiculars 
he drawn to the three sides, t/teir aggregate 
shall be equal to the radius of the circum- 
scribed circle, together •with the radius of the 
circle inscribed in the given triangle. 

Let ABC be the given A; bisect (E. 10, 1.) 
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AB, BC, and AC in the points D, E, anil F ; and 
[ from D, E, and F draw (E. 1 1. 1.) DG i to AB, 
I EG 1 to BC, and FG i to AC ; then (S.4. 1.) 
[these perpendiculars meet in the same point G, 
I'Which is the centre of the circle that can be de- 
I 'scribed about the A ABC ; find, also, (E. 4. 4.) 
I the centre K, and the semi-diameter KH, of the 
[ circle that can be inscribed in the A ABC ; and 
draw GA: Then* GO + GE + GF = GA + 

KH. _ 

For draw DE, EF, and FD, .-. (S. 69. i. cor. i. 
and E. 34. 1.) I AC, CF = ^ AB, and FD = X i 
BCj draw GB, and GCj And, since (constr.) the 
IL at D, E, F, are right ^, .: (E. 32. 1. cor. 1.) 
the two s. DAF, DGF, are, together, equal to 
' two right a } •■■ (S. 28. 3.) a circle may be de- 
scribed about the trapezium ADGF ; and in the 
same manner it may be shewn that circles may 
be described about BDGE, and CFGE : 

.-. (S.57.6.) AGXDF+BGXDE+CGXFE = 



" The straight lines GD, GE, GF, are wanting in the figure. 
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AFXDG+ADXGF+BDXGE+BEXDG + 
CEXGF+CFXGE: And if to the doubles 
of these equals be added the rectangles GEXBC 
+ GFXAC + GDXAB. which (E. 41. l.)raake 
up the double of the A ABC, it will be manifest, 
from E. I. 2., that the rectangle contained by the 
perimeter of the A ABC, and by GA, together 
with the double of the A ABC, is equal to the 
rectangle contained by the perimeter of ABC, and 
by the aggregate of GD, GE, and GF: But (S. 3. 
4.) the double of the A ABC is equal to the rect- 
angle contained by the perimeter of the A and 
the semi-diameter, KH, of the circle inscribed in 
it J .'. (E. 1. 2.) the rectangle contained by the 
perimeter, and by the aggregate of GA and KH, 
is equal to the rectangle contained by the perime- 
ter, and by the aggregate of GD, GE, and GFj 
.-. GD-|-GE-i-GF=GA + KH. 



* 



L 



Prop. LIX. 

58. Problem. To Jind a point, from "which ifA 
three straight lines be drawn to three given 
points, their differences sJiall be severally equal I 
to tliree given straight lines; the difference ^f J 
ani/ two of the straight lines to be drawn, nof f 
being greater than the distance of tlie two 4 
pomts to mkich they are to 



Let A, B, C, be the three given points, and R, S, 
5b 2 
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■two of the given differences : It is required to 
£nd a point, from which if three straight lines be 
drawn to A, B, and C, the difference of the first 
and second shall be equal to R, the difference be- 
tween the second and third equal to S, and .'. the 
difference between the iirst and third equal to the 
third of the given differences. 

Draw AB, BC, and CA ; bisect (E. 10. 1.) AB 
in D, and BC in E ; from DB cut off DF, equal 
to a third proportional (E. 11. 6.) to 2AB, and to 
S J likewise from EB cut off EG, equal to a third 
proportional to 2BC, and to R j and through F 
and G draw (E. 11. 1.) FH x to AB, and GH j. 
to BC, and let them meet in H ; find (E. 12. 6.) 
a fourth proportional, (T,) to AB, S, and BC j 
through H draw (S. 7. 6.) the locus, IH, of all the 
points, from which if perpendiculars be drawn to 
AB and BC, respectively, they shall cut off from 
GB and FB segments that are to one another as 
R is to T J lastly, in IH find (S. 96. 3.) a point K, 
such that the difference of its distances from C 
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and B, shall be equal to li : Then is K the point 
which was to be found. 


* For if not, let P be the point ; and, if it be pos- 


sible, let the point P be out of IH ; join P, A, and 


P, B, andP, C; and draw, from P (E. 12. 1.) PL 


^ i to AB, and PM i to BC : Then [constr. E. 17. 


3. andS. 96. 3. cor. 1.) 


FLXAB=BPXS; andGMXBC = BPXR ; 


, .'. {E. 16. 6. and constr.) 


BP:FL::AB:S::BC:T; 


andGM:BP::R: BC; 
.-. (E.23.5.)GM:FL::R:T: 


.■. (constr. and S. 7.6. cor.) the point P cannot 


be out of IH ; .-. {constr. and S. 96. 3. cor. 2.) K 


is the point which was to be found. 

] 


Prop. LX. '^^B 


69. Problem. To describe a circle, which shall 


j " pass through a given point, and touch two given 


circles. 


1 

' Find a point (S. 59. 6.) such that the difference 


between its distance from the centre of the one 


; circle, and its distance from the given point, shall 


be equal to the semi-diameter of that circle ; and 


that the difference between its distance from the 


1 other centre, and from the given point, shall like- , 


wise be equal to the other given semi-diameter : J 

i 
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It 13 manifest (S. 6. 3.) that the point, so deter- 
mined, is the point which was to be found. 

Otherwise. 
Let BCD and EFG he the two given circles, 




and A a given point without them : It is required 
to describe a circle which shall pass through A, 
and touch the two circles BCD, EFG. 

Find (E. l. 3.) the centres, K and L, of the 
two given circles J draw KL and let it, produced, 
meet the circumference of BCD in B, and the 
circumference of EFG in E and G ; and let it 
meet CH, which is drawn (S. 52. 3.) so as to touch 
both the circles, in H i join H, A; find (E. 12.6.) a 
fourth proportional to AH, HB» and HG, and 
from HA cut ofT HI equal to it ; so that (E. 1 6. 
6.) BHXHG=AHxHT; lastly, describe (S. 
95. 3.) a circle AMI, passing through A and I, 
and touching either of the given circles BCD, in 
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some point, M ; it shall, also, if HM be drawn, 
pass through the point N, in which HM cuts the 
circumierence of the circle EIXj, and shall touch 
EFG in the point N. 

For, if it be possible, let the circumference of 
the circle AMI cut HM in some other point, as 
P : Then (E. 36. 3.) MH X HP = AH X HT; 
but(cons/r.) AHxHr=BHXHG, and (E. 36. 
3.) BHXHG=MHxHNj .-. MHX^P = 
MHX HN ; .-. HP is equal to HN, the less to 
the greater, which is absurd ; .*. the circumfe- 
rence of the circle MIA cannot but meet the 
circle EFG in the point where it is cut by MH j 
and it touches the circle EFG in that point. 

For draw KM, KC, KD, LQ,'LF, and LP, and 
let MK and PL, produced, meet in R : Then 
since (constr. and E. 18. 3.) the zh. HFL, HCK, 
having a common z. at H, have the H HFL, 
HCK, right £, they are (S. '26. 1.) equiangular; 
,-. (E. 4. 6.) HL:LFor LQ::HK:KCorKM: 
And the ^ HLQ, HKM, have a common z at 
H, and have the two remaining £ HQL, HMK 
of the same species; for since MH cuts both the 
circles, the a. HQL, HMK, are(E. 16. 3. cor.) 
, each of them less than a right Z. j .". (E. 7. S.) 
the /. HQL = z HMK ; .-. (E. 15. def. i. and E. 
5. 1.) the z LNQ, or RNM, = ^ HMK, or NMR ; 
.-. (E. 6. I.) RM = RN; but, since the circle 
AMI touches the circle BCD, of which K is the 
centre, .-. (E. ii. or 12. 3.) the centre of AMI 
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must be in SIR; and since 11M=RN, 
centre (E. 7. 3.) "lust be in R ; since, 



that 
, the 
diameters of the two circles MAI, EFG, have a 
common extremity at N, the two circles (S. 6. 3.) 
touch one another.* 



70. Problem. To describe a circle that shall aucn 
three given circles. 

Find a point (S. 59. 6.) such that the difference 
between its distances from the centres of the first 
and second of the given circles, shall be equal to 
the difference of the diameters of those circles, 
and such that the difference between its distances 
from the centres of the first and third of the given 
circles, shall be equal to the difference of the 
diameters of those circles : Then it is manifest, 
that the difference between its distances from the 
centres of the second and third of the given 
circles, will be equal to the difference of their 
diameters ; and that, if from the point so deter- 
mined, as a centre, a circle be described touching 



* It is evident that Prop. 59 may be deduced from this pro- 
position, as it is thus independently demonstrated ; and that the 
proposition immediately followmg, which is one of some cele- 
brity, may be deduced from either of them. 
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any one oi'the giveu circles, it will (S. 6. a.) also I 
touch the other two. 



Prop. LXII. 

71. Problem. Upon u given Jinite straight line, 
to describe an equilateral and equiangular Jigm-e, 
having the number of its sides equal to four, eight, 
sixteen, ^e. ,■ or to three, six, twelve, tSj-c. ; or to 
Jive, ten, twenty, ^c. ,- or to ffteen, thirty, sixty, 
^c. sides. 

In any circle inscribe (S. 14. 4. cor. Z.) an equi- 
lateral and equiangular rectilineal figure of any 
number of sides that is specified in the proposi- 
tion ; then upon the given finite straight line 
describe (E. 18. 6.) a rectilineal figure similar to 
it, and the problem will have been solved. 



Prop. LXHI. 

72. Theorem. Similar triangles, and similar po- 
lygofis, are to one another as any rectilineal 
figure described upon any side of the one, is to a 
similar rectilineal figure similarly described upon 
the homologous side of the otJier. 

For (E. 20. 6.) the two given figures, and two 
similai- figures thus similarly described, will have 



A SUrPLEWKNT TO THE 



to one aRother the same duplicutc ratio of that 
which the homologous sides have. 



Prop. LXIV. 

73. PaoBLEM. To cut off" from a given triangle 
any •part required^ by a straight li?ie drawn 
parallel to a given straight line. 



I 



Let ABC be the given A, and AX a given 
A _1^ K X 




straight line : It is required to cut off, from the A 
ABC, any assigned part, by a straight line drawn 
parallel to AX. 

First, let AX be parallel to BC ; find (S. 2 1. 6.) 
a square which shall be the same part of the 
square of AB, that the A, to be cut off, is required 
to be of the given A, and make AD equal to its 
side ; through D draw (E. 3]. I.) DE parallel to 
AX or BC : Then is ADE the A which was to 
be cut (rfffrom ABC. 
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For, (constr. and E. 29. 1.) the ^2:^ ADE, ABC, 
are equiangular ; 

.-. (E. 4. 6. and S. 63. 6.) AD':AB':: A ADE; 
AAEC. 

-■. [constr. and S. 4. 5.) tlie A ADE is tlie re- 
quired part of the A ABC. 

Secondly, let AX be not parallel to DC, and ^ 
let it meet BC, produced, if necessary, in F : Find 
(S. 21. 6.) a square which shall be the same part ■ 
of the rectangle FB X BC, that the A, to be cut 
off, is required to be of the A ABC, and make ] 
BG equal to its side ; through G draw GH paral- 
lei to FA : Then is BHG the A wliich was to be 
cut oflFfrom ABC. 

For (constr. and E. 29. 1.) the ^ BHG, BAF, 
are equiangular ; 

.-. (E. 4. 6. and S. 63. 6.) 

BG' : BF' : : A BHG : A BAF ; 

And (E. 1.6. and E. 11.5.) 

BF* : BF X BC : : A BAF : A B AC ; 
.•.(E.22. 5.) 

BG*:BFXBC:: ABHG:ABAC; 
.-. [constr. and S. 4. 5.) the A BHG is the re- 
quired part of the A ABC. 



74. Problem. To describe a poh/gon, shniiar to a 
given poli/gon, and kavhig a given ratio to it. 



380 
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Upon any side of the given polygon describe 
(E. 46. 1.) a square; find (S. 21. 6.) a square, 
which shall have to the square first described the 
given ratio ; and upon its side describe (£• JL$^ 6.) 
a polygon similar, and similarly situated, to. the 
given polygon : It is manifest, from E. 20. 6.^ 
that it will have to the given polygon the given 
ratio. 



Prop. LXVI. 

75. THEOREM. Any regular poly gour inscribed in 
a circle^ is a mean proportional between the 
inscribed and circumscribed regular polygons of 
half the number of sides/ 

Let BGFA be a polygon inscribed in the cir. 




cle BG, and let EH and CD be polygons of half 
the number of sides, the one £H inscribed in the 
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circle (S. 14. 4. cor. 3.) by joining the sides of tlie 
figure BGFA, and the other CO described about 
the circle, by drawing tangents to it through the 
angular points A, B, G, and F ; so that (E. 18. 3. 
E. 28. 3. E. 27. 3. E. 26. 3. and S. 19. 3.) it is 
equilateral and equiangular : Then is the polygon 
BGFA a mean proportional between the polygons 
EH and CD. 

Find (E. 1. 3.) the centre K of the circle BGFA, 
and join K, B, and K, C : It is manifest, from the 
construction, that KB bisects, at right /L, the 
sides of the figures EH and CD, which it cuts, and 
that KC passes through the angular point E: 

And (E. 1. 6. and E. 4-. 6.) 

A CBK: aEBK::CK:EK::CB:EL: 
But, the figure CD is the same multiple of the A 
CBK, that the figure BGFA is of the A EBK ; 
also a side of CD is double of CB ; and a side of ] 
EH is double of EL; .-. (E. 15. 5.) CD is to , 
BGFA as a side of CD is to a side of EH ; and 
(E. 20. 6.) CD has to EH the duplicate ratio, of 
that which a side of CD has to a side of EH j , 
CD has to EH the duplicate ratio, of that which 
it has to BGFA; i. e. (E. 10. def. 5.) the figure j 
BGFA is a mean proportional between CD and 
EH. 



SUPPLEMENT TO THE 



Phop. LXVII. 



76. Theorem. If from two points shnilarU) 
situated, one in each of any two homologous sides 
of two similar polygons, two straight lines be 
drawn making equal angles with those sides, 
ifiey shall cut off from the polygons two similar 
Jigures ; and the one shall be the same part of 
the one polygon, tJiat the oilier is of the other. 



Let AC and FH be two similar polygons, and P 

A 

F 




and Q two points similarly situated in the two ho- 
mologous sides CD and HK : If from P and Q 
straight lines be drawn, making equal u. with CD 
and HK, they shall cut off similar figures from the 
polygons; and the one shall be the same part of 
the one polygon that the other is of the other. 

First, let PM and QN, making the z MPD = 
/. NQK, cut the sides DE and KL, adjacent to 
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CD and HK : And since [hyp. and S. 26. 1.) the 
two ^ MPD, NQK, are equiangular, they are 
(E. 4. 6.) similar to one another, and they are to 
one another (E. 19. 6.) in the duplicate ratio of 
their homologous sides PD and QK, that is (hyp.) 
in the duplicate ratio of CD and HK ; .-. (E. 20. 
6.) they are to one another in the same ratio as 
the polygons are, and .*. whatever part the A 
MPD is of the polygon ABODE, the same part is 
the A NQK of the polygon FGHKL. 

Secondly, let PR and QS cut any other sides of] 
the polygons, as AE and FL, which are not ad- 
jacent to the sides CD and HK: Draw PE and 
QL; and since (hyp. and E. 26. 1.) the Q^ EPD 
and LQK are equiangular, the Q^ RPE and SQL 
are also equiaugular; whence it may be shewn, (as 
in E. 20. 6.) that RPDE, SQKL, are similar 
figures ; ••. (E. 20. 6.) they are to one another ia , 
the duplicate ratio of the homologous sides DE 1 
and KL ; or in the ratio of the polygon ABODE A 
to the polygon FGHKL^ .-. RPDE is the same J 
part of ABCDE that SQKX is of FGHKL. 



Prop. LXVHI. 

77. Thedhem. If any two chords of a circle inters J 
sect each other, the straight lines Joining their eX' < 
tremities shall cut off equal segments frma the } 
chord "which passes through the common inter- 
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section (if the two Jiirmer chorda and is l/tere 
bisected. 



Let AB and CD be two chords of the circle 
L 




I ACBD, cutting one another in E; through Edraw 
) (S. 2. 3.) the chord FG, so that FG is bisected in 
I E ; and join C, B and A, D : Then shall HE = EI. 
For through I draw {E. 31. 1.) KIL parallel to 
r Be, and meeting CD in K, and BA, produced, 
'in L: Then [constr. arid E. 29. 1.) the iCBL = 
BLK, and that (E. 21. 3.) the ^ CBA= z 
f CDA, .-. the L ALI = z IDK ; and (E. 15. 1.) 
1 the L AIL, of the A LAI, is equal to the i KID, 
[of the A DKI; .■. (S. 26. 1.) these two a^ are 
1 equiangular, as are also {constr. and E. 29. 1.) 
I the two ;K CEH, lEK, and the two ib. HEB, 
flEL; 

.-. (E.4. 6.) AI:IL::KI:ID; 
.-. (E. 16. 6.) iTx Kl = a! X ID ; 
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Again (E. 4. 6.) CH : HE : : IKi IE, 
aiidBH:HE:ilL:IE, 
.-. (E. 22. 6.) 

CHXBH:HE^ 
.-. (E. 18.5.) 

CHXbH + HE^ 
.-. (E. 35. 3.) 

fhxhg+he' 

But (Jiyp. and E. 5, 



IKXiLor AIXID:IE ; 
: HE' : : AI X 1"D+TE' : IE' ; 



; HE :1EIXIG + 1E :IE : 
2.) FHXHG+HE\ and FI 
XlG+IE', are each of them equal to EF* or EG > 
and .'. they are equal to one another ; .•. (E. 14. 5.) 
HE' = IE' J .-. HE=IE. 



Prop. LXIX. 

78. PaoBLEM. Two similar rectilineal figures 
being given, to find a third figure also similar 
to them and a mean proportional between them. 

Find (E. 13. 6.) a mean proportional between 
any two homologous sides of the given figures, 
and upon it describe (E. 18. 6.) a rectilineal 
figure similar to either of them, and .•. (E.21. 6.) 
similar, also, to the other : Then (E. 22. 6.) will 
the rectilineal figure, so described, be a mean pro- 
portional between the two given figures. 
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Prop. LXX. 

79. Problem. If two sides of a trapezium be 
parallel^ and a straight line be drawn cutting 
theniy and meeting, also the other two sides; (any 
of the sides being produced^ if necessary) the two 
xeqtangles contained by the respective segments tf 
the parallel sides^ hme to each other the same 
ratio, as the two rectangles contaified by f^ seg- 
ments into which the ^ line , so drawfiyis severally 
divided by each of the two parallels. 

Let the side AD, of the trapezium ABCD, be 

E 




parallel to th^. opposite side BC, and let EF cut 
AD and BC, in G and H, and AB and DC, pro- 
duced, in F and E : Th^n A5 X GD : BH X HC 
::GFxEG:IfFXEH. , -^ 
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t'or {hyp. and E. 29. 1.) the ^ AGF, BHF,atid 
the /ii, EGD, EHC, ate equiangular ; .•'. (E. 4. 6.) 

AG:BH::GF:HEj 
anaGD:HC::EG:EH; 

.•.- (S. 1. 6i) 

AGXGD: BHXHC : : GFXEF: HFX EH. 
"Which conclusion may also be arrived at by means 
6^E.2S. 6. 



Prop. LXXI. 

80. Problem. To cut off from a given paraUeio- 
grain a similar parallelogram, 'which shall he any 
required part of it. 

Let ABCK be the given □ : It is required to 




cut o^ from it a sii!nilar □, which shall be any 
required part of it. 

Draw the diameter AC, arid from the A ABC 
cut off (S. 64. 6.) by a straight line DE, drawn 
parallel to AK, the A ADE the same part of 
A6t! as the CD to be cut off is required to be of 

2 c 2 
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the given D; through E draw (E. SI. 1.) EL 
parallel to AB : Then, since (E. 34. 1.) the □ 
ADEL is the double of the A ADE, it is (constr. 
and E. 15. 5.) the required part of the □ ABCK ; 
and (E. 24. 6.) the O ADEL is, also, similar to 
the o ABCK. 

81. CoH. Hence, a gnomon may be cut off 
f;om a given O, which shall be any required 
part of it. 



Prop. LXXII. 

82. Theorem. A given straight line being cut in 
extreme and mean ratio, if from the greater seg- 
ment the less ' be taken, the greater segment also 
•will thus be cut in extreme and mean ratio ; and 
if a straight line, equal to the greater segment, be 
added to the given line, the line which is made up 
of the given line and this segment, is also cut in 
extreme and mean ratio. 

Let AB be a given finite straight line j let it be 

A 1^ -5 5 E 

cut (E. 30. 6.) in extreme and mean ratio in the 
point C ; from the greater segment, AC, cut off 
CD = CB ; and to AB add BE = AC : Then 
shall AC be cut in extreme and mean ratio in the 



r 
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point D ; and AE shall be cut in extreme and ' 
mean ratio in the point 6. 

For since {hyp.) AB : AC : ; AC : CB or CD, 
.-. (E. 17. 5.) CBorCDiAC:: AD:CDi 
.-. (S. 2.5.) AC:CD::CD:AD; 
.-. (E. S. def; 6.) AC is cut in extreme and mean 
ratio in the point D. 
Again, since 
{hyp. and S. 2. 5.) AC or BE: AB::CB: AC, 
.-. (E. 18. 5.) AE:AB::AB:ACorBE; 
.■. (E. 3. def. 6.) AE is cut in extreme and mean 
ratio in the point B. 



Prop. LXXIII. 
13. Peoblem. Upon a given straight line, as an 
hypotenuse, to describe a right-angled triangle, 
•which siiall have its three sides continual propor- 
tionals. 



Let BC be the given finite straight line : It is 




Ji E 

required to describe upon it a right-angled A, the 
sides of which shall be continual proportionals. 

Cut (E. 30. 6.) BC in extreme and mea 
ratio, in the point D; bisect (E. 10. 1.) BC in E ;' 



L 



39Q 



A i^qppj^EJviJ^NT nq, TpjE 



froin the centre IJ,^^ at tl)p jfjistaflce EB gr JRllC, 
describe the circle JBAC, and ]^t DA, fifawn A^^W 
D, (E. 1 J. I.)' X to BC, me^t it^ circurafip^^^ce in 
A, and join 4>B and A, C : Then, is ABO the A 
which was to be described. . ^ ^ ^ 

yox ^constr. and J^. 31, 34tbe ^ BAQ i^a right 
Z. } .". (ponstr. and E. 8. 6- cor,) AC5 is a m^P: 
proportional between BC and DC, ^s ^ also 
(con^r.)Bp j .\ AC == iPrP; .•.J)ufe (Ei- 8.< 6i. cor.) 
AB is a mean proportipnal Ipetwe^n BfC and BD ; 
•*• AB ^s a mean propprtiqnal b^twoeii BC and 
AC. 



Pyop. LXXIV. 

8^4^ Problem. TA^ perimeter ^being gkfenbf a 
rtghf-angl^d trictngk; having its three sides pro* 
portiomls^ to construct ike triangle^ 

Let AB be a given straight line : It is required 




to describe a right-angled A> >Yhijch sb^lVh^ye i((«^ 
8ide9 coptinutal, proportionals, a^d equal tog^^fa^r 
to A,B. 
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Upon AB desciibe (S. 73. 6.) the right-angled 
A AEB, having its sides continual propor- 
tionals; bisect (E. 9. 1.) the IL EAB, EBA, bj 
two straight lines AF and BE, which meet in F j 
and through E draw (E. 31. 1.) FG parallel to EA, 
and FH paiallel to EB: Then is FGH the A 
which was to be described. 

For it may be shewn, as in S. 34. ]., that the . 
perimeter of the A EGH is equal to AB ; and J 
since {constr, £. 29. 1. and S. 26, 1.) the ^ FGH 
and EAB are equiangular, and that the sides of 
the A EAB are proportionals, it is manifest from 
E. 4. 6., and E. ,11. 5., that the sides of the A 
FGH will, also, be proportionals. 



Prop. LXXV. 

85. Theorem. The ieini-diameter of a given circle 
having been divided in extreme and mean ralio, 
the greater segment shall be equal tu the side of 
an equilateral and equiangular decagon inscribed 
in the circle. 

For (S. 14. 4. cor. I.) if the semi-diameter of 
the circle be so divided, as that the rectangle, 
contained by the whole and the lesser part, may"! 
be equal to the square of the greater part, that'J 
greater segment will be equal to the side of an \ 
equilateral and equiangular decagon to be in-" 
scribed in the given circle ; and (E. 17, 6. E. 3. 



i 
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def. 6) when the semi-diatneter has been so di- 
vided, it is cut in extreme and mean r?itip, ' 



Pttop. LXX VI. 

86, Theorem. Any rectangk is the half of th^ 
rectangle contained by the diameters of the squares 
of its two sides. 

Let ABCP be ,any given rectangle; proditqe 

A B 




AD to F, and make DF = DC; produce, also, 
CD to E, and make DE = DA ; join A, E and C, 
F ; .•• AE and CF are the diameters of the squares 
of AD and DC : Then is the rectangle ABCD 

equal to the half of AE X CF. 
, For (con^/r. E. 5. 1. and E. S2. 1.) the two.^ 
ADE, CDF, are equiangular; 

/. (E. 4. 6.) CF : AE : : CD ; DE or D A } 
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.*. the rectangle contained by CF and AE is (E. 1. 
def. 6.) similar to the rectangle contained by CD 
and DA ; and since {hyp. and E. 10. def. 1.) the 
L FDC is a right L , .-. the rectangle CTx AE", 
which is on CF, is equal (E. 31. 6.) to the two 
similar rectangles CD X DA and FD X DE, which 
are on the equal sides CD and DF ; tliat is, the 
rectangle CFXAE is double of the rectangle 
CD X DA ; or this latter rectangle is equal to the 
half of the former. 



Prop. LXXVII. 

87. Problem. Through a given point, to draw a 
straight line, cuttiTig two. given straight lines, 
which meet one another, so that the triangle coti- 
tained by the segment of that line and the seg- 
ments which it cuts off jrom the given lines, sliall 
be equal to a given recHU-nealJigure. 

Let AP and AQ be two given straight lines, 
which meet in A, and, first, let B be agiven point 
without the z. PAQ: It is required to draw 
through B a straight line cutting AP and AQ, so 
that the A, contained by the segments of the 
three lines, shall be equal to a given square. 

Through B draw (E. 31. 1.) BR parallel to AQ, 
and let it meet AP in C ; to AC apply (E. 45. 1 . 
cor.) the □ ACDE, having the z ACD for one 




of its IL , and equal to the given figure ; from E 
draw (E. 11. 1.) EE x to AQ, and make it equal 
to BC ; from the centre F, at a distance equal to 
BD, describe a circle cutting AQ in G, and join 
F, Gj .-. FG = BDj lastly draw BG, cutting 
AP in H : Then is BG the line which was to be 
drawn. 

For, let BG cut ED in K ; the ^ BCH, BDK, 
EKG, are (cowsir. E. 29. 1. and E. 15. 1.) equi- 
aflgidiar, and .■. (E. 4. 6.) similar to one another; 
aid. (con«/r.) BC = EF, BD = FG, and the z 
FEG is a right L ; it is manifest, .■., that the three 
homologous sides BC, BD, and EG, of the three 
similar ^ BCH, BDK, EKG, are the sides of a 
right-angled A; .-. (E. 31. 6.) the A BDK — A 
BCH + A EKG ; take away the A BCH, and 
there remains the trapezium HCDK = A EKG j 
add to both these the trapezium AHKE, and it is 
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evident that the A AHG is equal to the □ 
ACDE, or (constr.) to the given square. 

And, in a similar manner may the problem be 
solved, when the given point is within the given 
rectilineal z. PAQ. 

88. Cor. Hence, and from S. 21.6., a straight 
line may be drawn through a given point, which 
shall cut off from a given A any required part of 



Prop. LXXVIII. 

89, Phoblem. Through a given point to draw a 
straight line, so as to cut off from two straight 
lines, that meet one another, two segments, toward 
their point of concourse^ which shall contain a 
rectangle equal to a given square. 

Let the two given straight lines AP and AQ 
meet in A ; and let B be a given point either 
within or without the i PAQ: It is required to 
draw through B a straight line, so as to cut off 
from AP and AQ two segments, towards A, 



• Hence, and by the help of Trigonometry, any given rectilineal 
figure may be divided into two parts, which are to each other in 
any given ratio, by & straight line drawn from a gJTcn point, 
situated without the given figure, . i . . ,> . -V '' . . . 
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A 




which shall contain a rectangle equal to a given 
square. 

From AP and AQ cut off AC and AD each of 
them equal to a side of the given square, and join 
C, D } through B draw (S. 77. 6.) BEF cutting off 
the A AEF, equal to the A ACD : Then, since 
the two ^ EAF, CAD, have the same vertical L , 

.-. (S. 5. 6. cor.) 
A EAF: A CAD:: EAX AF: CA X AD or AC'; 

But {comtr.) the A EAF= A ACDj 
.*. EAX AF^AC'i i. e. {comtr^ the rectangle 
EA X AF is equal to the given square. 



Prop. LXXIX. 

90. Theorem. In different circles the semi- 
ters which bound eqtial sectors contain 



rectprocat% 
conversely. 
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t proportionai to their circles; and 



In the circles ABC, DEF, of which ABC is the 
K^ -X: 




greater, first, let AKC, DLTT, be two equal sectors : 
Then shall the L AKC be to the i DLF, as the 
circle DEF is to the circle ABC. 

For (E. 33. 6.) 
£ AKC ; four right IL : : sector AKC : circle ABC ; 
and, 

four right ^ : i DLF : : circle DE F ; sector DLF : 
But (hyp.) sector AKC = sector DLE ; 
.-. (E. 23. 5.) 

i AKC; i DLE "Circle DEF:circle ABC. 

Secondly, let the i AKC be to the z. DLE, as 
the circle DEF is to the circle ABC : Then shall 
the sector AKC be equal to the sector DLE. 

For it may be shewn as before that 
four right IL ■ L DLF : : circle DEF;sector DLF y 
and {hyp. and S. 3. 5.) 

iDLF: z. AKC:: circle ABC : circle DEFj 
and 
A AKC: four right IL :; sector AKC: circle ABC; 



ssta 
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4% (Ei eS. S.) foiltxighi S. i fbar tight ZE :!0eeftor 
AKC : sector DLF; - • 

.•. sector AKC = sector DLF. 



»» 



Prop.LXXX. 

91. Problem. A given space being bounded hy 
two arches of circles^ subtending, at their respect^ 
ive centres, angles reciprocally proportional to 
the circles, to find a square that shall be equal 

to it. 

/■ 

. I ■ . » . . . • 

Let the space ABCD A be bound<6d by arches 




.*-'•••''*' y 



ABC, ABC, ©f cirdesiABCE, ADCF, tWeHhtiei^ 
of which are K and L; let the z. AKG be t<> t^e ^ 
AI.C, as^*' €kele ADGF is to <ihe Circle ABCE : 
It is required to find a square that shall be eqe^ 
td the sBafce ABCDA. 



^^^^^^^^HI^Bfe^^^Vk^^^^^^^^^^xjH 
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Since {hj/p. and S. 79. 6.) the sector ABCK is | 


equal to the sector ADCL, from these equals take j 


away the common part ADCK ; and there re- j 


mains the figure ABC DA equal to the rectilineal 1 


1 figure AKCL : Find, .*., (E. 14. 2.) a square equal 


to the figure AKCL, and the problem will have 


\ been solved. 


f Prop. LXXXI. ' 


92. Problem. To trisect a given circle^ hy di- 


1 ■ viding it into three equal sectors. 


\ Inscribe (E. I. 1. E. 2. *.) in the given circle 


1 an equilateral A : Then it is manifest, from E. 28. 


\ S. and E. 33. 6., that the straight lines drawn 


1 from the centre of the circle to the three angular ' ' 


!> points of the inscribed A, will divide the circle 


1 into three equal sectors. ' 


9^. CoR. In like manner, a circle may be 1 


divided into any required number of equal sec- ( 


tors, in all cases in which an equilateral figure, 'i 


having that same number of sides, can be inscribed u 


in the circle. 


1^ Pkop. LXXXII. 


94. Theorem. If, from the greater of two unequal 



jOO a supplement to the 

sides of a given triangle, be cut off a part equal 
to the less, that segment shall have to the remain- 
ing segment, a ratio greater than the ratio which 
ike angle adjacent to tlie remaining segment, has 
to the angle adjacent to the segmentjirst cut off. 



Let the side AB, of the triangle ABC, be less 




than the side BC, and from BC let there be cut 
offBD=AB: Then (BD:DC)>(z ACB : z 
ABC). 

For draw AD, and complete {E. 31. 1.) the □ 
ADBE J from the centre A, at the distance AB, 
describe the circle BEF, the circumference of 
■which, since (E. 34. 1. and const};) AE= BD or 
AB, will pass through E ; produce CA to meet 
the circumference BEF in F, and BE produced in 
G; so that (E. 29. 1.) the ^ GEA, GBC, are 
equiangular. 

Then, since the sector AEF is less than the A 
AEG, and the sector AEB greater than the A 
AEB, 



L 
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.-. (A AEGisector AEF) > ( A AEBisectorAEB); 

.-. (S. 7.5.) 

( A AEG : A AEB) > (sector AEF : sector AEB): 

But(E. 1.6.) A AEG: A AEB::GE:EB, 
and(E.4. 6. andE.34. I.) GE:EB::BD:DC ; 
.■- (BD: DC) > (sector AEFisector AEB). 
Also (E. 33. 6.) 

sector AEF:sector AEB:: L EAF; ^ EAB ; 
and (E. 29. 1.) 

thezEAF = iACB, and the iEAB=iABCi 
.-. sector AEFrsector AEB:: L ACB: i. ABC ; 

.-. (BD : DC) > ( i ACB : i ABC). 
85. Cor. If any part BP be taken of BC, 
that is greater than AB* then, much more, is (BP 
: PC)> iACB:z ABC.) 



Prop. LXXXIII. 
96. Theorem. The greater of sny two unequal 
tfrckes, of a given circle, has a greater ratio 
to the less arch, than the chord of the greater 
has to the chord of &ie less. 

Let AB and AC be any two unequal arches 
of the circle AECB, and let AB be the greater: 
Then (AB:BC) > (AB:BC). 

For join A, C ; bisect (E. 9. 1.) the i- ABC by 
BDE, and let BDE cut AC in D, and the circum- 
ference in E ; join, also, E, C, and E, A ; from 
E draw (E. 12. 1.) EF i to AC. 
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And, since (constr, and E. 26. 3.) CE=AE, 
.*. (E. 29. 3.) CE = AE ; and EF is common to 
the two right-angled a^ AFE, CFE ; .-. (S. 73. 1.) 
AF=F(^ and .-. AD>i5C; also (E. 19. l.) 
EC > ED, and ED > EF i if, .-., from the centre E, 
at the distance ED, a circle GDH be described, it 
will cut EC, in H, between E and C, and Ej; 
(produced, in F ; so that the sector DEG > ADEF, 
,and the sector DEH < ADEC ; 
.-. (sector DEG : sector DEH;) > ( A DEF: ADEC): 
.-. (E. 33. 6. and E. 1. 6.) 

(iDEF: .tDEC)>(DF:DC); 
.-. (S. 10. 5.) ( z FEC : i DEC) > (fC: DC). 
In the same manner it may be shewn that 

(iAEC: £ DEC) > (AC: DC); 
.-. (S. 9. 5.) ( i AED : z DEC) > (AD : DC) ; 

i.e.(E.33.6.) (AB;BC)>(AD:DC)i 
.■. {comlr. and E. 3. 6.) ( AB : BC) > (AB: BC). 
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Prop. LXXXIV. 

97. Theorem. The greater angle^ at the base of 
a scalene triangle^ has a greater ratio to the less 
angle, than the greater side has to the less side. 

Let ABC* be a scalene A, having the L BCA 
greater than the ^ BAG : Then ( z BCA : z BAG) 

>(AB:BC). 

About the A ABC describe (E. 5. 4.) the circle 
AECB : 



Then (E. S3. 6. ) z. BCA : z B AC : : AB : BC : 

But (S. 83. 6.) (A^ : BC) > (^ : BC) ; 
' .-. ( Z BCA : z. BAC) > (AB : BC). 



Prop. LXXXV- 

98. Problem. To divide a given circle into any 
required number of e^ual parts^ by the circum- 
Jerences qf circles described within it, about its 
' centre. 

Let ABC be a given circle : It is required to 



* See the 6gure in p. 402. 
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divide it into any number of equal parts, by t 
circumferences of circles described about the 
same centre with it. 

Find (E. 1. S.) the centre K of the circle ABC j 
take any semi-diameter KA; divide (S. 49. I.) 
KA into as many equal parts, in the points D, £, 
&c. as those into which the given circle is to be 
divided; upon AK, as a diameter, describe the 
t circle AHKj from D, E, &c. draw (E. U. I.) 
^ DG, EH, &c. J. to AK, and meeting the circum- 
ference of AHK in G, H, &c. ; join K, G and K, 
H, &c. ; from the centre K, at the distances KG, 
KH, &c. describe the circles GF, HL, &c. : Then 
is the given circle divided in the required number 
of equal parts, by the circumferences (^ the cir- 
cles so described. 
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For, join A, H, and A, G ; and since (constr. 
and E.3I.3.) the £ AHK, AGK» are right i, 
and HE, GD are x to AK, 
.-. (E. S. 6. and E. 20. 6. ear. a) 

;^:KD:-.aR':KG': 
But (E. a. 12. and E. 22. 6.) 

AKSKG*::circleABC icircIeGF: 
.-. (E.n.5.) AK:KD::circIeABC:circIeGF: 

likewise^ KE i Ali : : circle HL : circle ABC; 
.-.CE.23.5.)KE :KD::drcIeHL : circle GF; 
.-.(E. J7. 5.) 

"KD:DE:: circle HL— circle GF: circle GF; 
But (cmstr.) KD=DEj .-. the circle GF is 
equal to the space included between the circum- 
ferences of GF and HL: And, in the same man- 
ner, it may be shewn that this space is equal to 
the space included between the circumferences 
of HL, and of the circle nest described according 
to the construction; and so on; .". the circle 
ABC is thus divided into the required number 
of equal parts, by the circumferences of circles 
that have the same centre with it. 



Piiop. LXXXVI. 



99. Problem. To Jind a circle^ which shall fc 
equal to the excess of the greater of two given 



circles above the less. 



k 
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Find (S. 75. 1.) a square. which shall be equal to 
the excess of the square of the diameter of the ; 
greater circle above the square of the diameter of. 
the less : It is manifest from E. 2. 12. and E. 17. 5., 
that the side of the square so found will be the, 
diameter of the circle, which is equal to the ex- 
cess of the greatej: of the giveji circles above the 
less. 



Prop- LXXXVII. 

100. Problem. To find a circle to which a ^iven 
circle shall yhave the same ratio^ as that which one 
given straight line has to another. 

§ 

Find (E. 12. 6.) a fourth proportional (L) to the 
two given straight lines (A) and (B) and to the 
diameter (D) of the given circle; find, also, 
(E. 13. 6.) a mean proportional (M) between the 
diameter (D) of the given circle, and the fourth 
proportional (L) first found ; 

.-. (E. 20. 6. cor, 2.) D* : M\' : D ; L ; , 
and [constr.) D : L : : A : B ; 

.-. (E. 11. 5.) D':M'::A:B; 
••. (E. 2. 12.) the given circle has to a circle de- 
scribed on M, as a diameter, the same ratio as that 
which A has to B. 
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Prop. LXXXVIII. 



JOl. Theorem. Jf, in any given circle^ two 
chords cut each other at right angles, the Jour 
circles described upon their segments, as di- 
ameters, shall, together, be equal to the given 
circle. 

For (S. 50. 3.) the squares of the four segments 
are, together, equal to the square of the diameter: 
It is manifest, .■., from E. 18.5., and E^. 2. 12., 
that the circles described on the four segments of 
the chords are, together, equal to the given circle. 



Prop. LXXXIX. 

102. Theorem. A circle is equal to tJie half of 
the rectangle contained by its semi-diameter and 
by a straight line which is equal to its circumfe- 
rence. 



Let ABCD be a circle, and let F be the half of 
the rectangle contained by its semi-diameter and 
by a straight line equal to its circumference : The 
circle ABCD is equal to the rectangle F. 

For if it be not equal, it is cither greater, or less. 
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than it. If it be powlble, let F < the circle 
ABCD ; .-. (E. 2. 12.) 3 polygon ABCDE may be 
inscribed in tKe circle^ which shall be greater 
than F. 

find (E. 1. 3.) the centre G, and ft-om G draw 
(E. 12. 1.) GH X to any side CD. of ABCDE, 
and join G, D. Then it may be assumed that 
the circumference of the circle is greater than the 
perimeter of the inscribed figure ABCDE; and 
(E. 17. and 19. 1.) GD>GH; .-. the rectangle 
contained by the circumference and the semi- 
diameter of the circle is greater than that con- 
tained by GH, and the perimeter of ABCDE, 
which latter rectangle (E. 41 . 1 . and E. I . S.) is 
the double of the polygon ABCDE; .-. F> 
ABCDE; and it is also less j which is absurd. 

But, if it be possible, let F be greater than the 
circle. Then {E. 2. 12.) a polygon KLMNX 



» 
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may be described about the circle, which shall be 
less than F } join the centre G, and any of tbe 
points of contact O ; and since it may be assumed 
that the perimeter of KLMNX is greater than the 
circumference of the circle, the rectangle con* 
tained by the perimeter of KLMNX and GO, 
which rectangle is the double of KLMNX, ii 
greater than the rectangle contained by the cir- 
cumference of the circle and GO ; .*. the circum- 
scribed polygon KLMNX > F; and it is also 
less; which is absurd. Therefore, the circle 
ABCD can neither be greater, nor less, than Fi 
i. e. it is equal to F. 

103. Cor. The circumferences of circles are 
to one another as their semi-diameters. 



Paop. XC. 



I04. Theorem. A circle is a mean propor^oi 
between any regular polygon, described about 
it, and a similar polygon^ the perimeter qf 
which is equal to ilie circuni/erence of the circle. 

For if there be taken a straight line (P) equal 
to the perimeter of the regular polygon described 
about the circle, and another straight line (p) 
equal to the perimeter of the similar polygon, or 
{hyp.) equal to the circumference of the circle, 
tlien (E. 20. 6. and E. 22. e.) the polygon, de- 



bna^^l 



J 



410 A SUPPLEMENT, &C. 

scribed about the circle, is to the similar polygon, 

^s P* is tojp*: But (S. 2. 4. car. 2.) the polygon, 
described about the circle, is the half of the rect- 
angle contained by P and the circle's semi-diame- 
ter ; and (S. 89. 6.) the circle is the half of the 
rectangle contained by p ; and by the circle's 
semi-diameter ; i\ (E. 1. 6.) that polygon is to the 
circle, as P is to p\ and it has been shewn to be 

to the similar polygon, as P* is to^* ; .•• it has to 
the similar polygon a ratio, the duplicate of that 
which it has to the circle ; .% the circle is a mean 
proportional between the two simitar polygons^ 



THE END.. 
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